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Preface

The 11th International Conference on Mathematical and Numerical Aspects of Waves Propagation is
jointly organized and supported by ENIT-LAMSIN, ENSTA and INRIA. This conference is the main
venue where significant advances in the analysis and computational modeling of wave phenomena and
exciting new applications are presented. This book summarizes the works that have been selected for
presentation at the conference and is composed of extended abstracts for invited plenary talks, twopages abstracts for invited minisymposia talks and two-pages abstracts for selected contributed talks.
The selection has been done based on reports by members of the scientific committee and we are very
grateful for their valuable help with this issue.
These contributions cover major themes related to waves, that include forward and inverse scattering,
nonlinear wave phenomena, fast computational techniques, high performance computing, numerical
analysis, absorbing layers and approximate boundary conditions, analytic and semi-analytic techniques
for wave problems, domain decomposition, guided waves, periodic and random media etc... We believe
that they provide a rather complete and up-to-date overview of the state of the art in the domain.
The organization of the meeting was done in a full coordination between the organizing committee and
the local organizing committee. We thank all of them for their contribution to the success of this event.
A special thank goes to Skander Belhaj who set up the web page, to Ibrahim Trabelsi who did the
technical editing of the book of abstracts and to Sonia Fliss who took care of all technicalities related to
elaborating the conference program.
Nabil Gmati and Houssem Haddar
On behalf of the organizing committee.
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Explicit Local Time-Stepping Methods For Wave Propagation
Marcus J. Grote
Institute of Mathematics, University of Basel, Basel, Switzerland.
Email: Marcus.Grote@unibas.ch
Abstract
Semi-discrete Galerkin formulations of transient
wave equations, either with conforming or discontinuous Galerkin finite element discretizations, typically
lead to large systems of ordinary differential equations. For any explicit time integration method, the
time-step will then be constrained by the smallest
elements in the mesh, possibly very high a price to
pay. Explicit local time-stepping schemes (LTS) permit to overcome the crippling effect of locally refined
meshes without resorting to implicit methods.
For wave equations without damping, leap-frog
based LTS methods lead to high-order explicit LTS
schemes, which also conserve the energy. For damped
wave equations, Adams-Bashforth or Runge-Kutta
based LTS methods lead to efficient LTS schemes
of arbitrarily high accuracy. When combined with
a finite element discretization in space with an essentially diagonal mass matrix, the resulting timemarching schemes are fully explicit and thus inherently parallel. Numerical experiments with continuous and discontinuous Galerkin finite element discretizations validate the theory and illustrate the usefulness of these local time-stepping methods.
Finite Element Discretization
Consider the (damped) wave equation
utt + σut − ∇ · (c2 ∇u) = f in Ω × (0, T ) ,

(1)

with appropriate initial and boundary conditions in
a bounded domain Ω ⊂ Rd . Here the damping coefficient, σ = σ(x) ≥ 0, is non-negative but possibly zero, the speed of propagation, c = c(x) > 0, is
piecewise smooth and strictly positive, and f (x, t) is
a known source term. Spatial discretization of (1)
with continuous finite elements (with mass lumping)
[1] or discontinuous Galerkin (DG) methods [6], [8]
leads to the second-order system of ordinary differential equations
d2 U
dU
(t) + Mσ
(t) + K U(t) = R(t) ,
2
dt
dt
or to the alternative first-order system
M

M

dQ
(t) + Mσ Q(t) + C Q(t) = R(t) ,
dt

(2)

(3)

both with an essentially diagonal mass matrix M.
Thus, when combined with explicit time integration,
the resulting fully discrete scheme for the solution of
(1), or any other similar wave equation from electromagnetics or elasticity, will be truly explicit.
Local Time Stepping
Locally refined meshes impose severe stability constraints on explicit time-stepping methods for the numerical solution of (1). Local time stepping (LTS)
methods overcome that bottleneck by using smaller
time-steps precisely where the smallest elements in
the mesh are located.
In the absence of damping, that is σ = 0, explicit
second-order LTS integrators for (2) were proposed
in [2], [3], which are based on the standard leap-frog
scheme. By combining these time-stepping schemes
with the modified equation approach, the resulting
LTS methods achieve arbitrarily high (even) order of
convergence.
In the presence of damping, LTS methods based
on Adams-Bashforth multi-step schemes for (3) were
derived in [4], which achieve arbitrarily high accuracy while remaining fully explicit. In contrast
to Adams-Bashforth methods, Runge-Kutta (RK)
methods are one-step methods; hence, they do not require a starting procedure and easily accommodate
adaptive time-step selection. Although RK methods do require additional evaluations per time-step,
that additional work is compensated by a less stringent CFL stability condition. Recently, LTS methods based either on classical RK or low-storage RK
methods were derived for (3) in [5]. In particular, the
resulting LTS-RK schemes achieve the same rate of
convergence as the original classical or low-storage
RK methods; hence, they also yield efficient LTS
methods with optimal stability properties.
Since the above LTS methods are truly explicit,
their parallel implementation is straightforward; in
particular, it requires no adjacency or coherence in
the numbering of the degrees of freedom nor any special data structures. In the presence of multi-level
mesh refinement, each local time-step in the fine region can itself include further local time-steps inside
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Figure 1: The error at T = 10 vs. the mesh size
h = hcoarse is shown for the LTS-RK4(p) method
with p = 2, 5, 11 and either continuous (top) or
nodal DG (bottom) P 3 finite elements.
a smaller subregion with an even higher degree of local mesh refinement. The explicit local time-stepping
schemes for the scalar (damped) wave equation immediately apply to other wave equations from electromagnetics or elasticity [4]; in fact, they can be
used for general linear first-order hyperbolic systems.
Numerical Experiments
Convergence Study
To validate the optimal convergence rate of the
RK4 based LTS scheme, for instance, we now consider (1) in one space dimension with constant wave
speed c = 1 and damping coefficient σ = 0.1 on the
interval Ω = [0, 6]. The initial conditions are chosen
to yield the exact solution uex (x, t) = cos(t) · sin(πx).
Next, we divide Ω into three equal parts. The left and
right intervals, [0, 2] and [4, 6], are discretized with an

Figure 2: Merapi volcano: the initial triangular
mesh is shown. The green triangles near the surface
belong to the “fine” mesh.
equidistant mesh of size hcoarse , whereas the interval
[2, 4] is discretized with an equidistant mesh of size
hfine = hcoarse /p. Hence, the two outer intervals correspond to the coarse region and the inner interval
[2, 4] to the refined region. For each time-step ∆t in
the coarse region, we take p local time-steps of size
∆τ = ∆t/p.
For spatial discretization, we consider either a
standard H 1 -conforming FE or a nodal DG discretization with P 3 elements. For a sequence of
meshes, we monitor the L2 space-time error in the numerical solution until the final time T = 10. Independently of the number of local time-steps p = 2, 5, 11,
we observe the expected overall fourth-order convergence with respect to the L2 -norm, see Fig. 1.
Two-Dimensional Example
To illustrate the versatility of our approach, we
now consider a 2D model of the Merapi volcano (Indonesia) which requires a highly refined mesh near
the surface of the Earth, as shown in Fig. 2. We
set c = 1 on its Eastern and c = 2 on its Western ridge. At the surface, we impose a homogeneous
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Abstract
We consider the problem of imaging in heavy clutter, i.e., strongly backscattering media in which the
echoes from the objects that we wish to image are
overwhelmed by the background medium reflections.
In such regimes the signal (coherent echoes) to noise
(incoherent backscatter) ratio (SNR) of the data is
very low and because of this coherent imaging fails.
One solution is to assume that there is no coherence left in the data and use incoherent methods
which rely only on intensities [3]. Incoherent imaging
however, has very low resolution unless a priori information is available or very large arrays are used.
Alternatively, we propose the use of data processing techniques that enhance the SNR of the coherent
echoes by filtering out the clutter backscatter. We review here such an approach which adaptively selects
the time-frequency windows that contain the coherent echoes [1], [9], and present some recent developments towards its application to the case of multiple
reflectors.
1 Array imaging
1.1 Problem setup
In array imaging the data is the array response matrix P(t) whose elements are the traces P (t, ~xr , ~xs ).
They are obtained by emitting probing pulses f (t)
from sources located at ~xs , s = 1, . . . , Ns , and by
recording the medium response at the array receivers
~xr for r = 1, . . . , Nr . We assume here that sources
and receivers are collocated and Ns = Nr = N . To
model the data we consider the scalar acoustic wave
equation in an open, unbounded domain Ω,
1
2
v (~x)

∂ 2 p(t, ~x)
∂t2

p(0, ~x) = 0,

− ∆p(t, ~x) = f (t)δ(~x − ~xs ),
∂p(0, ~x)
= 0.
∂t

located at ~xs emitting the pulse f (t), where
f (t) = e−iω0 t fB0 (t),
and with Fourier transform
Z ∞
ˆ
f (ω) =
ei(ω−ω0 )t fB0 (t)dt = fˆB0 (ω − ω0 ),

supported in the frequency interval centered at ω0
with bandwidth B0 .
In (1), v(~x) is the wave speed that can be decomposed as,




1
x z
1
= 2
1 + εµ
,
+ ν(~x) ,
(3)
v 2 (~x)
c (~x)
` `z
Here z denotes the direction of propagation, or range,
and x the cross-range. The reflectivity of the object
that we wish to image is the unknown ν(~x). Our goal
in imaging is to determine the support of ν(~x) given
the array data P(t) and assuming that we know c(~x),
which is the smooth part of the velocity.
To model clutter we introduced, in (3), µ( x` , `zz ), a
statistically homogeneous random process with zero
mean. This expresses our uncertainty about the inhomogeneities in the propagation medium, which are
not known and cannot be estimated in detail. The
strength of the inhomogeneities is controlled by the
parameter ε, and the scale of the inhomogeneities is
given by the correlation length ` which can be different in the range and cross-range directions.
1.2 Coherent imaging methods
The simplest coherent imaging method is Kirchhoff
migration (KM) which can be written as,
J KM (~ys ) =

(1)

Each element of the response matrix, P (t, ~xr , ~xs ),
equals p(t, ~xr ), the solution of (1) for a point source

(2)

−∞

N X
N Z
X
r=1 s=1

b ys ; ~xs , ~xr , ω),
dω Q(~

(4)

b ys ; ~xs , ~xr , ω) are the backpropagated traces
where Q(~
at point ~ys ,
b ys ; ~xs , ~xr ,ω) = Pb(~xr , ~xs , ω)×
Q(~

exp [−iω(τ (~xr , ~ys ) + τ (~xs , ~ys ))] .

(5)
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c0
Xd (ω) =
.
ωκd

J

s

(~y ; Ωd , κd ) =

N X
N
X

Z Z

dωdω

|ω−ω 0 |≤Ωd
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0.7

(6)

0.6

80

0

N X
N
X

r=1 r0 =1 
0
|~
xr −~
xr0 |≤Xd ω+ω
2

b ys ; ~xs , ~xr , ω)Q(~
b ys ; ~xs0 , ~xr0 , ω 0 )
Q(~

s=1 s0 =1 
0
|~
xr −~
xr0 |≤Xd ω+ω
2

b ys ; ~xs , ~xr , ω) defined in (5).
with Q(~
2

array
0

70

Both Ωd and Xd (i.e., κd ) can be estimated adaptively during the image formation process (cf. [5]).
The CINT imaging functional is given by
CINT

of the order of 10-20%. For moderate clutter (ε ∼ 35%), the SNR of the coherent signal is relatively high
and imaging can be done successfully with coherent interferometry (CINT) [4], [6]. In heavy clutter, however, CINT does not work well. To illustrate this, let us consider the configuration depicted
in Figure 1, where two small scatterers are embedded in a strongly scattering medium. Remark that
the second reflector is hidden behind the first one
and this makes its detection and imaging quite challenging. We choose the simulation parameters so as
to be in a regime that is typical in ultrasonic nondestructive testing experiments [2]. The velocity of
the background medium fluctuates around the constant c(~x) = 1Km/s. The strength of the fluctuations is ε = 10% and the medium is obtained by
combining an isotropic random medium with correlation length ` = `z = λ0 /4 and a layered medium
with `z = λ0 /50.

z

KM forms the image at points ~ys in the imaging window, by summing over the array elements the backpropagated traces. The back-propagation from the
receiver, ~xr , to the image point, ~ys , and then back
to the source, ~xs , is done approximately, with travel
times τ computed in a fictitious medium with sound
speed c(~x), which is the smooth part of v(~x).
Kirchhoff migration works well in smooth media
when there is no clutter or the clutter is weak. It
does not give satisfactory results in clutter, however,
where the KM images become noisy and statistically
unstable, i.e., they change unpredictably with the realization of the clutter [4]. This is because the effect
of the random inhomogeneities on the waves propagating through clutter is cumulative, and, for long
distances of propagation, the traces have long and
noisy codas even when ε in (3) is small (∼ 2-3%).
To image in such regimes, we developed the coherent interferometric (CINT) methodology [4], [5], [6],
[7], [8]. CINT forms images by superposing time delayed, local cross-correlations of the array traces, instead of the traces themselves. The cross-correlations
are computed over time windows of width 1/Ωd and
over source and receiver offsets that do not exceed
Xd . The two parameters that control the size of
the windows are the decoherence frequency (Ωd ) and
length (Xd ) and depend on the random medium and
the distance of propagation. The decoherence length,
Xd , depends on the frequency as well [4],

Illustration of heavy clutter effects on coherent imaging
We consider here imaging in heavy clutter, that
we model by allowing ε in (3) to take large values

0

10

20

30

40
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70

80

Figure 1:
Two reflectors embedded in a strongly
scattering medium. The array is on the top. The
velocity of the medium fluctuates around the constant c(~x) = 1Km/s. The horizontal axis is crossrange and the vertical is range, measured in units of
λ0 = 0.1mm.
To obtain the array response matrix we solve numerically the wave equation (1) in the heterogeneous
medium with velocity v(~x) shown in Figure 1. The
pulse f (t) is a second derivative of a Gaussian with
central frequency f0 = 10MHz. The reflectors are
small disks of diameter λ0 /2 and are modelled as
soft scatterers, i.e., the acoustic field is zero at their
boundary. Length is measured in units of the central
wavelength λ0 = 0.1mm.
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Figure 2:
Data traces obtained on the array for
a pulse emitted by the central array element for the
configuration shown on Figure 1. It is impossible to
distinguish in the traces any coherent echo arriving
from the scatterers we wish to image.
The data traces obtained when the pulse is emitted
from the central array element are shown on Figure
2. We cannot observe in the traces any coherent echo
arriving from the scatterers we wish to image. That
is why coherent imaging methods fail to produce a
good image in that setup.
KM

echoes due to a reflector take the form of a hyperbola
whose support is limited and contained in a small
time window. The question is how to find this window in the noisy data traces without having any a
priori information on the location of the reflector.
We perform the window search on a binary tree
(see Figure 4). Each node of the tree is associated
with the local cosine coefficients of the response matrix. Our detection is based on the behavior of the
singular values of this matrix. Starting from the root,
we seek for an anomalous behavior of the largest singular values. Once a window is selected, it is refined by continuing the search to its children, and so
on. Filtering consists in zeroing the LC coefficients
in all other windows but the selected ones, and in
projecting the matrix of LC coefficients on to the
low rank subspace associated with the singular values with anomalous behavior.
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Figure 3: KM (left) and CINT (right) images obtained for the data shown on Figure 2. The true
location of the scatterers is shown with black circles.
The Kirchhoff migration and CINT images are
shown on Figure 3. CINT is computed with κd =
0.05 and Ωd = 3MHz. We observe that both images
are very noisy and have maxima (red pixels in the
picture) at several locations that do not correspond
to the reflectors. As a result, we cannot distinguish
the objects we wish to image from the background
noise.
To improve these results and be able to image with
coherent techniques in heavy clutter we follow the
approach of [9] that consists in detecting the presence
of the coherent signal and then amplifying its SNR
by adequate filtering.
3

j=1

Adaptive time-frequency filtering
Our filtering algorithm is the one proposed in [9]
and is based on the following remark: the coherent

Figure 4:
Illustration of the time windowing segmentations of the array data traces at different tree
levels l. The schematic on the left illustrates the binary tree. On the right we show the segmentation
of the data traces in the time windows indexed by j,
with j = 0, 1, . . . , 2l−1 , at tree levels denoted by l.
The input of the algorithm is the array response
matrix P(t), for time t ∈ [To , Tf ], sampled on a mesh
with NT = 2m points. We also need to specify the
maximum level of the tree, D ≤ m, to be used in the
LCT. This is chosen so that we have enough samples
of the signal at each level of the tree. The detection
and filtering algorithm consists of the following steps.
T.1 LCT of the response matrix. At first we compute the binary tree of the local cosine coefficients of the response matrix. At each level l of
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the tree, with 0 ≤ l ≤ D, we compute the real
N × N matrices of coefficients P̂l (tlj , ωnl ) given
by
o
n
, (7)
P̂l (tlj , ωnl ) = P̂ l (tlj , ωnl , ~xr , ~xs )
r,s=1,...,N

with

2
P̂ l (tlj , ωnl , ~xr , ~xs ) = dt P (t, ~xr , ~xs )
×
∆tl


t − tj
cos[ωnl (t − tj )].
χ
∆tl
Here tlj are the mesh points that define the width
and location of the time windows at level l,
jT
tlj = j∆tl = l ,
2

j = 0, 1, . . . , 2l ,

(8)

and ωnl are the frequencies associated with the
decomposition in the smooth windows χ,
ωnl =

π (n + 1/2)
,
∆tl

n ∈ N.

(9)

This is the usual LCT algorithm and more information about it can be found in [11].
T.2 Singular value decomposition of the local cosine matrices of coefficients. For each l and tlj
we compute the SVD of P̂l (tlj , ωnl ), frequency by
frequency. Let us denote by σql,j (ωnl ) the singular
values, for q = 1, . . . N .
We then form the matrices of the first Q normalized singular values,
n
o
Sl,j = σ̃ql,j (ωnl )
,
l
where σ̃ql,j (ωnl ) =

1≤q≤Q, n∈N
σql,j (ωnl )
,
l,j
0)
σ
(ω
max
n
q
l
n0

over the set of frequency indices
n
o
l
l
l
N = n = 0, 1, . . . , NT /2 − 1, s.t. ωn ∈ B ,
with cardinality |N l |.

We then compute the SVD of matrices Sl,j , for
j = 0, . . . , 2l − 1 and l = 0, . . . , D, and calculate
λl,j = γ2l,j /γ1l,j ,

For l = 0 : D
If λl,j has a maximum above a predetermined
threshold, let l0 be this l and stop.
Next, initialise j?l0 = arg max λl0 ,j .
j

r

Z

T.3 Detection and Filtering. We select the time
window of interest as follows:

(10)

where γql,j , for 1 ≤ q ≤ min{Q, |N l |}, are the
singular values of Sl,j .

For l = l0 + 1 : D
Compute j?l = arg max

j∈{2j?l−1 ,2j?l−1 +1}

λl,j .

If j?l is a maximum of λl,j above a predetermined threshold, for j in the vicinity of j?l ,
continue. Otherwise, set l = l − 1 and stop.

Select the window at tlj l .
?

In the selected time window, define the filter
l
F j? , that sets to zero the LC coefficients in the
windows that have not been selected, at level l,
l

F j? P̂l (tlj , ωnl ) = 0, for j = 0, 1, . . . , 2l − 1,
j 6= j?l and n = 0, 1, . . . NT /2l − 1.

Additional filtering is done by the filter Q, which
l
projects F j? P̂l (tlj , ωnl ) on the subspace of low
rank matrices with singular vectors corresponding to the “anomalous” top singular values. The
projection is done for frequency indices n in the
set N l . All other coefficients are set to zero.
The output of the algorithm is the filtered response
matrix in the time domain which is obtained by the
l
inverse LCT of the entries QF j? P̂l (tlj? , ωnl ), at the
selected tree level l.
This algorithm was presented in detail in [9] together with several results for imaging one reflector
in various types of clutter. Its theoretical analysis
has been carried out in [1] in the case of finely layered media. The key idea is to detect an anomaly
pattern in the singular values of P̂l (tlj? , ωnl ) (the matrix of LC coefficients) that suggests the presence of
a coherent echo in the data.
Indeed, in the windows that contain only clutter
echoes, the top singular values follow a similar pattern and they are clustered across frequencies. This
observation was analytically proven in the layered
case [1], and seems to hold for more general random
media. It implies, in particular, that the matrices
Sl,j of normalized singular values have almost rank
one in these windows.
The rank of Sl,j is expected to change and become at least two in windows that contain detectable
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we show the normalized singular values σ̃ql,j (ωnl ) in
these windows. We used Q = 10 and B = [0, 5]MHz.
The number of “anomalous” singular values is 2 for
window 7 and 1 for window 9.
0.12
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selection criterium
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0
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Detection and filtering results
Let us now apply the filtering algorithm previously
described to the array data for the imaging problem
considered in section 2. The first important step is
the selection of the time windows. We show in Figure
5(top) the selection criterion (10) at level l = 4. It
suggests that coherent echoes are present in windows
7 and 9. On the bottom plots of the same figure
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Figure 5: Time window selection. Top: the selection criterion (10) suggests that there are two windows that contain coherent echoes, windows 7 and
9. On the bottom left and right plots we display the
first Q = 10 normalized singular values σ̃ql,j (ωnl ) for
ωnl ∈ B = [0, 5]MHz in the selected windows 7 and 9
respectively. Observe that there are two anomalous
singular values at window 7 and one at window 9.
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window 7 at level 4 in the tree

eigenvalues

coherent echoes. More precisely, a reflector is detectable by our algorithm when the largest singular
value of P̂l (tlj? , ωnl ) can be bound away from those
due to clutter. In this case Sl,j has at least rank two
and that is why in our selection criterion we seek for
a maximum of λl,j , the ratio between the second and
the first singular value of Sl,j . We call the singular values associated to the coherent echoes “anomalous” as they have a different behavior compared to
the other ones that correspond to clutter (and are
clustered together).
Remark that the time window refinement is crucial: a reflector might become detectable at a lower
level in the tree although it is not detectable at higher
levels. Indeed, in heavy clutter, at higher tree levels,
the reflector is not detectable because the energy of
the coherent signal is small compared to the energy
of the clutter echoes. As we go to lower levels in the
tree the coherent energy remains the same while the
one associated to the clutter diminishes, that is why
the reflector can now be detected and imaged.
After the time-window selection step is finished,
our filtering consists in removing the contributions
of all the windows except the selected ones. It also
projects the matrix of coefficients, in the selected
windows, on the subspace of low rank matrices with
singular vectors corresponding to the “anomalous”
singular values. The projection is done with the truncated SVD.
There are two parameters in the algorithm that
we have to choose. The number of singular values
Q and the frequency band B. Typically we should
have 2M ≤ Q ≤ N , where M is the number of scatterers we are searching for, and N is the dimension
of the response matrix. The results of the algorithm
are not very sensible to the value of Q and we take
Q = 10 in practice. The bandwidth B is the part of
the frequency spectrum on which the scatterers are
detectable and this is usually the lower part of the
spectrum.
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Figure 6:
Imaging results using the filtered data.
On the left we show the KM image and on the right
the CINT image computed with κd = 0.02 and Ωd =
3MHz. On the top row we display the images for
the first reflector (selected window 7 at level 4) and
on the bottom row the ones for the second reflector
(selected window 9 at level 4).

C HRYSOULA T SOGKA

After selecting the time windows of interest we filter the data as described in Step T.3 of our algorithm.
We show the images obtained with the filtered data
in Figure 6. The improvement with respect to Figure 3 is dramatic. The results are now extremely
good, the images have clear peaks on the reflectors
that we wish to image and their location is correctly
estimated. Remark that the detection of the second
reflector is unambiguous (see Figure 5) which results
in its accurate imaging (see Figure 6, bottom row).
One can use either KM or CINT for imaging, the results of both methods are excellent now as the SNR
of the data has been significantly increased after the
application of our filtering algorithm.
Conclusions
We reviewed in this paper a filtering algorithm that
allows for detecting and imaging reflectors embedded
in strongly scattering media. This is a challenging
problem that appears in applications such as nondestructive testing of materials [2], land mine detection [10] and foliage penetrating radar. The algorithm uses the local cosine coefficients of the response
matrix, P̂l (tlj , ωnl ), on a binary tree. It selects the
level l and the windows j in the tree that contain coherent echoes from detectable scatterers by seeking
for a break in the pattern of the singular values of matrices P̂l (tlj , ωnl ). We refer to [9], for a more detailed
description of the algorithm, and to [1] for its theoretical analysis in the case of finely layered media. In
[1], [9], the problem of imaging one reflector in heavy
clutter was considered. Here, the more challenging
problem of multiple reflectors is addressed. In the
oral presentation, the robustness of the algorithm is
illustrated with more results for various configurations of reflectors.
5
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Abstract
We sketch some of the techniques and results about
time domain boundary integral operators associated
to the acoustic wave equation.
Introduction
In this paper we will describe some of the techniques and results about time domain (retarded)
boundary integral equations for the acoustic wave
equation. The exposition will be limited to the single
layer potential and the associated single layer boundary integral operator in three space dimensions. Instead of showing mapping properties of the operators
we will focus on two problems related to Galerkin
semidiscretization in space, studying mapping properties of the discrete inverse of the single layer retarded integral equation (and, at the same time, of
the continuous inverse), and of the associated error
operator (a sort of Céa estimate for the space semidiscretization).
Similar work can be carried out for all the layer potentials and integral operators for the acoustic wave
equation in any space dimension and, with minor
changes, for the elastic wave equations.
In a language very close to the one used here,
these results can be found –with fully detailed
proofs and step by step presentation of all functional
elements– in the lecture notes [8]. The results shown
here are valid for full Galerkin discretization of the
equations as well as for combined Galerkin-in-space
Convolution-Quadrature-in-time discretization. For
the latter, see [3].
The style of the exposition will be narrative, with
results presented in the body of the text. Some prior
knowledge of classical Sobolev spaces is assumed. As
for vector-valued distributions, the only needed facts
are exposed in a final appendix.
1

A very weak layer potential
Let Γ be a closed orientable Lipschitz surface in
the space, separating a bounded region Ω− from its
exterior Ω+ . Whenever needed, traces and normal
derivatives from both sides of Γ will be tagged with

a ± superscript, depending on what side of Γ they
are coming from. Let now λ : Γ × R → R be a causal
function, i.e.,
λ(t) := λ(·, t) ≡ 0

t < 0.

The acoustic (retarded) single layer potential, with
density λ, is formally defined by the integral expression
Z
λ(y, t − |x − y|)
(S ∗ λ)(x, t) =
dΓ(y) (1)
4π|x − y|
Γ
for any x ∈ R3 \ Γ and t ∈ R. Note that it is again
a causal function. This potential can also be understood as a (weak) solution of a transmission problem,
namely u := S ∗ λ is a causal solution of
ü = ∆u

(2a)

[[γu]] = 0

(2b)

[[∂ν u]] = λ.

(2c)

Let us first explain what these equations mean. We
understand u as a distribution with values in the
Hilbert space
1
(R3 \ Γ) := {U ∈ H 1 (R3 \ Γ) : ∆U ∈ L2 (R3 \ Γ)}.
H∆

The Laplacian is then understood in the sense of distributions in R3 \ Γ, and therefore as a bounded op1 (R3 \ Γ) → L2 (R3 \ Γ) ≡ L2 (R3 ). The
erator H∆
double dot in (2a) is second order differentiation
1 (R3 \ Γ)-valued distributions, and (2a) is an
of H∆
equation in the sense of distributions with values in
L2 (R3 \ Γ). The equation (2b) contains the jump of
the trace
[[γU ]] := γ − U − γ + U,
which defines a bounded operator H 1 (R3 \ Γ) →
H 1/2 (Γ). Therefore (2b) is an equation in the sense
of distributions with values in H 1/2 (Γ). Similarly
[[∂ν U ]] := ∂ν− U − ∂ν+ U
is an operator that measures the jump of the nor1 (R3 \ Γ), and (2c)
mal derivative for functions in H∆
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can be seen as an equation in the sense of H −1/2 (Γ)valued distributions. We can thus go very far in the
conditions for definition of the layer potential S ∗ λ:
given a causal H −1/2 (Γ)-valued distribution λ, S ∗ λ
1 (R3 \ Γ)-valued solution of (2)
is a formal causal H∆
(note how the vanishing initial conditions are hidden
in the request of causality).
It is however not clear how (2) has a unique solution. A simple idea to enforce uniqueness is to reduce the set of distributions on which we are allowed
to work. A quite wide family of such distributions is
the set of causal X-valued distributions f (here X is
any Banach space), whose Laplace transform F exists
in
C+ := {s ∈ C : Re s > 0},
and can be bounded as follows

kF(s)kX ≤ CF (Re s)|s|µ

∀s ∈ C+ ,

where µ ∈ R and CF : (0, ∞) → (0, ∞) is nonincreasing and bounded by a rational function at the
origin. This set of distributions corresponds to the
derivatives of arbitrary order of causal continuous Xvalued functions with polynomial growth at infinity.
We will refer to it as TD(X) (TD as in time-domain).
(Some authors [1] prefer to extend the set of causal
distributions to any distribution having a Laplace
transform. The more restricted setting that we are
going to use does not seem to lose any interesting set
of data and handles the inversion process in a quite
natural way.)
Using standard techniques of Laplace transforms
and resolvent estimates, it can be proved that if
λ ∈ TD(H −1/2 (Γ)), then problem (2) has a unique
1 (R3 \ Γ)). We will refer to it as
solution u ∈ TD(H∆
u = S ∗ λ. The Laplace domain analysis justifies the
convolutional notation, which we will exploit later
on. We can also define
V ∗ λ := γ(S ∗ λ),
by taking the trace on Γ of the solution of (2). We
thus obtain an element of TD(H 1/2 (Γ)).
2

An even weaker semidiscrete equation
Let us now deal with the possibility of inverting
the equation
V ∗ λ = β.
(3)

One of thew possible aims of this inversion process is
the representation of the solution of a transient scattering problem with an indirect boundary integral

ansatz. Assume that we want to find the scattered
field for a sound-soft obstacle hit by an incoming incident wave:
ü = ∆u,
+

(4a)
inc

γ u = β := −γu

.

(4b)

The practical way to proceed (the Boundary Element
way) consists of trying to represent the solution of
(4) in the form u = S ∗ λ, and use unique solvability
of (3) to provide the correct density. However, the
analysis of the inverse operator for λ 7→ V ∗ λ works
in quite the opposite direction.
Instead of explaining the invertibility process at
the continuous level, let us use a Galerkin semidiscretization in space to study a more general problem that will be useful at the stage of numerical discretization as well.
Let Xh be any closed subspace of H −1/2 (Γ) and
take β ∈ TD(H 1/2 (Γ)) as data. We then look for a
distribution λh ∈ TD(H −1/2 (Γ)) such that
λh ∈ Xh ,

hµh , V ∗ λh iΓ = hµh , βiΓ

(5a)
∀µh ∈ Xh ,

(5b)

and postprocess the solution as a single layer potential
uh = S ∗ λh .
(5c)
Once again, we have to read these equations with
some care. Being an element of Xh has to be understood in a weak sense: if Πh : H −1/2 (Γ) → Xh ⊂
H −1/2 (Γ) is any bounded projection onto Xh , condition (5a) can be equivalently read as Πh λh = λh ,
that is, as a distributional equation in H −1/2 (Γ).
Equations (5b) –where angled brackets represent the
H −1/2 (Γ) × H 1/2 (Γ) duality product–, can be understood in the sense of scalar valued distributions (one
equation for each µh ∈ Xh ), but they can also be
read in a more compact form
V ∗ λh − β ∈ Xh◦ ,

(6)

where
Xh◦ := {ξ ∈ H 1/2 (Γ) : hµh , ξiΓ = 0 ∀µh ∈ Xh },
is the polar set or annihilator of Xh .
What we next do is reverting the order in which
equations (5) are considered. The potential uh takes
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1 (R3 \ Γ)) satnow the lead, as an element of TD(H∆
isfying:

üh = ∆uh ,

(7a)

h

(7b)

γ + uh − β ∈ Xh◦ ,

(7c)

[[γu ]] = 0,
[[∂ν uh ]] ∈ Xh .

(7d)

Equations (7) are understood as distributional equations with values in L2 (R3 \ Γ), H 1/2 (Γ), H 1/2 (Γ),
and H −1/2 (Γ) respectively. The density is then defined as λh := [[∂ν uh ]].
If we momentarily forget about the semidiscrete
space Xh (which can be done by setting Xh =
H −1/2 (Γ), thus making condition (7d) void), a
Laplace domain analysis of this problem is what appears in the seminal work of Alain Bamberger and
Toung Ha–Duong [1] (with a second part [2] dealing
with the associated double layer potential operators).
This idea of studying the potential to analyse the integral operator is behind the development of variationall tools for boundary integral equations of the
first kind, and can be traced back to another seminal
paper, this time by Jean-Claude Nédélec and Jacques
Planchard [6]. The realization that the semidiscrete
equations are related to the exotic transmission conditions in (7) was part of what I developed in collaboration with my then student Antonio Laliena [5].

Instead of paying attention to λh and to the potential
S∗λh , it is advantageous to think in terms of the error
of the potential
εh := S ∗ (λh − λ).

(9c)

1 (R3 \ Γ)-valued disThis distribution is a causal H∆
tributional solution of

ε̈h = ∆εh ,

(10a)

h

(10b)

[[γε ]] = 0,
Xh◦ ,

(10c)

[[∂ν ε ]] + λ ∈ Xh .

(10d)

+ h

h

γ ε ∈

Once again, we have related convolution operators
εh = Euh ∗ λ = Guh ∗ V ∗ λ − S ∗ λ
=S∗

(Gλh

(11a)

∗ V ∗ λ − λ),

and
Eλh ∗ λ = Gλh ∗ V ∗ λ − λ,

(11b)

both of them satisfying a sort of Galerkin orthogonality property, namely, if Πh : H −1/2 (Γ) → X h is
any projection onto X h (for instance, the orthogonal
projection), then
Euh ∗ (Πh λ) = 0,

Eλh ∗ (Πh λ) = 0,

(12)

implying that any bound for the operators
3

More semidiscrete concepts
The operator β 7→ uh 7→ λh (which in practice is
understood as β 7→ λh 7→ uh ) can be considered as a
sort of Galerkin solver for equation (3). These operators can be easily shown to be convolution operators
and we can thus write
λh = Gλh ∗ β

uh = Guh ∗ β = S ∗ Gλh ∗ β,

(8)

while realizing that the study is more about β 7→
Guh ∗ β and that
λh = [[∂ν ·]](Guh ∗ β).
A related operator is the one that starts with the exact solution of (3) and compares it with the solution
of (5). Let thus λ ∈ TD(H −1/2 (Γ)), and consider the
solution of
λh ∈ Xh ,

hµh , V ∗ (λh − λ)iΓ = 0 ∀µh ∈ Xh .

(9a)
(9b)

λ 7→ εh

and λ 7→ λh − λ = [[∂ν εh ]]

is automatically a bound for the difference λ − Πh λ.
4

Transfer function analysis
As already mentioned, the analysis of the convolution operators (for the Galerkin solver in Section
2 and for the Galerkin approximation error operator
in Section 3) can be carried out by taking Laplace
transforms. For the Galerkin solver, what we need
to study is the influence of the parameter s in the
operator that takes B ∈ H 1/2 (Γ), solves the equation
Λh ∈ Xh ,

hµh , V(s)Λh − BiΓ = 0 ∀µh ∈ Xh

(13a)
(13b)

(see (5)), and then builds
Uh := S(s)Λh .

(13c)
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In (13) we are using the single layer potential for the
resolvent Laplace equation (defined for x ∈ R3 \ Γ
and any s ∈ C)
(S(s)Λ)(x) :=

Z

Γ

e−ı s|x−y|
Λ(y)dΓ(y),
4π|x − y|

kA(s)kX→Y ≤ CA (σ) |s|µ ,

which is the Laplace transform of (1). We are also using the associated single layer operator V(s) = γS(s).
Denoting
Λh = Ghλ (s)B,

Uh = Ghu (s)Λh = S(s)Ghλ (s)B,

the Laplace domain analysis yields bounds of the
form
kGhu (s)kH 1/2 (Γ)→H 1 (R3 )
kGhλ (s)kH 1/2 (Γ)→H −1/2 (Γ)

|s|3/2
≤ CΓ
,
σ σ 3/2
|s|2
≤ CΓ
,
σσ

be extracted from (14). For instance, careful inversion of the Laplace transform leads to the following
bound [4]: if a ∈ TD(B(X, Y )) and its Laplace A
satisfies

0

where
k := bµ + 2c,

σ := Re s,

and

k  
X
k (`)
g (t).
(Pk g)(t) :=
`

This abstract (black-box) result delivers time-domain
bounds for the convolution operators associated to
the Galerkin solver and error operator. Note that
(12) means that we can actually obtain bounds of
the form

Ehu (s) := S(s)Ehλ (s),

yields

kuh (t) − u(t)kH 1 (R3 ) ≤ α(t) Bλ (t),

(15a)

4CΓ
t
t min{1, t2 }
π
1+t

(15b)

where
kEhu (s)kH 1/2 (Γ)→H 1 (R3 )

kEhλ (s)kH 1/2 (Γ)→H −1/2 (Γ)

|s|
≤ CΓ
,
σ σ2
|s|3/2
≤ CΓ
.
σ σ 3/2

1+ε
tε
πε (1 + t)ε

`=0

σ := min{1, σ}.

(From now on, the constant CΓ is a generic constant
depending on the domain Γ but not on the particular
subspace Xh .) An analysis of the associated Galerkin
error operators
Ehλ (s) := Ghλ (s)V(s) − I,

ε := k − (µ + 1) ∈ (0, 1],

Cε (t) :=

where
s ∈ C+ ,

∀s ∈ C+ ,

then for sufficiently smooth causal input g, the convolution operator g 7→ a ∗ g can be bounded as follows:
Z t
µ
−1
k(Pk g)(τ )kX dτ,
k(a ∗ g)(t)kY ≤ 2 Cε (t)CA (t )

(14a)
(14b)

µ ≥ 0,

α(t) :=
(14c)
and
(14d)

Bλ (t) :=

Z

0

The bounds given in (14) imply that the convolution operators (8) and (11) correspond to convolutions with elements
Gλh ∈ TD(B( H 1/2 (Γ), H −1/2 (Γ) )),

Eλh ∈ TD(B( H −1/2 (Γ), H −1/2 (Γ) )),

Guh ∈ TD(B( H 1/2 (Γ), H 1 (R3 ) ),

Euh ∈ TD(B( H −1/2 (Γ), H 1 (R3 ) ),

where B(X, Y ) is the space of bounded linear operators from X to Y . This means that behind the
actual operators are operator-valued causal distributions. There is actually more information that can

t

kP3 λ(t) − Πh P3 λ(t)kH −1/2 (Γ) dτ. (15c)

5

Time domain analysis
We now sketch an alternative form of studying the
above convolution operators. The techniques shown
in this section are distilled from recent work in [4], [7]
and [3]. For simplicity we will focus on the problem
(10), which deals with the Galerkin approximation
error at the level of the potential. (The arguments
for the discrete inverse, a.k.a., the Galerkin solver,
are slightly more involved.) The first thing we do is
to cut off the domain far enough from Γ. In order to
do that we choose R > 0 such that
Γ ⊂ B(0; R) := {x ∈ R3 : |x| < R},
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and consider the truncated domain BT := B(0; R +
T ). We then study a cut-off smooth version of (10)
1 (B \ Γ) such that
looking for εT : [0, ∞) → H∆
T
ε̈T (t) = ∆εT (t) ∀t ≥ 0,

γT εT (t) = 0

[[γεT (t)]] = 0
+

γ εT (t) ∈

Xh◦

[[∂ν εT (t)]] + λ(t) ∈ Xh
εT (0) = ε̇T (0) = 0.

(16b)

∀t ≥ 0,

(16d)

∀t ≥ 0,

(16c)
(16e)
(16f)

Some explanations about (16) are in order. The symbol γT is used for the trace operator γT : H 1 (BT \
Γ) → H 1/2 (∂BT ). Differentiation in (16a) and in the
second initial condition in (16f) is strong (classical).
In principle, we are looking for a solution of (16) that
is twice continuously differentiable with values in the
space where (16a) takes place, e.g., in L2 (BT \ Γ)
1 (B \ Γ) so
and at least continuous with values in H∆
T
that all other conditions can be imposed pointwise in
time.
The next step is the identification of an abstract
setting for a second order problem associated to (16).
We need three spaces
H := L2 (BT ),
V := {v ∈

H01 (BT )

+

: γ v∈

D(A) := {v ∈ V : ∆u ∈ L2 (BT \ Γ), [[∂ν v]] ∈ Xh },
and the operator A := ∆ : D(A) → H. The nonhomogeneous transmission condition (16e) does not
allow the solution to be in the domain of A, so we
proceed to lift it by solving time-independent problems

(u0 (t), v0 )H 1 (BT ) = hλ(t), γviΓ

∀v ∈ V.

We then look for v0 : [0, ∞) → D(A) such that
v̈0 (t) = Av0 (t) + f (t)
v0 (0) = v̇0 (0) = 0,

Z

t

0

kλ(τ ) − λ̈(τ )kH −1/2 (Γ) dτ.

The difficulty at this moment is recognizing that
εT = εh in BT for a limited time interval. This is
done in several steps. If δ := dist(∂B0 , Γ), we first
show that
∂ν εT (t) = 0

in H −1/2 (∂BT ),

∀t ≥ 0,

where f := u0 − ü0 : [0, ∞) → V . The sum εT :=
u0 + v0 is the solution of (16) and some careful work
allows us to bound

kεT (t)kH 1 (BT ) ≤CΓ kλ(t)||H −1/2 (Γ)
(17)

+ cT B(λ, t)
∀t ≥ 0,

∀t ≤ T + δ.

Note that this can be easily hand-waved with a
causality argument, but that this is quite similar to
proving finite speed of propagation of compactly supported initial data in the solution of a wave equation
written with separation of variables. (It is true, but
the property is invisible in the formula.) Once this
has been established, the next step is to compute the
jump of the normal derivative on Γ with a simultaneous propagation of the T -dependent dynamical
system (16),
εhλ (T ) := [[∂ν εT (T )]],

T ≥ 0,

and then show that
εhλ (t) = [[∂ν εT (t)]],

Xh◦ },

u0 (t) ∈ V,

B(λ, t) :=

(16a)

∀t ≥ 0,
∀t ≥ 0,

where c2T := 1 + T 2 and

0 ≤ t ≤ T + δ.

The function εhλ is extended by zero to negative values
of the time variable and used to construct a potential
εh := S ∗ εhλ . This has to be compared with
εT (t) :=



εT (t), in BT ,
0,
in R3 \ Ω− ,

providing the identification
εT (t) = (S ∗ ελ )(t)

0 ≤ t < T + δ.

This necessary (and quite cumbersome) work on comparison of strong and weak solutions is needed to ensure that we are not producing solutions that somehow cannot be ‘smoothly’ extended to negative times
or to the exterior domain (at least for a finite amount
of time) and thus identified with the layer potentials.
Once these details have been settled, we can use the
bound in (17) and (12) to obtain a bound

h
ku (t) − u(t)kH 1 (R3 ) ≤ C kλ(t) − Πh λ(t)kH −1/2 (Γ)

+ ct B(λ − Πh λ, t) ,
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which is definitely a tighter bound than (15). We
can even make this look somewhat better by using a
shifting argument that hides the constant c2t = 1 + t2
in a bound of the form
kuh (t) − u(t)kH 1 (R3 ) ≤ C H(∂ −1 (λ − Πh λ), t)
where
H(ξ, t) :=

2 Z
X
`=0

t

0

and
∂

−1

ξ(t) :=

kξ(τ )kH −1/2 (Γ) dτ,
Z

t
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Appendix
A Vector-valued distributions
Let X be a Banach space and D(R) be the space of
infinitely often differentiable functions with compact
support, endowed with its usual concept of convergence. An X-valued distribution is a sequentially
continuous map D(R) → X. If f : R → X is a
continuous function, then the Bochner integral
Z ∞
ϕ(t)f (t)dt
−∞

defines a distribution with values in X. If f is an Xvalued distribution, then we can define its derivative
hf˙, ϕi := −hf, ϕ̇i,
which is a distribution as well. If f is an X-valued
distribution and A : X → Y is linear and bounded,
then Af defines a Y -valued distribution. A distribution is said to be causal when hf, ϕi = 0 for all ϕ with
support in (−∞, 0). A distribution is said to be tempered when it can be extended to act on the elements
of the Schwartz class S(R). Given a causal tempered
distribution f , its Laplace transform is defined as
F(s) = L{f }(s) := hf, exp(−s·)i

s ∈ C+ .

The Laplace transform F : C+ → X is an holomorphic X-valued function. In some conditions on the
decay of an holomorphic X-valued function F : C+ →
X, we can define the functions
Z σ+ı∞
1
f (t) :=
es t F(s)ds,
2πı σ−ı∞
show that they are independent of σ > 0, and that
they define a causal continuous tempered function
whose Laplace transform is F.
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Dynamical Dirichlet to Neumann map for the anisotropic wave equations and application to the
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In this talk we seek stability estimates in the
inverse problem of determining the potential or
the velocity in a wave equation in an anisotropic
medium from measured Neumann boundary observations. This information is enclosed in the dynamical Dirichlet-to-Neumann map associated to the wave
equation. We prove in dimension n ≥ 2 that the
knowledge of the Dirichlet-to-Neumann map for the
wave equation uniquely determines the electric potential and we prove Hölder-type stability in determining the potential. We prove similar results for the
determination of velocities close to 1.
Keywords: Stability estimates, Hyperbolic inverse
problem, Dirichlet-to-Neumann map.
1

Introduction

j,k=1

In this talk, we are interested in the following
inverse boundary value problem: on a Riemannian
manifold with boundary, determine the potential or
the velocity — i.e. the conformal factor within a conformal class of metrics — in a wave equation from the
vibrations measured at the boundary. Let (M, g) be
a compact Riemannian manifold with boundary ∂M.
All manifolds will be assumed smooth (which means
C ∞ ). We denote by ∆g the Laplace-Beltrami operator associated to the metric g. In local coordinates,

g(x) =

n
X

j,k=1

gjk (x)dxj ⊗ dxk ,

∆g is given by
∆g = √

bounded electric potential q ∈ L∞ (M)


∂t2 − ∆g + q(x) u = 0,
in (0, T ) × M,





u(0, ·) = 0, ∂t u(0, ·) = 0 in M,





u = f,
on (0, T ) × ∂M,
(1.2)
where f ∈ H 1 ((0, T ) × ∂M) such that f (0, ·) =
0. Denote by ν = ν(x) the outward normal vector
at x ∈ ∂M,
so that
Pn normalized
Pn field to j ∂M
j ∂ . We may dek = 1 if ν =
ν
g
ν
ν
j=1
j,k=1 jk
∂xj
fine the dynamical Dirichlet-to-Neumann map Λg, q
by
n
X
∂u
Λg, q f =
νj gjk
(1.3)
∂xk (0,T )×∂M



n
X
p
1
∂
∂
det g gjk
.
∂xk
det g j,k=1 ∂xj

(1.1)

Here (gjk ) is the inverse of the metric g and
det g = det(gjk ). Let us consider the following initial
boundary value problem for the wave equation with

Pn

where the νj = k=1 gjk ν k are the coefficients of the
outward conormal.
It is clear that one cannot hope to uniquely determine the metric g = (gjk ) from the knowledge of
the Dirichlet-to-Neumann map Λg, q . As was noted in
[23], the Dirichlet-to-Neumann map is invariant under a gauge transformation of the metric g. Namely,
given a diffeomorphism Ψ : M → M such that
Ψ|∂M = Id one has ΛΨ∗ g, q = Λg, q where Ψ∗ g denotes the pullback of the metric g under Ψ. The
inverse problem should therefore be formulated modulo the natural gauge invariance. Nevertheless, when
the problem is restricted to a conformal class of metrics, there is no such gauge invariance and the inverse
problem now takes the form: knowing Λcg,q , can one
determine the conformal factor c and the potential q?
Belishev and Kurylev gave an affirmative answer
in [3] to the general problem of finding a smooth
metric from the Dirichlet-to-Neumann map. Their
approach is based on the boundary control method
introduced by Belishev [2] and uses in an essential
way an unique continuation property. Unfortunately
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it seems unlikely that this method would provide stability estimates even under geometric and topological
restrictions. Their method also solves the problem of
recovering g through boundary spectral data. The
boundary control method gave rise to several refinements of the results of [3]: one can cite for instance
[19], [18] and [1].
The importance of control theory for inverse problems was first understood by Belishev [2]. He used
control theory to develop the first variant of the
boundary control (BC) method. Later, the idea
based on control theory were combined with the geometrical ones. The importance of the geometry for
inverse problems follows the fact that any elliptic
second-order differential operator gives rise to a Riemannian metric in the corresponding domain. The
role of this metric becomes clearer if we consider
the solutions of the corresponding wave equation.
Indeed, these waves propagate with the unit speed
along geodesics of this Riemannian metric. These
geometric ideas where introduced to the boundary
control method in [19], [18].
In this , the inverse problem under consideration is whether the knowledge of the Dirichlet-toNeumann map Λg, q on the boundary uniquely determines the electric potential q (with a fixed metric
g) and whether the knowledge of the Dirichlet-toNeumann map Λg = Λg,0 uniquely determines the
conformal factor of the metric g within a conformal
class. From the physical viewpoint, our inverse problem consists in determining the properties (e.g. a dispersion term) of an inhomogeneous medium by probing it with disturbances generated on the boundary.
The data are responses of the medium to these disturbances which are measured on the boundary, and
the goal is to recover the potential q(x) and the velocity c(x) which describes the property of the medium.
Here we assume that the medium is quiet initially,
and f is a disturbance which is used to probe the
medium. Roughly speaking, the data is ∂ν u measured on the boundary for different choices of f .
In the Euclidian case (g = e) Rakesh and Symes
[21], [20] used complex geometrical optics solutions
concentrating near lines with any direction ω ∈ S n−1
to prove that Λe,q determines q(x) uniquely in the
wave equation. In [21], Λe,q gives equivalent information to the responses on the whole boundary
for all the possible input disturbances. Ramm and
Sjöstrand [22] extended the results in [21] to the case
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of a potential q depending both on space x and time
t. Isakov [15] considered the simultaneous determination of a potential and a damping coefficient. A
key ingredient in the existing results, is the construction of complex geometric optics solutions of the wave
equation in the Euclidian case, concentrated along
a line, and the relationship between the hyperbolic
Dirichlet-to-Neumann map and the X-ray transform
plays a crucial role.
Regarding stability estimates, Sun [25] established
in the Euclidean case stability estimates for potentials from the Dirichlet-to-Neumann map. In [23] and
[24] Stefanov and Uhlmann considered the inverse
problem of determining a Riemannian metric on a
Riemannian manifold with boundary from the hyperbolic Dirichlet-to-Neumann map associated to solutions of the wave equation (∂t2 − ∆g )u = 0. A Hölder
type of conditional stability estimate was proven in
[23] for metrics close enough to the Euclidean metric
in C k , k ≥ 1 or for generic simple metrics in [24].

Uniqueness properties for local Dirichlet-toNeumann maps associated with the wave equation are rather well understood (e.g., Belishev [2],
Katchlov, Kurylev and Lassas [18], Kurylev and Lassas [19]) but stability for such operators is far from
being apprehended. For instance, one may refer
to Isakov and Sun [17] where a local Dirichet-toNeumann map yields a stability result in determining
a coefficient in a subdomain. As for results involving
a finite number of data in the Dirichlet-to-Neumann
map, see Cheng and Nakamura [10], Rakesh [20].
There are quite a few works on Dirichlet-to-Neumann
maps, so our references are far from being complete:
see also Cardoso and Mendoza [9], Eskin [12]-[13][14], Uhlmann [26] as related papers.
The main goal of this paper is to study the stability
of the inverse problem for the dynamical anisotropic
wave equation. The approach that we develop is a dynamical approach. Our inverse problem corresponds
to a formulation with boundary measurements at infinitely many frequencies. On the other hand, the
main methodology for formulations of inverse problems involving a measurement at a fixed frequency,
is based on L2 -weighted inequalites called Carleman
estimates. For such applications of Carleman inequalities to inverse problems we refer for instance
to Bellassoued [4], Isakov [16]. Most papers treat the
determination of spatially varying functions by a single measurement. As for observability inequalities by
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means of Carleman estimates, see [5], [6], [7].
Our proof is inspired by techniques used by Stefanov and Uhlmann [24], and Dos Santos Ferreira,
Kenig, Salo and Uhlmann [11]. In the last reference,
an uniqueness theorem for an inverse problem for
an elliptic equation is proved following ideas which
in turn go back to the work of Calderón [8]. The
heuristic underlying idea is that one can (at least
formally) translate techniques used in solving the elliptic equation ∂t2 + ∆g (which is the prototype of
equations studied in [11]) to the case of the wave
equation ∂t2 − ∆g by changing t into it. Our problem turns out to be somehow easier because we don’t
need to construct complex geometrical solutions, but
can rely on classical WKB solutions.
Our problem turns out to be easier because geometrical optics solutions interact with the interior of
M in the dynamical case but not in the elliptic case.
The main idea is to probe the medium by real geometric optics solutions of the wave equation, concentrated along a geodesic line, starting on one side of
the boundary, and measure responses of the medium
on other side of the boundary.
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Abstract
In order to solve the mysteries of the solar dynamo,
we must understand the plasma motions that maintain the magnetic field in the solar interior. Helioseismology, the science of solar oscillations, can in
principle enable us to see inside the sun and provide
this information. I will review the basic methods of
helioseismology and discuss important findings based
on observations from the SOHO and SDO satellites.
Methods of local helioseismology, which rely on the
two-point correlations of the wave field, enable us to
probe vector flows in three dimensions and subsurface
magnetic structures. A new method is presented to
compute the spatial sensitivity of helioseismic travel
times to weak perturbations to a background solar
model.
1

Solar Oscillations
Solar seismic waves are continuously excited by
turbulent motions in the upper layers of the convection zone. Oscillations of the solar atmosphere
with periods near five minutes can be measured as
fluctuations in the solar spectrum, either in velocity (Doppler shift of absorption lines) or in intensity. Since the mid 1990’s dedicated observatories
from space (SOHO) and from the ground (global
network GONG) have provided time series of spatially resolved images of the visible solar hemisphere.
The most recent experiment is the Helioseismic and
Magnetic Imager onboard NASA’s SDO spacecraft.
HMI/SDO data consist of full-disk Doppler velocity
images of 40002 pixels recorded at a cadence of 45
seconds, which give access to the full spectrum of
solar seismic waves, from global acoustic oscillations
of the entire solar volume to short-lived near-surface
waves.
2

Probing the Solar Dynamo
The propagation of acoustic waves is sensitive to
the local conditions of the solar plasma, e.g. sound
speed and density, and is affected by the plasma flow
velocity, e.g. rotation, meridional circulation, and
large-scale convective velocities. Waves also interact

Figure 1: Left: Line-of-sight component of
velocity (HMI Dopplergram). The east-west
gradient across the image is due to solar rotation
(∼ 2 km s−1 ); the fine details are due to solar
oscillations and convective motions. Right:
Line-of-sight component of the magnetic field (HMI
magnetogram). The strong concentrations of
magnetic field at mid latitudes is due to magnetic
active regions and sunspots.
with the magnetic field, particularly strong in active
regions and sunspots. The goal of helioseismology
is to retrieve as much information as possible about
the solar interior from the surface observations of solar oscillations, on time scales ranging from days to
years. One of the most important question in solar
physics is the origin of the solar magnetic field. Why
does solar magnetic activity change with a period of
eleven years? What are the processes that lead to
the formation of sunspots? In order to answer such
questions, one should probe the internal flows that
maintain the solar dynamo.
3

Methods of Helioseismology
Methods of helioseismology are organized according to two classes: global and local. Global helioseismology is the interpretation of the frequencies of
the normal modes of oscillation, extracted from the
power spectrum of solar oscillations. Starting from
a 1D reference solar model, one asks how the model
should be perturbed in order to have frequencies of
oscillations that are consistent with the observed frequencies. This linear inverse problem is solved using
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standard techniques. Global mode helioseismology
has been extremely successful, in particular to infer
the angular velocity as a function of radius and (unsigned) latitude. However, global helioseismology is
limited as it cannot provide information about flows
in the north-south direction nor can it tell us about
structural heterogeneities in all three dimensions. In
order to overcome these limitations, techniques of local helioseismology are being developed. The most
basic quantity in local helioseismology is the crosscovariance between two locations on the solar surface,
Z
1 T 0
C(r 1 , r 2 , t) =
dt φ(r 1 , t0 ) φ(r 2 , t0 + t), (1)
T 0

where φ is the observed wavefield, i.e. the Doppler
velocity. In terms of the wave displacement ξ(r, t),
we have φ = ` · ∂t ξ, where ` is a unit vector in the
direction of the line of sight. The duration of the
observations, T , may be hours to weeks depending
on the application. The cross-covariance function is
a fundamental quantity as it is closely related to the
Green’s function and gives the travel time of wave
packets between r 1 and r 2 . In practice, a large set of
travel times are measured and then inverted for 3D
solar structure and vector flows. This last operation
is not trivial as the 3D kernel functions that give the
spatial sensitivity of travel times to a solar model are
not straightforward to compute.
In the following sections an overview of the formalism used in local helioseismology is presented as
well as a new, convenient method to solve the linear
forward problem.
Normal Modes of Oscillation
Stellar oscillations are described by the displacement ξ(r, t) of a fluid element originally at position r
and t in the unperturbed fluid. The linearized equations of conservation of momentum, mass and energy
can be combined into a single equation:
L(ξ) = S,

(2)

where L = ∂t2 + H and
2

ρH(ξ) = −∇(ρc ∇ · ξ)

+(∇ · ξ)∇p + (ξ · ∇)∇p − ∇(ξ · ∇p)
−ρ∆g 0 − ρ∆(F /ρ)0

(3)

for adiabatic oscillations and no background flow.
The quantities ρ, c and p are the background (timeindependent) density, sound speed and pressure. The

Figure 2: Observed power spectrum of solar
oscillations as a function of frequency and
horizontal wavenumber kx at fixed ky = 0, showing
surface-gravity waves (f modes) and acoustic waves
(p modes). The radial order, n, corresponds to the
number of nodes of the eigenfunctions. The power
below 1.5 mHz is due to solar convection.
last two terms in H account for the wave perturbations to the gravitational and magnetic forces. The
source term, S(r, t) on the right-hand side of the
wave equation, describes the random forcing by turbulent convection; it is a realization drawn from a
random process. The wave equation is (often) supplemented by a free-surface boundary condition at
the top of the solar model.
Modes of free oscillation, sα (r)e−iωα t , solve the
eigenvalue problem H(sα ) = ωα2 sα . Eigenfunctions
are often normalized according to hsα , sαRi = 1, where
the inner product is defined by hu, vi =
u∗ ·v ρd3 r.
For a non-rotating 1D solar model, the eigenmode
α = (l, m, n) is of the form
slmn (r) = T ln
r [Ylm (r̂)]

(4)

where Ylm are spherical harmonics and
Hln (r)
T ln
∇⊥ ,
r = Rln (r)r̂ + p
l(l + 1)

(5)

where R(r) and H(r) are the radial and horizontal eigenfunctions and ∇⊥ = θ̂∂θ + φ̂(sin θ)−1 ∂φ in
a spherical-polar coordinate system where θ is colatitude and φ is longitude.
Modes have finite lifetimes due to their interaction with turbulence and/or to radiative damping,
both difficult to model. Traditionally, ad-hoc attenuation is introduced in the wave equation, (∂t +
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Figure 3: Map of horizontal flows (arrows) in the vicinity of a sunspot obtained by local helioseismology.
The depth is 1 Mm and the observation time is T = 1 day. The background colors show the line-of-sight
component of the magnetic field at the surface for context.
γ)2 ξ + H(ξ) = 0, where γ represents the half width
at half maximum of a Lorentzian line profile in the
power spectrum. With this correction, the modes
of oscillation of the damped equation have that the
same eigenfunctions but complex frequencies σα =
ωα − iγα .
4

Formulation of Linear Forward Problem
Here we ask how the cross-covariance function is
perturbed by a small change in the solar model, for
example a localized change in the sound speed, δc(r),
or the presence of a flow, U (r). This change in the
solar model is implemented as a change in the wave
operator, L → L + δL. Note that we consider only
steady perturbations, so that the problem may be
solved at fixed temporal frequency, ω.

where L = −ω 2 + H is the unperturbed (or zeroorder) wave operator. In general, the solution to the
above equation can be written in the form
Z
d3 r s Gj (r, r s , ω)Sj (r s , ω),
(8)
ξ(r, ω) = 2π
where the sum over repeated indices j ∈ {x, y, z}
is implicit and Gj (r, r s , ω) is the displacement at r
that results from a delta-function source at r s acting
in the j-th direction:
Lr Gj (r, r s , ω) =

In Fourier space,
Lξ(r, ω) = S(r, ω),

(7)

(9)

The Green’s tensor may be computed either numerically or using a normal mode expansion:
ln
1 X 2l + 1 X T ln
r T r s Pl (cos ∆)
2 − (ω + iγ )2 .
2π
4π
ωln
ln
n
l
(10)
where ∆ is the great circle distance between source
r s and receiver r.
Defining the observable by φ = −iω` · ξ := Obs(ξ)
and the observed Green’s function by G = Obs(G),
then the zero-order wave field is given by
Z
φ(r, ω) = 2π
d3 r s G j (r, r s , ω)Sj (r s , ω). (11)

G(r, r s , ω) =

4.1 Zero-Order Problem
Let us define the Fourier transform of the displacement vector by
Z ∞
1
ξ(r, ω) =
dt ξ(r, t)eiωt .
(6)
2π −∞

1
êj (r s )δ(r − r s ).
2π
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4.2 Perturbation to the Cross-Covariance Function
In frequency space, the expectation value of the
cross-covariance between two points at the surface is
2π
C(r 1 , r 2 , ω) =
E[φ∗ (r 1 , ω)φ(r 2 , ω)].
T

(12)

A change in the solar model (through δL) causes a
change in the observable, δφ = Obs(δξ). To first
order, the perturbation to the cross-covariance is
δC(r 1 , r 2 , ω) =

2π
E[δφ∗ (r 1 , ω)φ(r 2 , ω)]
T
+(1 ↔ 2)∗ ,
(13)

where the second term is obtained from the first by
exchanging r 1 and r 2 and taking the complex conjugate. Using the first Born approximation,
L(δξ) = −δL(ξ),
we obtain
δφ(x, ω) = −2π

Z

(14)

d3 r G j (x, r, ω) {δL ξ(r, ω)}j .

(15)
Hence, the first-order perturbation to the crosscovariance can be written
δC(r 1 , r 2 , ω) =
Z
−2π
d3 r G j∗ (r 1 , r, ω) {δL∗r X(r, r 2 , ω)}j
+(1 ↔ 2)∗

(16)

where
X(r, r 2 , ω) :=

2π
E[ξ ∗ (r, ω)φ(r 2 , ω)]
T

(17)

is the cross-covariance between ξ(r) and φ(r 2 ).
4.3 Example Perturbation: Flows
Let us consider the case of a steady flow, U (r).
Under the assumption that the flow amplitude is
smaller than the wave speed, it is reasonable to expect that first-order perturbation theory will work.
The flow-wave interaction is described by
δLξ(r, ω) = −2iωρ(r)U (r) · ∇ξ(r, ω),

(18)

which consists of a Doppler shift. Inserting δL
in equation (16), the perturbation to the crosscovariance becomes
Z
δC(r 1 , r 2 , ω) =
d3 r U (r) · K(r, r 1 , r 2 , ω) (19)

where the vector-valued sensitivity kernel is defined
by
K(r, r 1 , r 2 , ω) =
−4πiωρ(r)G j∗ (r 1 , r, ω) ∇r Xj (r, r 2 , ω)

+(1 ↔ 2)∗ .

(20)

The kernel K provides the connection between helioseismology observables (cross-covariance or wave
travel times) and internal flows. Two intermediate
quantities are needed to compute K, i.e. the Green’s
function G j and the cross-covariance Xj . The Green’s
function can be computed either numerically or using a normal mode expansion, see equation (10).
Notice that the seismic reciprocity theorem implies
G j (r 1 , r) = −iω Gij (r, r 1 )`i (r 1 ), which depends on
the response to a source at r 1 pointing in the `(r 1 )
direction. The computation of Xj relies on a realization of the random wave field ξ, which may be obtained from a realistic simulation of solar convection
or approximated by normal-mode summation. The
approach described here for solving the linear forward
problem maybe called ’computational local helioseismology’. Until now, only semi-analytical methods
have been used, which are not very flexible and involve many more steps.
References
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The analysis of shifted Laplace and related preconditioners for finite element approximations of
the Helmholtz equation
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Abstract
There has been much recent research on preconditioning (discretisations of) the Helmholtz operator
∆+k 2 with the inverse of a discrete version of the socalled “shifted Laplacian” ∆+(k 2 +iε) for some ε > 0.
(In practice this inverse is replaced with a cheaper approximation, such as a multigrid V-cycle, to obtain
a practically viable preconditioner.) Despite many
numerical investigations there has been no rigorous
analysis of how one should chose the shift for the
type of Helmholtz problems arising in applications.
In this talk we give sufficient conditions on ε so that
the shifted matrix is a good preconditioner for the
original matrix as k → ∞. The results hold for finite
element discretisation of both the interior impedance
problem, and the sound-soft scattering problem (with
radiation condition imposed as a far-field impedance
boundary). We also investigate the properties of classical domain decomposition methods with coarse grid
and local solves for approximating the inverse of the
shifted problem, and analyse explicitly how this depends on ε and k. The talk contains results obtained
in collaboration with Paul Childs, Martin Gander,
Douglas Shanks, Euan Spence and Eero Vainikko [4],
[5], [9], [10].
1 Overview
As a model problem for high-frequency wave scattering, we study the boundary value problem

−∆u − k 2 u = f in Ω,
(1)
∂u
on Γ,
∂n − iku = g
where either (i) Ω is a bounded domain in Rd with
boundary Γ or (ii) Ω is the exterior of a bounded
scatterer, Γ denotes an appropriate far field boundary and the problem is appended with a Dirichlet
condition on the boundary of the scatterer. Linear
systems arising from finite element approximations
of this problem for high wavenumber k are notoriously hard to solve. Because the system matrices are
non-Hermitian and generally non-normal, general iterative methods like preconditioned (F)GMRES have
to be employed. Analysing the convergence of these

methods is hard, since an analysis of the spectrum
of the system matrix alone is not sufficient to permit
any conclusions to be drawn.
Quite a lot of recent research has focussed on preconditioning the discrete counterpart of (1) using the
discrete countarpart of the problem

−∆u − (k 2 + iε)u = f in Ω,
(2)
∂u
on Γ,
∂n − iηu = g
for some η which depends on k and ε. It is generally observed that if the “absorption” parameter
ε > 0, is taken sufficiently large, then standard iterative methods for (2) start to work, but ε needs to be
sufficiently small for (2) to still provide a good preconditioner for (1). However to date there is only a
rudimentary analysis of this question, e.g. for simple
1D or 2D problems, always using Fourier analysis,
and assuming Dirichlet - rather than impedance boundary conditions.
The use of absorption in preconditioning has been
studied in various contexts by several authors. Let
Aε denote the system matrix arising from the finite
element approximation of (2). Then, for example,
Erlangga, Vuik & Oosterlee [6] sought to precondition A0 with a multigrid approximation of A−1
ε and
2
typically used ε ∼ k . Ernst and Gander [7] used
Fourier analysis in 1D to show that ε needs to be
taken to be O(k) for Aε to be a good preconditioner
for A0 but needs to be O(k 2 ) for multigrid applied
to Aε to have a convergence factor less than unity.
However the model problem considered in [7] was a
very simplified one. Engquist and Ying [8] essentially
used ε = O(k) to enhance the performance of their
sweeping preconditioner. However none of these references give rigorous information on how ε should be
chosen in general to obtain the best performance for
preconditioning.
In this talk we give a new rigorous analysis which
firstly provides sufficient conditions for convergence
of GMRES for discretisations of problem (1) preconditioned by problem (2). The analysis developed to
do this also allows us to then also analyse rather standard domain decomposition algorithms for (2) explic-
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itly in k and ε and this analysis provides the ingredients for a fairly robust solver which is well disposed
to parallel implementation.
The convergence theory for GMRES (see, e.g. [2]
or [1]) tells us that k−independent convergence will
be achieved for a system with matrix A0 when preconditioned by A−1
ε , provided as k → ∞, the conditions :
(G1)

for all k ≥ k0 .

kA−1
ε A0 k is uniformly bounded,

and
(G2)

dist(0, W (A−1
ε A0 )) ≥ C > 0,

are satisfied, where W (T ) is the numerical range of
the matrix T : {(T x, x) : x ∈ CN , kxk = 1}. Both
these conditions can be attained if kI − A−1
ε A0 k can
be made sufficiently small. The simple estimate
−1
kI − A−1
ε A0 k ≤ kAε k kAε − A0 k

(3)

then suggests the separate estimation of each of the
norms on the right-hand side of (3). The second
term is straightforward (in fact it reduces to εkM k,
where M is the domain mass matrix, when η = k).
Our approach to bounding the harder first term is
by first estimating the norm of the solution operator for the undiscretised problem (2) explicitly in k
and ε, and then using this information and the variational theory of the finite element method to bound
kA−1
ε k. Bounding the solution operator requires a
certain amount of PDE theory.
2

PDE Theory and Matrix Bounds
The following theorems are proved in [9]. The
proof of Theorem 2.1 essentially uses Green’s identity, while Theorem 2.2 uses classical multiplier theory (due to Morawetz and co-authors and summarised, e.g. in [3]). Here, for simplicity, we restict
to the case η = k in (2).
Theorem 2.1 Suppose Ω is a Lipschitz domain, and
that, as k → ∞, ε/k is bounded below by a positive
constant and ε/k 2 is bounded above. Then for any
k0 > 0 there exists a C > 0, independent of ε, k with
k∇uk2L2 (Ω) + k 2 kuk2L2 (Ω)
 2

k
k
2
2
≤ C 2 kf kL2 (Ω) + kgkL2 (Γ) (4)
ε
ε
for all k ≥ k0 .

Theorem 2.2 Suppose Ω is a star-shaped domain
(or the annulus between two star-shaped domains in
the case of the sound-soft scattering problem), and
suppose that ε/k is bounded above as k → ∞, Then
for any k0 > 0 there exists a C > 0, independent of
ε, k with
i
h
k∇uk2L2 (Ω) + k 2 kuk2L2 (Ω) ≤ C kf k2L2 (Ω) + kgk2L2 (Γ) (5)
Note that Theorem 2.2, which allows ε = 0 (and
thus includes the Helmholtz wave scattering case)
needs a starshaped domain (a special case of a “nontrapping” domain), whereas Theorem 2.1 has a larger
ε and has no geometric restriction other than Lipschitz. “Trapping” is an important concept for scattering problems governed by the Helmholtz equation
in exterior domains but not for problems with absorption and the theory reflects this.
Moreover Theorem 2.1 illustrates the better regularity properties of the problem with absorption: the
constants which multiply the data in (4) decrease to
zero as k → ∞, if ε grows faster that O(k), while they
are only bounded above in (5). This is important
for the theory on domain decomposition described
briefly below.
Most importantly for our discussion here, the estimate in Theorem 2.2 shows that if u is the solution
to problem (2) then, provided ε/k is bounded above,
we have the L2 estimate:
i1/2
Ch
kukL2 (Ω) ≤
kf k2L2 (Ω) + kgk2L2 (Γ)
.
k
When the mesh is chosen so that the Galerkin
method enjoys a quaisoptimality property, this estimate can be combined with a scaling argument to
obtain the bound on the matrix inverse kA−1
ε k ≤
C/(khd ) , where h is the mesh diameter (with the
mesh assumed quasiuniform) and d is the space dimension. This estimates the first term on the righthand side of (3). Moreover an elementary argument
can be used to bound the second term in the form
Cεhd , and combination of these gives, finally,
ε
,
(6)
kI − A−1
ε A0 k ≤ C
k
and leads to the theorem:
Theorem 2.3 If ε/k is bounded above by a sufficiently small constant then the number of GMRES
iterations to solve systems with matrix A−1
ε A0 is
bounded independently of k.
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Several remarks are in order here: (i) The assumption of mesh quasiuniformity is not essential. If the
domain contains corners, standard shape-regular local refinement may be carried out and the result remains true, provided diagonal scaling as well as preconditioning is performed, i.e. to solve the system
A0 x = b with solution x, we instead solve the sys−1/2 y = D 1/2 A−1 b, with solution
tem D1/2 A−1
ε A0 D
ε
1/2
y = D x where D is the diagonal of the mass
matrix M ; (ii) The assumption of star-shaped domains seems to be important here: in some experiments with trapping domains, the bound above on
kAε−1 k (and hence the guarantee of the smallness of
kI − A−1
ε A0 k) fails; (iii) The first condition (G1) for
the convergence of GMRES holds for all choices of
ε, up to O(k 2 ). However (G2) is much more delicate
and in our theory at present we need ε/k sufficiently
small for its proof. It is an interesting open question
to try to relax this condition; (iv) We should bear
in mind that we work here with sufficient conditions
for the robust convergence of GMRES. These are by
no means necessary and good convergence can sometimes also be achieved when the conditions identified
here are not satisfied. These aspects will be illustrated in the talk by various numerical experiments.
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Enforced stability of embedded eigenvalues and “invisible” obstacles in waveguides
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Abstract
Based on the notion of the augmented scattering
matrix and the corresponding criterion of the existence of trapped modes, an asymptotic procedure
to keep an eigenvalue embedded into the continuous
spectrum of a waveguide is presented. Similar technicalities and the asymptotic analysis of the standard scattering matrix provide the construction of
elongated gently sloped obstacles in the cylindrical
waveguide which become invisible at a finite set of
prescribed frequencies.
Eigenvalues embedded into the continuous
spectrum of a waveguide
The distinguishing feature of an eigenvalue embedded into the continuous spectrum of a waveguide is
its natural instability, namely a small local perturbation of the waveguide may lead the eigenvalue outside the spectrum and turn it into a point of complex resonance. However under a proper but rather
arbitrary choice of the small perturbation the eigenvalue stays in the spectrum. An asymptotic procedure to find out these appropriate perturbations of
the waveguide walls and/or the shape of the obstacle
is developed in [1]–[3] for different problems in mathematical physics. It requires to construct asymptotics
of an artificial object, that is the augmented scattering matrix which becomes an algebraic identificator of the point spectrum and is determined through
exponential wave packets of incoming and outgoing
waves (see the original paper [4] as well as [1]–[3]).
One may apply the procedure in two ways. First,
cf. [1], to create the embedded eigenvalue near a
fixed threshold point (these points give rise to standing waves) of the continuous spectrum. Second, cf.
[2] and [3], to detect perturbations of the shape of
an obstacle and/or a wall knob which are known to
support trapped modes.
Let us formulate one of the obtained results for the
two-dimensional acoustic waveguide with hard walls

the width d > 0 (we further set d = 1 and make the
coordinates and geometric parameters dimensionless)
while h(ε, x) is a smooth function in x with a support
in the interval (−l, l) of length 2l > 0. Moreover,
the dependence of h(ε, x) on the parameter ε is real
analytic in a small neighborhood of the point ε = 0.
The pressure p satisfies the Helmholtz equation
−∆p(x, y) = λp(x, y),

(2)

and the Neumann boundary conditions
∂n p(x, y) = 0,

1

Π(ε) = {(x, y) : x ∈ (−∞, +∞), εh(ε, x) < y < d},
(1)
where ε is a positive parameter, small in comparison

(x, y) ∈ Π(ε),

(x, y) ∈ ∂Π(ε),

(3)

where ∆ is the Laplace operator, λ is the spectral parameter proportional to the square of the frequency ω
of harmonic in time oscillations, and ∂n is the derivative along the outward normal.
The continuous spectrum σc of the problem (1),
(2) coincides with the positive semi-axis
[0, +∞) and¢
¡
is divided into the intervals Υk = π 2 k 2 , π 2 (k + 1)2
by the threshold points π 2 k 2 ; here k = 0, 1, 2, . . . .
Theorem 1. For any nonnegative integer k there
exist εk > 0 and a profile function fk (ε, x) with the
above-mentioned properties such that, for ε ∈ (0, εk ],
the interval Υk of the continuous spectrum of the
Neumann problem (1), (2) in the waveguide (1) with
d = 1 includes exactly one eigenvalue λεk while the
corresponding eigenfunction uεk enjoys the exponential decay at infinity.
Several questions remain open and the list of them
is rather long. For example, it is not clear if it is
possible to create simultaneously two eigenvalues in
two given intervals Υk and Υj with j 6= k.
2

Invisible obstacles.
Asymptotic analysis of the standard scattering matrix, which is quite similar to the above-mentioned
analysis of the augmented scattering matrix, can provide the construction of the profile function h of the
waveguide wall such that, at given finite set of frequencies, all the propagative waves get only exponentially decaying perturbations after passing by the
knob. In this way the obstacle becomes “invisible”
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at these frequencies. Let us formulate one particular
result in the two-dimensional linear theory of surface
water-waves obtained recently in cooperation with
A.-S. Bonnet-Ben Dhia and J. Taskinen.
We consider the planar channel (1) with the gently
sloped warp described by the equation y = εh(ε, x)
where the profile function keeps the properties mentioned above. The velocity potential u(x, y) satisfies
the Laplace equation
−∆u(x, y) = 0,

(x, y) ∈ Π(ε),

(4)

together with the Neumann (no–flow) condition at
the bottom
∂n u(x, y) = 0,

x ∈ (−∞, +∞), y = εh(ε, x),

(5)
and the Steklov (kinematic) condition at the free water surface
∂y u(x, d) = λu(x, d),

x ∈ (−∞, +∞),

(6)

where λ = g −1 ω 2 with the oscillation frequency ω >
0 and the acceleration g > 0 due to gravity. The
spectrum of the problem (4)–(6) is again absolutely
continuous and coincides with the semi-axis [0, +∞).
However, there is no positive thresholds since, for any
λ > 0, exists only couple of propagative waves
¡
¢
w± (x, y) = e±µix eµy + e−µy

where µ > 0 is the unique root of the transcendental
¡
¢¡
¢−1
equation µ eµd − e−µd eµd + e−µd
= λ.
If the channel bottom is flat, the wave w+ travels
along the channel in the positive direction of the xaxis. In the case of the warp this wave scatters and
the problem (4)–(6) admits a solution in the form
u(x, y) = χ− (x)w+ (x, y)+
+

X
±

χ± (x)s± w± (x, y) + u
e(x, y),

(7)

where the first term must be regarded as an incident wave from the left of the channel, the remainder u
e(x, y) decays exponentially as |x| → ∞, χ± are
cut-off functions such that χ± (x) = 0 for ±x < l
and χ± (x) = 1 for ±x > 2l. The transmission s+
and reflexion s− coefficients are in the relationship
|s+ |2 + |s− |2 = 1. In the straight channel Π(0) =
(−∞, +∞) × (0, d) we just have u(x, y) = w+ (x, y)
and hence
s− = 0

and s+ = 1.

(8)

Theorem 2. For any λ > 0 there exist ελ > 0
and a nontrivial profile function fλ (ε, x) with the
above-mentioned properties such that, for ε ∈ (0, ελ ],
the problem (4)–(6) in the channel (1) admits the
solution (7) with the coefficients (8) and the exponentially decaying remainder u
e(x, y).

The equalities (8) mean that the incident wave w+
from the left in the channel Π(ε) gains only an exponentially small perturbation on the right of the
channel. This fact ought to be interpreted as the invisibility of the warp. It is easy to verify that due to
the evident relation w+ (x, y) = w− (x, y) the invisibility property of the warp indicated in Theorem 2 is
kept by the incident wave w− (x, y) coming from the
right of the channel.
Notice that, similarly to embedded eigenvalues,
the latter property is not stable with respect to
small perturbations of the warp shape. However,
the presented approach is able to give a rigorous reformulation of numerical simulations in terms of an
appropriate proximity of the profile functions in both
the cases under consideration.
Many other problems of the same type stay open
but can be solved with the help of the developed
method.
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Diffraction effects for Bloch wave packets in periodic media
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Abstract
We report on a joint work with M. Palombaro and
J. Rauch. We study the homogenization and singular perturbation of the wave equation in a periodic
media for long times of the order of the inverse of the
period. We consider inital data that are Bloch wave
packets, i.e., that are the product of a fast oscillating
Bloch wave and of a smooth envelope function. We
prove that the solution is approximately equal to two
waves propagating in opposite directions at a high
group velocity with envelope functions which obey a
Schrödinger type equation. Our analysis extends the
usual WKB approximation by adding a dispersive,
or diffractive, effect due to the non uniformity of the
group velocity which yields the dispersion tensor of
the homogenized Schrödinger equation.
1

Setting and results
The homogenization of the wave equation in periodic media is a well studied subject (see e.g. [7], [8]).
It is known that, for non oscillating initial data (often
called low frequency data), the homogenized limit is
again a wave equation with effective coefficients that
can be computed as in the static case. On the other
hand, for oscillating initial data in resonance with the
periodic medium (so-called high frequency data), the
usual two-scale asymptotic method breaks down and
one needs to use the famous WKB method (Wentzel,
Kramers, Brillouin) to deduce that the asymptotic
limit of the wave equation is described by geometric optics, i.e. eikonal equations for the phases and
transport equations for the amplitudes of the waves
(see e.g. [7], [9]).
The present work pertains to the second category,
namely homogenization with high frequency data.
However, the novelty is that we are interested in a
much longer time scale, way beyond the geometric
optic regime. In this new limit regime, called diffractive or dispersive regime [10], the phase is still the
solution of the WKB eikonal equation but the amplitude, or envelope function, is not any longer solution of a transport equation but rather solution of
a Schrödinger type equation (in a moving frame of
reference). Therefore, our homogenized model de-

scribes dispersive properties of the wave equation for
very long times.
There are many applications of wave propagation
in periodic medium, including photonic crystals or
optical fibers with a periodic transverse microstructure (see [13] and Figure 1).

Figure 1:

Cross section of a photonic optic fiber

More precisely, we study the homogenization of the
singularly perturbed wave equation



∂uε
2 ∂


ε
ρ
− div (Aε ∇uε ) = 0 in RN × (0, T ) ,
ε


∂t
∂t


uε (0, x) = u0ε (x)
in RN ,





 ∂uε (0, x) = u1 (x)
in RN ,
ε
∂t
(1)
where T > 0 is a final time, Aε and ρε are oscillating
coefficients of the form


x
x
t
2
+ ε A1 t, , x,
Aε (x) = A0
,
ε
ε
ε


(2)
x
t
x
+ ε2 ρ1 t, , x,
,
ρε (x) = ρ0
ε
ε
ε
with ρ0 (y) and A0 (y), real bounded periodic functions of period (0, 1)N such that the density ρ0 is
strictly positive and the tensor A0 is symmetric
uniformly coercive. The macroscopic modulations
ρ1 (t, τ, x, y) and A1 (t, τ, x, y) are smooth bounded
functions which are periodic of period (0, 1)N with
respect to y (they also satisfy assumption (7) below). The second order time derivative in (1) has
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been written in conservative form because the density ρε may depend on time. Of course, if ρε is independent of time, the inertial term is just equal to
ε2 ρε (∂ 2 uε )/(∂t2 ) as usual. There is also an ε2 scaling factor in front of the time derivative which corresponds to very long time. Indeed, upon introduction
of a new time variable τ = ε−1 t, the usual wave equation (without scaling) is recovered. Thus a time t of
order 1 is equivalent to a long time τ of order ε−1 .

Figure 2:

A wave packet

We consider initial data which are Bloch wave
packets (see Figure 2) with a high-frequency linear
phase
x 
θ0 ·x
, θ0 e2iπ ε v0 (x) ,
u0ε (x) = ψn
ε
(3)
x  2iπ θ0 ·x
1
1
ε v (x) ,
, θ0 e
uε (x) = 2 ψn
1
ε
ε

where v0 and v1 are sufficiently smooth functions and
ψn is a so-called Bloch eigenfunction, solution of the
following spectral cell equation in the unit torus TN


−(divy +2iπθ) A0 (y)(∇y +2iπθ)ψn = λn (θ)ρ0 (y) ψn ,
(4)
corresponding to the n-th eigenvalue or energy level
λn (θ). As usual the interpretation of the Bloch parameter θ is that it is a reduced wave number and the
eigenvalue is the square of a time frequency ωn (θ0 )
defined by
p
ωn (θ0 ) = λn (θ0 ).

The derivative of the frequency with respect to the
wave number gives the group velocity
V=

1
1
1
p
∇λn (θ0 ) ,
∇ωn (θ0 ) =
2π
4π λn (θ0 )

(5)

and the divergence of the group velocity yields a dispersion tensor
A∗ =

1
1
divθ V = 2 ∇θ ∇θ ωn (θ0 ) .
2π
4π

(6)

Our main assumptions is that λn (θ0 ) is a simple
eigenvalue and that the modulated coefficients ρ1 and
A1 are ”invariant along group lines”, i.e.,
∂ρ1
± V · ∇ x ρ1 = 0 ,
∂τ

∂A1
± V · ∇x A1 = 0.
∂τ

(7)

In truth, we can make a weaker but more technical
assumption than (7). We prove that, as ε goes to 0,
the solution of (1) is asymptotically the sum of two
wave packets

 x   ωn (θ0 )t 
θ0 ·x
V
, θ0
ei ε2 v + t, x + t
uε (t, x) ≈ e2iπ ε ψn
ε

 ε
ωn (θ0 )t
V
+e−i ε2 v − t, x − t
,
ε
(8)
in a sense of weak two-scale convergence. The envelope functions v + and v − , in the right-hand side of
(8), are solutions of two Schrödinger equations



∂v +

 2i
− div A∗ ∇v + + γ ∗ v + = 0 in RN × (0, T ),
∂t

1
1

 v + (t = 0, x) =
v0 (x) +
v1 (x) in RN ,
2
iωn (θ0 )

and



∂v −

 −2i
− div A∗ ∇v − + γ ∗ v − = 0 in RN × (0, T ),
∂t


1

−
 v (t = 0, x) = 1 v0 (x) −
v1 (x) in RN ,
2
iωn (θ0 )
with

1
γ (t, x) =
2ωn (θ0 )
∗

Z

TN




Ã1 ∇ψn · ∇ψ n − λn (θ0 )ρ̃1 |ψn |2 dy

Each of these two waves carries half of the initial
data v 0 and opposite contributions in terms of the
initial velocity v 1 . The fact that the homogenized
equations are of Schrödinger type is classical in the
physics literature and is known in mathematics as
dispersive geometric optics [10]. It is reminiscent of
the so-called parabolic or paraxial approximation for
waves propagating in a privileged direction.
Formula (8) yields a family of approximate travelling wave solutions of (1) with a coherent structure,
even for long times. Remark that, when the group
velocity V is zero (which happens, at least, at the
bottom and top of each Bloch band), (8) is rather
a stationary solution which is trapped by the periodic medium. Experimental exploitation of this phenomenon to slow light is a hot topic [12], [6], [11],
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[5]. It is dreamed that the slow light technologies
are a first step toward an all optical computer. As
is well known there exists no propagating solution of
the type of (8) with a frequency ω when ω 2 is in a
gap of the Bloch spectrum, i.e. when ω 2 6= λn (θ) for
all n ≥ 0 and θ ∈ TN . This property is a key feature
of photonic crystals.
The fact that the homogenized equations for the
envelope v + and v − are Schrödinger equations is a
confirmation of the dispersive properties (i.e. the
nonlinear character of the effective dispersion relation) of periodic composite materials.
We give a weak convergence proof of (8) in [2]
which is based on the notion of two-scale convergence with drift and on a simple, uniform in time, L2
in space, estimate for the solution of (1). A strong
convergence proof (for smooth coefficients), including
the construction of infinite order asymptotic expansion of the solution, is given in a companion paper
[3], while the case of Maxwell equations is treated in
[4].
Eventually, if instead of periodic coefficients as
in (2) we consider
modulated coefficients A0 x, xε

x
and ρ0 x, ε , completely different results can be obtained. In [1], under very specific stationarity and geometric assumptions on the Bloch eigenvalue λn (x, θ)
(which now depends on the space variable x), we
prove that Bloch wave packets do not propagate and
even more are exponentially localized.
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Splitting schemes for geothermal processes simulation
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Abstract
A few numerical algorithms for solving the nonstationary heat transfer equation in terms “temperature - heat flux” are discussed. Thereby, a nonstationary two- or three-dimensional parabolic problem in the mixed formulation is considered. Spatial discretization is implemented by the mixed finite element method with Raviart-Thomas finite elements of lowest order. For the vector equation for
the mesh heat flow a few splitting schemes are analyzed. For the proposed schemes as long as for the
reference scheme of Crank-Nicolson results of numerical experiments are presented. Special attention is
given to the comparison of accuracy of different splitting schemes. Moreover, several application problems concerning thermochronology of certain geological regions are presented.
This work was supported by RFBR (No. 12-0131046) and IP No. 76 SB RAS.
1

Problem statement
Consider the following system of first order differential equations written in terms “temperature heat flux” which describes heat transfer process for
x ∈ Ω ⊂ Rn , n = 2, 3:

cp ρ ∂T
∂t + div w = f, x ∈ Ω,
1
λ w = −∇T, x ∈ Ω.
Here T and w denote the unknown functions of temperature and heat flux, while cp , ρ and λ are the coefficients of heat capacity, density and heat conductivity respectively; function f corresponds to the distributed heat source in the considered domain Ω. For
this system we have an initial condition and Dirichlet or Neumann boundary conditions for T . Carrying out some simple manipulations one can obtain a
mixed weak formulation of the problem
R
R
 R
∂T
χ
+
div
wχ
=
c
ρ
p
∂t
Ω
Ω f χ, ∀χ ∈ L2 (Ω)
Ω
R
R
R 1
,
w
·
u
=
T
∇u
−
T
u
· n, ∀u ∈ Hdiv (Ω)
Ω
∂Ω
Ω λ
where unknown functions T and w are sought for
as elements of functional spaces L2 (Ω) and Hdiv (Ω)
respectively.

2

Time and space discretization
Consider a rectangular grid covering the domain
Ω. Space discretization is implemented by the mixed
finite element method based on Raviart-Thomas finite elements of lowest order (for Hdiv ) and piecewise constant scalar functions (for L2 ). Calculating
the corresponding integrals in the mixed weak formulation one can obtain the following semidiscrete
system:

T
h
M dT
dt + B wh = fh ,
Awh = BTh + gh
where M is a diagonal mass matrix for temperature,
A - tridiagonal mass matrix for heat flux, B and
BT denote the discrete (mesh) counterparts of operators of gradient and divergence respectively; gh
arises from inhomogenious boundary conditions and
will be omitted further, fh corresponds to the differential righthand side f . Now it is straightforward to
write the implicit α-weighted scheme in the following
form:
(
n+1
n
n+1
n
(A + ατ H) w τ−w + Hwn = F 2+F
n+1
n
n+1
n
M T τ−T + B T (αwn+1 + (1 − α)wn ) = F 2+F
where H = BM −1 BT approximates the second space
derivatives tensor. To obtain the first equation for
the heat flux only one should ”differentiate” on the
mesh level the Fourier law and make use of the mesh
energy conservation law.
3

Splitting schemes
Taking α = 0 one obtains the conditionally stable explicit scheme first order accurate in time and
second order accurate in space, α = 0.5 - the stable second-order accurate in time and space CrankNicolson scheme. Due to the rather complicated
structure of matrix H Crank-Nicolson scheme can
hardly be used for computations, especially in case
of time-dependent coefficients. The first two splitting
schemes proposed [1] are based on approximate factorizations of the operator G = A + ατ H. Scheme 1
is based on the alternating-triangular factorization,
scheme 2 - on the factorization of SSOR-type. Other
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splitting schemes are closely connected to the splitting schemes for the mesh divergence of the heat flux
with a specific choice of operators of second space
derivatives. Scheme 3 (for n = 2) corresponds to the
classical alternating-direction scheme, scheme 4 (for
n = 3) - to the scheme of Douglas and Gunn of second order, scheme 5 - to the locally one-dimensional
scheme based on Crank-Nicolson. Finally, we also
consider scheme 6 - a splitting scheme proposed in
[2] which is based on the so called Uzawa algorithm
for the mixed formulation. Schemes 1-4 and 6 are
second order accurate, scheme 5 is only of first order
in time, in spite of the fact that the corresponding
scheme for mesh divergence is of second order. The
questions of stability for schemes 3-6 is still under
study although the fact that these schemes are unconditionally stable for the mesh divergence is quite
obvious. To obtain solution using proposed splitting
schemes one requires only to invert block matrices
with tridiagonal blocks which can be performed in
an efficient way, especially for cluster machines.
4

Numerical experiments and applications
For the sake of brevity only few words are presented here concerning results of numerical experiments, namely only one test case is presented for
comparison of the schemes mentioned above for n =
2. All the schemes were tested against the following
analytical solution
T (x, y, t) = e−t sin(2πx)cos(2πy) + y + 1
in the unit square with appropriate initial and boundary conditions. In figures (a) and (b) relative L2 norms of the error for temperature and heat flux for
the time moment t = 1 depending on the space step
are shown for different 2D-schemes.
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In both figures “expl” stands for explicit, “Cr-N”
- for Crank-Nicolson, line 1 corresponds to scheme 1,
line 2 - to scheme 2, etc. The logarithmic scale is used

for the axis of error values. For all implicit schemes
the Courant number was taken 100, for the explicit
scheme the maximum allowable time-step (due to the
stability condition) was chosen. As one can notice,
schemes 3 and 6 provide the best results similar to
that of the Crank-Nicolson scheme, while schemes
1,2 and 5 are much less accurate. This holds true
for both temperature and heat flux. The detailed
comparison of the schemes for different test solutions
with variable coefficients and nonuniform grids, as
well as application problems (see, e.g.[3]) are omitted
here due to the lack of space.
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Abstract
The problem under consieration is the filtration
gas combustion. In particular we are interested in
the numerical modelling of the propagation of region
of gaseous exothermic reaction in chemically inert
porous medium, as gaseous reactants are being supplied into the region of chemical transformation [1].
The aim of our work is the construction of efficient
algorithms for calculating the motion of combustion
wave. Several approaches will be used, namely the introduction of adaptive grids, the method of splitting
into physical processes [2], parallelization on shared
memory [3] and the use of external highly optimized
libraries of Intel R MKL [4]. We obtain solutions
of the problem that coincide with the experimental
data. We also implement the parallelization of the
constructed algorithms, which reduces the computational time by ten times compared to the original
code.
This work was supported by RFBR (12-01-31046, 1301-00019).
Introduction
Modeling of the processes of filtration gas combustion (FGC) is the problem of current interest that
has wide practical application. Knowledge of the
properties of FGC waves is essential in solving many
problems of energy, chemical and construction technology, ecology, and fire safety. A physical model for
FGC may be described as follows. Let there be a
tube filled with a porous material, measuring about
10 cm. From one edge of it a combustible gas mixture is supplied at a rate of ~v . Then the mixture is
ignited, resulting in a combustion front, which can
either be stationary or move in any direction, depending on the model parameters. If the combustion
front moves, it may do so in a number of different
fashions.
The simpliest one-dimensional FGC model in the
enthalpy formulation includes three equations:
∂T
∂2T
Q
= as 2 + αs (H − T − η),
∂t
∂x
cg

(1)

∂H
∂2H
Q
∂H
−v
= ag
+ αg (T − H + η),
2
∂t
∂x
∂x
cg

(2)

∂η
∂η
∂2η
= ag 2 − v
− W (η, H).
(3)
∂t
∂x
∂x
Here ai = λi /ci ρi is the coefficient of thermal diffusivity of the i-th phase, ci , ρi , λi are respectively,
specific heat at constant pressure, density and thermal conductivity of i-th phase (i = s for porous solid,
α
i = g for gas), αs = (1−m)c
, αg = mcαg ρg , m - poross ρs
ity, α - interphase heat transfer rate, v - flow rate of
the combustible mixture, T ≡ Ts , Hcg = Tg cg + Qη
is full gas enthalpy, where Ti is the temperature of
the i-th phase, Q is energy release of the reaction,
−E/R(H− Q )

cg
W (η, H) = k0 ηe
- the chemical reaction
rate according to Arrhenius law, η - relative concentration of reactive component of the combustible
mixture, k0 - pre-exponential factor, E - activation
energy, R - universal gas constant.
It is easy to see that the system is parabolic. However, due to the nonlinear components of the third
equation solutions act as shock waves, which is typical for hyperbolic systems. It is also worth noting
that the speed of the wave is a priori unknown. The
Cauchy problem is stated by adding the Dirichlet
boundary conditions on the left edge and the Neumann ones on the right edge.

1 Mathematical methods
1.1 Adaptive mesh
Jumps of the unknown functions in the area of
chemical reactions require a significant refinement of
the spatial step. This, in the case of explicit schemes,
involves a further refinement of the time step, due to
the Courant-type restriction. However, away from
the flame front, the solution functions are smooth
and close to a constant. Thus, one way to speed up
the computation seems to be the introduction of an
adaptive grid. It will depend on the solution of the
previous time step and will be concentrated in the
area of the chemical transformation.
We implemented two algorithms using adaptive
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grids. In the first one in the vicinity of the chemical reaction zone a more dense grid is used. It then
moves according to the movement of the combustion
front. This approach saves time by increasing the
spatial step for smooth areas. However, it does not
affect the time step, which has to be chosen in accordance with the stability condition on the fine grid.
An opportunity to increase the time step is implemented in the second algorithm. The basic idea is
this: by doing one step of the uniformly coarse grid
scheme (with the corresponding big time step), we
obtain the initial data and boundary conditions for
the fine mesh. This provides us with a subproblem
with small spatial and time steps. Having executed
all the steps of the subproblem, we replace values of
coarse-grid solutions with the corresponding values of
solutions of the embedded problem. This approach
allows us to take big steps in space as well as in time
outside the chemical reaction zone.
1.2 Splitting method
A significant proportion of the total computation
time is devoted to the calculation of the exponent
in the reactant-concentration equation. Method of
splitting into physical parameters is based on the
idea to isolate the summand with the exponential
term. Thus, we count transfer and diffusion at the
first half-step and chemical reaction at the second
half-step. This approach opens tremendous opportunities for futher investigations and ways to reduce
the execution time.
2 Programming methods
2.1 Parallelization (Modeling on machines with
shared memory)
The simplest and most obvious way to implement
the program on a multiprocessor node is implementation of OpenMP procedures for the inner loop of
the program. However, when modeling small problems, the time required by the machine to transfer
data is comparable to the time of the actual receipt
of data. This parallelism is not always effective and
in some cases even leads to a slowdown of the program execution. To reduce the time for the exchange
of data flows, it may be useful to distribute the data
between them, ie assign each thread its part of the
spatial grid. Each thread creates its arrays to find
a solution, fills them in accordance with the difference scheme, and outputs the results on its assigned
grid nodes. On a regular grid we thus obtain prac-
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tically independent tasks exchanging only boundary
conditions.
2.2 Intel R MKL
The use of the external highly optimized libraries
of Intel R MKL helped us to reduce the execution
time. In our program we apply such functionalities
as vdExp to calculate the exponent efficiently, dgbtrf
and dgbtrs for solving a system of linear equations
by a direct method at every time step of the implicit
difference scheme.
Conclusion
We constructed various algorithms for the numerical solution of the FGC problem which provide solutions that are consistent with experimental data.
Calculations were carried out for a small problem
(tube length is 0.0125 m) and for a problem with
characteristic dimensions (length of tube is 0.1 m).
Modifications of the original algorithm have reduced
the execution time by a factor of 10 in the case of
small problems (for the physical time t = 0.1 sec)
and almost 120 in the case of large ones (for the
physical time t = 30 sec.) It’s easy to see that the
use of the adaptive grids for simulation of FGC provides significant gains. However, parallel implementation of such algorithms is not always effective and
demands special approach. At the same time the
number of processors on the computational node will
grow and the influence of parallelism will increase, so
construction of new algorithms that allow almost perfect scaling in the number of threads becomes rather
actual problem. The algorithms based on the splitting method are expected to show good scalability
since each thread can calculate the chemical reaction
rate independently from the other ones.
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Abstract
Common Middle Point seismic sections provides
important information about the internal structure
of the 3D heterogeneous geological media and are a
key element for seismic interpretation. It is therefore extremely important to be able to analyze in
detail how the typical geological structures are manifested in these 3D seismic cubes. The most complete knowledge here is provided by full mathematical simulation, which takes into account all multiscale structure of the medium under study. Unfortunately, these simulations for realistic geological
structures and 3D seismic surveys still can not be
implemented on a modern, even the most powerful
computer systems. In order to overcome this trouble we propose a diﬀerent approach - modeling these
3D seismic cubes directly rather than shot-by-shot
simulation with subsequent CMP stacking. In order
to do that the well know ”exploding reﬂectors principle” is modiﬁed for 3D heterogeneous multiscale
media. Its parallel implementation allows modeling
of 3D Common Middle Point stacks with reasonable
computational costs.
1

Introduction
Common Middle Point (CMP) stack for the correct depth macrovelocity model will not only transform multi-shot multi-oﬀset seismic data to zerooﬀset data, but also signiﬁcantly reduce the multiples. In order to imitate this procedure we apply the
exploding reﬂectors concepts (Claerbout, 1985) and
keep in the mind the following key items:
1. The secondary sources should posses reasonable
intensity;
2. The macrovelocity model should be properly
smoothed, so barely to change the travel time,
but essentially reduce reﬂections.
The smoothing is performed in vertical directions
only

2

From the full model to the smooth propagator
To ensure the desired properties of the propagator
the full velocity model is smoothed by its convolution
with error function:
F < f > (z) = β

∫z0

−z0

2

f (z − ξ)e−αξ dξ

(1)

This transform should reduce essentially reﬂections,
but not perturb travel times to some extent. In order to guarantee the last property let parameters of
transformation (1) are searched in order to save constant with given accuracy.
Straightforward computations give:

β

z+z
∫ 0

√
√
2
e−α(z−ζ) dζ = β απ erf ( αz0 )

z−z0

Error function erf (x) converges to unit with x → ∞,
so, in order to keep the constant we should choose
√
√
β απ = 1. In our computations we choose αz0 =
√
4, so erf ( αz0 ) = 1 − 1.5 ∗ 10−8 and any constant is
saved up to single computer precision.
3

Secondary sources
Secondary sources are introduced by decomposition of the full model onto smooth propagator (with
indicex 0) and rough reﬂectors (with indices 1):
ϱ = ρ0 + ρ1 ;

λ = λ0 + λ 1 ;

µ = µ0 + µ1 .

This decomposition introduces incident (indices 0)
and reﬂected/scattered/diﬀracted (indices 1) waves.
The latter has the following integral representation:
⃗ 1 (⃗x; ω) =
U

∫

R3

(
)
⃗ ω) L̂0 + L̂1 U
⃗ 0 (ξ; ω)dξ
G(⃗x; ξ;

E VGENY L ANDA , G ALINA R ESHETOVA AND V LADIMIR C HEVERDA

46

⃗ ω) and linear difwith elastic Green matrix G(⃗x; ξ;
ferential operator
(L1 (λ0 , µ0 )w)
⃗ k≡
3 ∂µ0
∂λ0
≡
divw
⃗+ Σ
∂xk
j=1 ∂xj

.

(

∂wj
∂wk
+
∂xk
∂xj

)

For smooth background volumetric source generates mainly incident P-wave.
This allows to
⃗
prove that waveﬁeld U1 (x; x0 ; xs ; ω) generated by the
source at ⃗xs and scattered at ⃗x0 can be treated as the
solution to the following equation:
(
)
⃗1 =
L0 + L1 + ϱ0 ω12 U
ω1
)
2 λ (x )A (x , x )gradδ(x − x )
−
1 0
p0 0 s
0
4vp (x0 )
−ω12 F (

a)

(2)

and therefore is created by a secondary volumetric
source at ⃗x0 .
4

Numerical experiments
Numerical experiments were done for 3D heterogeneous multiscale model of the buried channel overlying cavernous-fractured reservoir (see Fig.1). For
lack of space we do not present here the interim results, conﬁrming the equivalence of zero-oﬀset and
exploding reﬂectors given by (2). But we represent
3D seismic cube of zero-oﬀset/CMP data in Figure
2.
Acknowledgements
The research described in this publication is partially supported by RFBR grants 11-05-00947 and
13-05-00076.

b)
Figure 1: 3D seismic model used for simulation:
the buried channal with fractured reservoir. a) Top
view. b) Side view.
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Figure 2:

3D zero-oﬀset seismic cube. Simulation
by exploding reﬂector.
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Abstract
This paper presents an algorithm oriented on the
simulation of seismic wave propagation in models
containing viscoelastic formations. These formations
are typically relatively small (about 25 % of the
model), however proper treatment of seismic attenuation doubles the computational intensity of the algorithm in comparison with ideally elastic models.
Our suggestion is to use the attenuation oriented algorithm only in the vicinity of viscoelastic formations
while eﬃcient numerical approach to simulation of
seismic waves propagation in ideally elastic media
is applied elsewhere. In this paper we discuss both
mathematical aspects of algorithm and peculiarities
of its parallel implementation.

Introduction
Modern approaches to seismic processing such as
full waveform inversion, reverse time migration are
based on massive forward modeling. However, these
techniques are used nowadays mostly in application
to ideally elastic media. One of the main deterrent factors for their extension to viscoelasticity is
the computational intensity of the forward modeling. Seismic attenuation is introduced in a model
by convolution-like operator mapping strains into
stresses. In order to localize this operator the generalized standard linear solid model (GSLS) is used
[1], which is a rational approximation of the kernel
in frequency domain. In time domain GSLS include
additional memory variables and equations for them.
As the result amount of RAM and ﬂoating point operation per grid cell needed for the simulation of wave
propagation in viscoelastic models doubles with respect to those for ideally elastic media. At the same
time these formations are typically small enough (less
than 25% of the model) thus it is reasonable to use
the GSLS only in the vicinity of the viscoelastic formations and couple it with the model of ideally elastic media which is used elsewhere.

1

The algorithm
Consider the GSLS model governing wave propagation in viscoelastic media:
ρ ∂u
∂t
( = ∇ · σ,T )
∂ε
∇u ,
∂t = ∇u +∑
L
∂σ
l
l=1 r ,
∂t = G1 ε +
∂rl
l
τσ,l ∂t = −G2 ε − r ,

where ρ is a mass density; G1 and G2 are fourth-order
tensors, deﬁning the model properties; u is a velocity
vector; σ and ε are the stress and strain tensors; rl
tensor of memory variables. Note that the number of
memory variables tensors is L, typically two or three.
Proper initial and boundary conditions are assumed.
For the ideally elastic models the tensor G2 equals
to zero which means that solution of the last equation
is trivial if zero initial conditions are used. Thus the
memory variables tensors can be completely excluded
from the equations. After that the system turns into
that for ideally elastic wave equation. This means
that there is no need to allocate random access memory (RAM) for the memory variables in the ideally
elastic parts of the model.
Assume now a subdomain Ω ⊆ R3 where full viscoelastic wave equation is stated, while ideally elastic
wave equation is valid for the rest of the space. It
is easy to prove that the conditions at the interface
Γ = ∂Ω are
[σ · ⃗n]|Γ = 0, [u]|Γ = 0,
where ⃗n is vector of outward normal and [] denote
jumps of the function over the interface. These conditions are the same as those for elastic wave equation
at an interface. Moreover if standard staggered grid
scheme (SSGS) [2] is used these conditions are satisﬁed automatically. Thus the coupling of the models
does not require any special treatment of conditions
at the interface and can be implemented by allocation
of RAM for memory variables and soling equations
for them in viscoelastic part of the model.
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to time for computing stresses for viscoelastic part.
These values were measured experimentally. Parameters α is the relative volume of the viscoelastic part
of the model and β is the ratio of the elementary volumes of elastic and viscoelastic parts. It is clear that
the optimal domain decomposition is constructed if
minβ T is achieved. Figure 2 represents the theoretical estimations of T (α, β) and numerical experiments. One may note that the optimal ratio of the
elementary volumes for elastic and viscoelastic parts
is equal to 3 for relatively small amount of viscoelasticity. In this case the speed-up of the hybrid algorithm is about 2 with respect to pure viscoelastic
simulation.
10

α=0.1 theory
α=0.4 theory
α=0.9 theory
α=0.1 experiment
α=0.9 experiment
α=0.4 experiment

9
8
7
Normalized PU time

Parallel implementation
Parallel implementation of the algorithm is done
via domain decomposition technique. However, the
amount of the computational job for elastic and viscoelastic parts of the model is diﬀerent, which leads
to the necessity to apply independent domain decomposition to design a well-balanced algorithm. Meanwhile the use of SSGS assumes two types of synchronization points. The ﬁrst one is at instants just after
the velocity components have been updated. This
stage requires the same amount of ﬂops per grid cell
for both elastic and viscoelastic parts of the algorithm. The second type is after the stresses were
computed. This part is strongly diﬀerent for the
named parts of the algorithm. This means that regardless to the ratio of the elementary subdomains
associated with single core (node) for elastic and viscoelastic parts some of the cores will have latency
period. This can be seen in ﬁg. 1.

elastic

2

48

6
5
4
3

viscoelastic

2
1
0
0,1

velocity
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0.5
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1
β

2

3

5

10

Stresses

viscoelastic

elastic

Figure 2:

Normalized core-hours with respect to β.

3
velocity

Stresses

Figure 1:

TraceAnalyzer images for equivolumetric
(top) and optimal (bottom) domain decomposition.
Dark bars correspond to computations, light bars
represent waiting time.

As the result an optimal domain decomposition
was suggested to minimize the overall computational
time (core-hours) of the algorithm. The computational time can be estimated by the formula:
(
)
1−α
T (α, β) = [δ max(1, β) + max(1, βγ)] α +
,
β
where γ = 0.33 and δ = 0.32 are the ratios of computational time needed to update velocity and stresses
respectively for elastic part per grid cell with respect
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Abstract
Reverse Time Migration (RTM) is one of the most
widely used techniques for Seismic Imaging, but it induces very high computational cost since it is based
on many successive solutions to the full wave equation. High-Order Discontinuous Galerkin Methods
(DGM), coupled with High Performance Computing
techniques, can be used to solve accurately this equation in complex geophysical media without increasing
the computational burden. However, to fully exploit
the high-order space discretization, it is necessary to
use a high-order time discretization. In this work, we
propose a new high order time scheme, the so-called
Nabla-p scheme. This scheme does not increase the
storage costs since it is a single step method and does
not require the storage of auxiliary unknowns. Numerical results show that it requires less storage than
the ADER scheme for a given accuracy and that it
can be efficiently implemented in an RTM algorithm.
Introduction
Geophysical exploration is undertaken on more
and more complex media and we need advanced
numerical methods to accurately image the subsurface. Indeed, Seismic Imaging algorithms, such as
for instance Reverse Time Migration (RTM), generate high computational burden since they are iterative algorithms that require many successive solutions to the wave equation. To reduce these computational cost, we use High-Order Discontinuous
Galerkin Methods, which are very accurate even with
coarse meshes and can be combined with explicit
time schemes. However, to take fully advantage
of high-order space discretization, it is necessary to
combine DGM with high order time discretization.
This can be achieved by using DG-ADER methods
[4], which are an extension of the Modified Equation Technique [2], [3]. They are single step methods, i.e., they only require to store the solution at
the previous time step. Nevertheless, even when using advanced methods like DG-ADER schemes, we
still have to store a huge number of unknowns. We

then propose a new single step method, called Nablap schemes, which can be seen as an alternative to
DG-ADER schemes. The original idea consists in inverting the discretization order, which introduce high
order operators in space which require an appropriate space discretization. Fortunately, DG method are
well adapted to deal with high order operators. This
has already been successfully applied to the second
order formulation of the acoustic wave equation and
we focus here on the first order formulation of acoustic and elastodynamic wave equations. Numerical
results show that the additional cost induced by the
computation of the high order operator is counterbalanced by the accuracy of the method. Indeed, for
a given accuracy, it allows for much coarser meshes
than ADER, which considerably reduces the storage
and the computational time.
1

Discretization of the wave equation
To simplify the presentation, we focus on the
acoustic wave equation but the method can be applied to the elastodynamic wave equation too. We
consider the following system in a bounded domain
Ω ⊂ Rn , n = 1, 2, 3:

∂v(x, t)


 ρ(x) ∂t +




1 ∂p(x, t)
+
µ(x) ∂t

∇p(x, t)

=0

in

Ω × [0, T ]

∇ · (v(x, t))

=0

in

Ω × [0, T ]

(1)

where ρ and µ are respectively the density and the
compressibility modulus of Ω, p is the scalar pressure
and v the velocity vector. By applying a DGM, we
obtain the semi-discretized schemes:

dV
dV


+ M−1
− Ap P = 0
v Kp P =

 dt
dt
dP
dP

−1


 dt + Mp Kv V = dt − Av V = 0

(2)

where the mass matrices Mv , Mp are easily invertible since they are diagonal and the stiffness matrices
Kp , Kv are sparse. One of the most efficient way to
discretize this system is to use ADER method [4]. It
is equivalent to the MET, when using the same time
step and the same order for the time discretization in
the whole domain. The fourth order ADER scheme,
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reads as:


1
1
∆t2
v(x)n+1 − v(x)n


= −∇p(x)n+ 2 −
∇∇ · ∇p(x)n+ 2


∆t
24
1

n+1 − p(x)n+ 2

∆t2

 p(x)
= −∇ · v(x)n+1 −
∇ · ∇∇ · v(x)n+1
∆t
24

This method has already been applied to the second order formulation of the wave equation [1]. It is
worth noting, that we obtain a third order operator
in space, that we discretize with DGM.

10
log(Error)

This scheme requires three times more multiplications by the stiffness matrices than the second order
Leap Frog Scheme (LF), but the stability condition
is multiplied by almost three. However, for higher
order, the increase of the stability condition does not
counterbalance rising multiplications. We propose
here an alternative to ADER by applying the MET
to the continuous wave equation (1). We then obtain
the semi-discretized scheme:
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Numerical Results
Our main goal is to limit the storage which is
the main drawback of the RTM. The computational
cost, can be controlled by new HPC techniques such
that MPI, OpenMP or GPU. We have performed a
comparison between classical LF scheme using P 6 elements in space and fourth order time schemes.
The length of the domain is 6 m, the simulation time
is 6.0 sec. The original space step h varies from 0.2
to 0.03 m. We consider periodic boundary conditions
and the initial data is:

2

Figure 1:

log(Error)


∆t2
V n+1 − V n


= Ap P n+1/2 +
Ap Av Ap P n+1/2

∆t
24
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 P
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.

L2 -error

In Fig. 1, we represent the relative
as a
function of the number of unknowns. For a given
accuracy, High Order schemes require less degrees of
freedom (dof) than LF. Besides, the Nabla-p scheme
requires three times less dofs than ADER.
In Fig. 2 we represent the relative L2 -error as a
function of the number of operations. For a given
accuracy, ADER and Nabla-p require approximatively the same number of operations. As a conclusion, Nabla-p scheme require less storage cost than
ADER and the computional cost is similar. This indicates that Nabla-p scheme is more appropriate for
the RTM.
We will present RTM results that will illustrate
the performance of Nabla-p scheme in realistic 2D
and 3D configurations.
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Abstract
An approach to true amplitude seismic imaging for
Ocean Bottom Cable multicomponent (displacement
and pressure) data is presented and discussed. This
approach is a migration procedure based on weighted
summation of prestack data.We use a pair of properly
chosen Gaussian Beams with fixed dip and opening
angles from each imaging point towards the acquisition system. Shooting from the image point overcomes some difficulties due to multiple arrivals of
seismic energy which are common for complicated velocity models and provides uniform illumination and
resolution in the target area. In addition, the global
regularity of Gaussian beams stabilizes this approach
in the presence of irregular ray fields. Numerical experiments with synthetic data set for the Gullfaks
model (North Sea) are presented and discussed.

Introduction
We present the equations for true-amplitude elastic imaging of multi-component (4C) seismic Ocean
Bottom Cable (OBC) data, and illustrate in the numerical examples how a linearized elastic inversion
can retrieve perturbations in elastic parameters from
the true-amplitude images. Our results extend the
approach for elastic imaging of borehole seismic walkaway VSP data presented in the paper [3]. Our
prestack migration procedure is based on weighted
summation of the data, with weights computed by
tracing Gaussian Beams (see [2]). The weights are
functions of two angles; structural dip and opening
angle for the pair of beams. Note that these beams
are shot from the image points toward the acquisition surfaces, thus stabilizing the solution in complex models. Keeping the opening angle constant,
while carrying out the summation over dip, provides
so-called selective images of the rapid velocity variations, which we input to linearized (AVA-like) inversion for elastic parameters. We illustrate our imaging
and inversion approaches with examples from a synthetic data set computed for Gullfaks field model.

Method
The 2d elastic model below is supposed to be decomposed as macro-model λ0 , µ0 , ρ0 and reflectivity/scatterer component λ1 , µ1 , ρ1 . Let us suppose
that along the bottom line Γ there is an Ocean Bottom Cable (OBC), registering the displacement vector and pressure scattered/reflected by underlying
−
→
rocks: d (xr ; xs ; ω) = (ux , uz , p). In order to describe
scattered/reflected wave field Born’s approximation
is used. The problem we deal with is to recover functions λ1 , µ1 , ρ1 or some their combinations from OBC
data.
In order to construct a PP image at some target point xi let us shoot from it a couple of P-rays,
trace them through the smooth background towards
the acquisition system and introduce a couple of
P-wave Gaussian beams connected with these rays.
Next, let us compute the Gaussian beam and the
corresponding stresses at the receivers at the ocean
−
→
bottom: T pgb,r (xr ; α, β; ω), and the vertical derivative
of the potential of another P-wave Gaussian beam at
p
(xs ; α, β; ω). Using these
the source positions: Tgb,s
expressions as weights for the summation OBC data
and applying the stationary phase method in the
same manner as it was done in [3], we find that with
accuracy to the first order the summation integral
can be represented as:
Z
−
→
fpp(β) = dxr dxs dωdα d (xr ; xs ; ω) ·
−
→
p
· T pgb,r (xr ; α, β; ω) · Tgb,s
(xs ; α, β; ω) + O(ω −1 ),

(1)

with the function
fpp (β) =

2 cos 2β
λ1 + 2µ1 cos2 2β + ρ1 V0,p
.
cos2 β

(2)

Here we use the fact that Gaussian beams are concentrated in the narrow vicinity of the corresponding
ray which allows us to restrict the integration over a
small area V around the imaging point.
Illustrations
To study the main features of the method and
evaluate the limits of its applicability and resolution,
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Conclusions
We presented theory and synthetic numerical results for a true amplitude Gaussian Beam elastic
imaging and inversion procedure with application to
Ocean Bottom Cable data. This research is based
on our previous study performed for one component
data and walk-away multicomponent VSP. The selective images obtained for a range of opening angles
represent reflection coefficients in a linear approximation. If they can be computed for a range of opening
angles, we can recover the elastic properties of the
medium by AVA-like amplitude analysis and inversion. It is worth mentioning that our inversion results are obtained without preprocessing of the data,
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we have synthesized OBC data for the Gullfaks field
model. Numerical simulation was done with a finitedifference scheme. The dataset consists of 81 shots
and array of 161 3C receivers. We applied no preprocessing of these data before the Gaussian beam
imaging; in particular no P- and S-wave separation
was used. The result for opening angle β = 00 can be
seen in Fig.1 (bottom) in comparison with the true
model (top). The target structures are reconstructed
with excellent quality, especially the fine layering of
the reservoir (the shaded area). There are also no visible artifacts due to conversion (let us recall that we
did not apply preliminary P- and S-wave separation).
Next, we extract values of elastic parameters for the
medium by inverting expression (2) for the function
fpp (β). This inversion was carried out for two different sets of physically meaningful parameters: 1) AVO
parameterization by R0 , G and C (see [1]); 2) Parameterization by P- and S-impedances and normalized
density. In Fig.2(top) one can compare the recovered
(red line) and real (blue line) functions fpp(β) and
make sure that they match almost perfectly. Now
these functions are used as the right-hand sides of
a formally over determined system of linear equations: 20 equations for 3 parameters. This system
is resolved by standard Least Squares optimization
with the results presented in Fig.2(bottom) for both
parameterizations. Under AVO parameterization R0
recovery is almost ideal, parameter G is found with
reasonable quality, but the third coefficient C is reconstructed poorly. At the same time, when parameterization by impedances and normalized density is
used, only P-impedance is restored reliably, while neither S-impedance nor the density is determined with
acceptable accuracy.
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Figure 2: Input data for recovery of material
parameters, the function fpp (top). Inversion result
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and in particular no separation of P- and S-waves
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Abstract
The construction of Absorbing Boundary Conditions (ABCs) for elastic media is an issue that is far
from being solved. This is probably due to the very
technical difficulties that arise when one wants to
write higher-order conditions. In the isotropic case,
we can nevertheless design conditions but the problem is not solved for general elastic media. Besides,
a realistic representation of the Earth must include
anisotropy and in most of cases, subsurface layers are
Tilted Transverse Isotropic (TTI). That is why we
propose a new low-order ABC for TTI media, that is
constructed from the geometry profile of the slowness
curves. We thus avoid technical issues that make the
construction of ABCs impossible.
1

Problem setting
We are interested in the design of an efficient direct solver for elastodynamics that can be used for
seismic imaging of heterogeneous media. Denoting
x = (x, z) and t > 0, the space and time variables,
the elastodynamics system reads as
(
ρ(x)∂t v(x, t) = ∇.σ(x, t),
(1)
∂t σ(x, t)
= C(x) : (v(x, t)),
with ρ > 0 the density, v the velocity field, σ the
stress tensor, C the stiffness tensor and  the strain
tensor. The coefficients of C depend on the characteristics of the propagation medium. The simplest representation of C corresponds to an isotropic
medium but it does not adequately model waves
in realistic cases. Transverse Isotropy (TI) models
have more ability to reproduce waves into the Earth,
see [7], [2]. Vertical Transverse Isotropy (VTI) assumes that there is a vertical axis of symmetry. In the
more general case of TTI, the symmetry axis can be
away from vertical, following an angle θ of rotation.
(see Fig. 1 for a description of different wavefronts).
Isotropic media can be characterized by the Pwaves and S-waves velocities Vp and Vs with the density ρ. VTI media are defined in the same manner by

Vp , Vs and ρ, and in addition with the Thomsen VTI
parameters ε and δ [5]. TTI media are described by
the VTI parameters and by the characteristic angle
of rotation θ.
Iso

VTI

TTI

θ

Figure 1: Wavefronts for isotropic (left), VTI
(center) and TTI (right) media
A rigourous methodology for the construction of
ABCs is based on the diagonalization of the system (1). This approach has been proposed by Enquist and Majda [3] for strongly hyberbolic systems.
It provides a very elegant process for the derivation
of ABCs on arbitrarily shaped boundaries [1]. Nevertheless, in practice, it can quickly become uneasy
to use because of coupling terms that are difficult to
handle in the first stage of the diagonalization. The
coupling indeed, results in eigenvalues which are difficult to exploit for the construction of efficient ABCs.
For instance, the VTI eigenvalues are [4]:
q
p
λP/S = αk 2 − βρw2 ± γk 4 − ηρk 2 w2 + ξρ2 w4

where k denotes the frequency related to the time
variable by a Fourier transform, and α, β, γ, η, ξ are
parameters depending on the tensor coefficients.
From a practical point of view, it is obvious that
the numerical handling of λ is not feasible because
of the composition of two square roots which show
the coupling and are uneasy to localize. It reflects
the coupling between P-waves and S-waves. A possible approach consists then in uncoupling these waves
and constructing ABCs for each of them. By this
way, ABCs for VTI can be constructed and, when
the medium is isotropic, they are the same than the
conditions derived in [6].
Next, the P-waves and S-waves VTI ABCs can be
mixed in order to form unsplitted PS-waves low-order
VTI ABCs. Unfortunately, considering the TTI case,
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even the splitting of the PS-waves into P-waves and
S-waves does not help anymore. This is due to the
characteristic angle of rotation that prevents from
obtaining a local ABC. In this work, we propose a
new TTI ABC that includes any characteristic of the
media providing this anisotropy is elliptic.
2

ABCs for elliptically TTI media
Elliptic anisotropy means that the TI coefficients
are equal: δ = ε. In this case, the slowness curve
of S-waves forms a circle, as in the isotropic case, so
that the same ABCs can be used. For example, for
the left vertical boundary, S-waves ABC is
(
σxx = 0,
(2)
√
σxz = ρVs vx .
However, P-waves curves are different (see Fig. 2).
They form a circle for the isotropic case and a rotated
ellipse for the TTI case.
The construction of the new ABC is then based
on a change of coordinate that transforms a circle
into a rotated ellipse. The ABC is then obtained by
applying the coordinate change to the isotropic ABC.
In case of a vertical boundary, isotropic P-waves ABC
reads as
(
√
σxx = ± ρVp vx ,
(3)
σxz = 0.
The sign is fixed by the orientation
of the normal
√
vector. Next, introducing κ = 1 + 2ε, TTI P-waves
ABC is

2 θ+sin2 θ
√

σxx = ρVp √κ cos
×

2

κ cos2 θ+sin2 θ



 (κ cos2 θ + sin2 θ)v + (κ − 1) cos θ sin θv  ,
x
z
(4)
√
(κ−1)
cos
θ
sin
θ
σxz = ρVp √
×

2
2
2

cos θ+κ sin θ




(1 − κ) cos θ sin θvx + (cos2 θ + κ sin2 θ)vz .

Finally, the P-waves and S-waves ABCs are mixed
in order to obtain unsplitted PS-waves low-order TTI
ABCs for elliptic anisotropic media. The ellipticity
hypothesis might be considered as restrictive. This
is actually not the case because the simplest VTI
ABC does not involve the parameter δ. We can thus
suppose it is the same for any TI medium.
We will provide numerical results of Reverse Time
Migration to assess the performance of the new ABC
in anisotropic media.
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Abstract
Full Waveform Inversion (FWI) is a powerful seismic imaging method, based on the iterative minimization of the distance between simulated and
recorded wavefields. The inverse Hessian operator related to this misfit function plays an important role
in the reconstruction scheme. As conventional methods use direct approximations of this operator, we
investigate an alternative optimization scheme: the
truncated Newton method. This two-nested-loops algorithm is based on the resolution of the Newton
linear system through a matrix-free iterative solver
at each outer iteration. On the 2D BP 2004 model
widely used as a benchmark for FWI, the contrasts in
wave velocities between salt structures and the upper
water layer generate high amplitude multiple reflections. These multiple reflections strengthen the need
for quite accurate approximation of the inverse Hessian operator and the truncated Newton method is
shown to outperform than more conventional algorithms (l-BFGS, nonlinear conjugate gradient).
Introduction
Full Waveform Inversion is a seismic imaging
method dedicated to the computation of high resolution quantitative estimates of subsurface parameters
such as pressure wave velocity, shear wave velocity,
attenuation, or density. This method consists in computing a subsurface model p which minimizes a misfit
function f (p), defined by
S

f (p) =

1X
kus (p) − ds k2 ,
2

(1)

In this study, we particularly focus on the minimization method which is used to solve the FWI
problem. As the large number of discrete unknowns
prevents from using global optimization methods,
state-of-the-art methods are local gradient-based
methods such as the nonlinear conjugate gradient
(CG) or the l-BFGS method. From an initial subsurface model p0 , a sequence pk is built such that
pk+1 = pk + αk ∆pk ,

(2)

where αk is computed through a linesearch method
and ∆pk is the descent direction
∆pk = −Qk ∇f (pk ).

(3)

The matrix Qk is an approximation of the inverse Hessian matrix (∇2 f (pk ))−1 . Pratt [2] clearly
demonstrates the crucial role played by this operator
in the FWI reconstruction scheme:
• it acts as a deconvolution operator that accounts
for the limited bandwidth of the seismic data and
corrects for the loss of amplitude of poorly illuminated subsurface parameters;
• it helps to remove artifacts that the second order
reflected waves may generate on the gradient descent
direction.
For multi-parameters FWI, the off-diagonal blocks of
the Hessian matrix should also account for the tradeoff between different classes of parameters. This suggests that it should be crucial to account accurately
for the inverse Hessian operator within the minimization schemes, and leads us to the investigation of the
truncated Newton method for FWI.

s=1

which measures the distance between the simulated
wavefields us (p) and the actual recorded wavefields
ds . Despite its early introduction in the 80s, only
the recent development of computational capacities
(computer clusters) and acquisition systems (wideazimuth wide-offset broadband seismic surveys ) have
made possible its application to real data in oil and
gas industry.

Methodology
The truncated Newton method only differs from
standard descent method by the strategy used to
compute the descent direction. Instead of using an
approximation of the inverse Hessian operator, the
descent direction ∆pk is computed through the resolution of the Newton linear system
∇2 f (pk )∆pk = −∇f (pk ),

(4)

L UDOVIC M ETIVIER , ROMAIN B ROSSIER , S TÉPHANE O PERTO AND J EAN V IRIEUX

using a matrix-free CG solver, which results in a twonested loops algorithm (inner linear CG iterations for
the computation of ∆pk through (4) and outer nonlinear iterations for the construction of the sequence
pk through (2)). The incomplete resolution of the linear system (4) is referred as the truncation strategy.
This presents several advantages over conventional
procedures:
• the inverse Hessian operator is more accurately
accounted for;
• the approximations of the inverse Hessian operator developed for the standard methods can be
reintroduced within this framework as preconditioners of the linear system (4);
• the method is well suited for applications where
the misfit function change over the iterations, as for
instance using random combinations of data-sets ds
(source encoding techniques);
• the truncation strategy can be seen as an intrinsic regularization of the FWI problem (of particular
interest for the interpretation of noisy data).
An efficient implementation of this algorithm for
FWI is fully described in [1]. It mainly relies on the
reduction of the computation cost associated with
the inner loop. This is achieved using:
• second-order adjoint-state formulae for the computation of Hessian-vector products;
• an adaptive stopping criterion for the inner iterations, related to the truncation strategy, a crucial
issue;
• an efficient preconditioning method based on the
approximation of the diagonal terms of the inverse
Hessian operator.
Numerical results
We compare the truncated Newton method with
the nonlinear CG method and the l-BFGS method
using the same preconditioning technique. This comparison is performed on the BP 2004 model, which
exhibits complex subsurface patterns related to the
presence of salt structures (figure 1). The high contrast in wave velocity between the water layer and
these salt structures are responsible for the presence
of high amplitude multi-reflected waves which renders an accurate estimation of the inverse Hessian
operator crucial for a stable reconstruction of the
subsurface model. These experiments are performed
under the acoustic approximation, and we aim at recovering the pressure wave velocity model. We solve
the wave equation in the frequency-domain (the for-
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ward problem is then described by the Helmholtz
equation) and we adopt the so-called hierarchical approach: 6 groups of overlapping frequencies are inverted from 2.5 Hz to 20.5 Hz. The initial model
p0 (figure 1) is a smooth version of the exact one
which shall be obtained using conventional tomography methods. The results provided by the three
optimization schemes are presented in figure 2. As
it can be seen, only the truncated Newton method
provides a reliable estimation in this specific case of
high contrasts.

Figure 1. BP 2004 model (left), initial model (right).

Figure 2. Nonlinear CG result (left), l-BFGS result (center), truncated Newton result (right).

Conclusion and perspectives
An accurate estimation of the inverse Hessian operator within the FWI reconstruction scheme is of
particular importance for computing accurate estimations of the subsurface parameters. In the 2D
acoustic approximation, when high amplitude multiple reflected waves have to be interpreted, the truncated Newton method provides a better alternative
to conventional optimization methods. Application
to real data is now the next step for investigating the
interest of this method for FWI. This method will
be also further investigated in anisotropic and elastic
contexts, for multi-parameter reconstructions, in 2D
and 3D experiments. The coupling of this method
with source encoding strategies shall also be investigated.
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Abstract
Two models of the grand piano key mechanism are
presented: a single-degree-of-freedom model and a
model based on 6 rotating bodies, 13 contact zones
with nonlinear springs, 3 of them (hammer-jack, jackescapement button, hammer-check) being also subject to Coulomb friction. The latter model introduces
discontinuities on the velocities. The problems raised
by the usual regular-dynamics formulation are discussed and a non-smooth dynamics approach is proposed. Based on the comparison between experimental and simulation results, it is discussed whether the
simulation should be driven by the force exerted by
the pianist or by the displacement of the key.
Introduction
The piano action is made of seven rotating bodies (Fig. 1) with parallel axes and felts at contact
zones. Simulating the dynamics of the key mechanism (we retain this term for clarity purposes) has
several purposes: to validate a mechanical model, to
run numerical experiments which account for the effect of the mechanism on the player’s finger, to study
how modifications are "felt" by the player.
damper
check
hammer
lever
whippen
jack
escapement button
key

friction zone
felt material
ground

1

Model complexity and simulation input
The key motion y(t) and the force F (t) on the key
are given by the dynamics of the mechanism and by
the action imposed by the pianist (whose dynamics
is also limited). If one does not describe the whole
coupled system {mechanism – pianist}, which seems
presently out of reach, the simulation of the mechanism only must be driven either by force data or
by motion data. However, it has never been clarified
whether the mechanism is better described as pseudoimpedance (force reacting to a motion imposed by
the pianist) or as a pseudo-mobility (motion resulting from a force imposed by the pianist).
In order to validate a mechanical model, it is customary to compare simulation results with experimental observations. Since the dynamics of the mechanism is dominated by inertia, it appears that one
can reduce the model of the whole mechanism to one
single degree-of-freedom (following a dynamical equation of the form given by Eq. (1)) and yet obtain
an excellent match between experimental measurements and force-driven simulation results. However,
the corresponding motion-driven simulation results
do not compare well with experiments: fine details
in the time-evolution of the reacting force F (t) are
ignored. In other words, because of the inertia dominance, a force-driven simulation is not sufficient for
accounting the details of the piano key mechanism.
2

F(t)
y(t)

Figure 1:

Top: scheme of the grand piano action.
Bottom: rigid bodies model.

Non-smooth formulation
Since an elementary model is not fully satisfactory, we used a model based on that proposed by
Lozada [1]. The 7 bodies are considered as 6 rotating solids with dry and viscous friction on their axes
and 13 non-linear and localized coupling springs representing the felts (Fig. 1). Any spring force is generically given by F (g) = k g r + b g 2 ġ, where g is the
compression length of the spring (felt). The equation describing the dynamics of any rigid body in the
model is of generic form:
J θ̈ + cv θ̇ + cd sign(θ̇) + F (g(x)) l + α = 0

(1)
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where J is the inertia of the rigid body, cv is a viscous
friction coefficient, cd is a dry friction coefficient, x is
the vector of generalized coordinates (i.e. the 6 angles), F (g(x)) l is the moment of the felt force (several
such terms may be necessary when more than one felt
act upon the considered rigid body) and α contains
time-invariant terms such as the moment of gravity,
in the small angles approximation. As usual, sign is
the set-valued function defined by:

1
: θ̇ > 0

sign(θ̇) =
(2)
[−1, 1] : θ̇ = 0

−1
: θ̇ < 0

so that the dry friction is described by the Coulomb
model.

Because of dry friction and intermittent contacts,
the simulation of the model is complex. One difficulty
is that Eq. (1) is not an ODE. Regularizing the sign
set-valued function yields ODEs but the convergence
to a physical solution when reducing the time step
is not ensured. An example can be seen in the equilibrium position: null-velocities imply vanishing regularized friction forces whereas the Coulomb friction
generally lets non-zero forces in the system. Another
difficulty is that stick-slip transitions induce velocity
discontinuities. Furthermore, the evaluation of the
moment of the reaction contact forces F (g(x)) is tedious. These difficulties can be overcome by using
methods of non-smooth contact dynamics (NSCD).
Instead of writing the dynamics in the form of six
coupled equations of the form (1), we use a Measure
Differential Inclusion formulation [2]:

 Mdv = F∗ (t)dt + H(x)di
v+ = (ẋ)+
(3)

(g(x), HT (x).v+ , di) ∈ K

The first equation formulates the non-smooth dynamics where M is the mass matrix, v is the generalized
velocity, F∗ is the regular part of the sum of external
forces, including gravity. dv and di are vector-valued
measures on R and can therefore be non-smooth. H
relates the relative velocities to the generalized coordinates. The non-smooth laws (Coulomb and articular friction, impacts) and equality constraints are
written as an inclusion in the fixed set K.
Eqs. (3) are discretized using a time-stepping
scheme. Its solution is computed with an implicit
scheme. As for smooth ODEs, it requires a root-
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finding algorithm (Newton’s algorithm in our case).
The time-discretization of the non-smooth dynamics and the non-smooth laws leads to a One-Step
Non-Smooth Problem (OSNSP) [3]. This OSNSP
is reformulated using a non-smooth augmented Lagrangian approach and solved using an iterative projective Gauss-Seidel-like method.
3

Results
We used XDE (eXtended Dynamic Engine), a software component developed at CEA, LIST. The inputs
of the software are the geometrical and inertial descriptions of the pieces (here: the rigid bodies), the
properties of the pivots (here: dry and viscous friction) and the contact laws (here: the coupling forces
of the springs and the Coulomb friction). The software implements internally the non-smooth formulation of the dynamics and its solution, as described in
Sec. 2.
An additional spring/damper association, aimed at
representing the softness of the finger, has been inserted between the key mechanism and the (forceor motion-)driver of the mechanism. We measured
the position of the key and the force applied by the
pianist for several nuances, on one individual key.
As for the results obtained with the one-degree-offreedom model (Sec. 1), the results of a force-driven
simulation compare correctly with the measured motion. Contrary to the results obtained with the onedegree-of-freedom model, the results of the motiondriven simulation compare also correctly with the
measured force.
The calculation time (≈ 20× real-time) on an ordinary laptop computer could be largely improved by
taking into account the particularities of the model
of the key mechanism.
References
[1] J. Lozada, Modélisation, contrôle haptique et
nouvelles réalisation de claviers musicaux, PhD
thesis, École Polytechnique, France, 2007.
[2] X. Merlhiot, On some industrial applications of
time-stepping methods for nonsmooth mechanical systems: issues, successes and challenges, in
Euromech Colloquium [516] – Nonsmooth contact and impact laws in mechanics, 2011.
[3] V. Acary and B. Brogliato, Numerical methods
for nonsmooth dynamical systems: applications
in mechanics and electronics, Springer, 2008.

61

WAVES 2013

Vibration model of piano soundboards

Abstract
Modal observations of a piano soundboard are compared with results predicted by a model consisting
of weakly coupled homogeneous sub-structures. The
model is entirely determined by the coarse geometry
of the soundboard (main plate, ribs, bridges, cut-off
corners) and by the elastic parameters of the wood
species. It can also be used to predict the pointmobility at the bridge (where strings are attached)
or far from it. The agreement between observations
and model predictions is excellent, both in the lowand high-frequency regimes (respectively below and
above ≈ 1 kHz). Applications include a comparison
between the characteristics of different pianos as well
as the influence of the wood properties on the pointmobility. Some consequences in terms of acoustical
radiation will also be presented.
Introduction
In a piano, the soundboard is the plate-like structure on which the strings are attached. It radiates
sound (the strings are too thin to radiate efficiently)
and rules the sound-decay which is an essential part
of the piano sound. Coupling between the string and
the soundboard is described by the point-mobility
YQ (ω) = V (ω)/F (ω) where, ω is the angular frequency, F the force applied by the string(s) at point
Q and V the resulting velocity of the soundboard at
that point. YQ (ω) can be written as the sum of the
mobilities of the modes of the soundboard at a given
point. We consider that modal shapes are sinusoids
along the bridge and products of sinusoids across the
soundboard (see § 1 for experimental observations
and FEM results). Modal frequencies are obtained
in average by a model presented in § 2. Modal dampings are given by observation. Ignoring fine geometrical details and local pecularities, these ingredients
are sufficient to predict YQ (ω) at any point, according to Skudrzyk’s theory of the mean-value of the
point mobility [1]. Results pertaining to modal density and to the reciprocal of the frequency-averaged
point-mobility are given in § 3, for different pianos.

1

Experimental and numerical observations

The following observations (see [2] for a complete
report) have been made on an upright piano soundboard (Atlas, .91 m × 1.39 m) and result from a
high-resolution modal analysis technique [3]. For results below 350 Hz, the soundboard was excited locally by a impact hammer and above that limit, the
soundboard was excited globally by a strong acoustical field. The vibration was observed locally with
accelerometers. The modal analysis also yielded the
modal dampings with an excellent precision in a frequency range not accessible with Fourier-based techniques (modal overlap approaching 100%). It appears
that above ≈1 kHz, not all the modes are observed at
any given observation point, hence the use of the concept of apparent modal density, defined as the reciprocal of the average modal spacing and represented
in Fig. 1. Below 1 kHz, the apparent modal density does not depend on the point of observation and
looks similar to that of a plate (or a combination of
plates). Above that limit, the apparent modal density
decreases and depends on the point of observation.
A typical modal shape for the so-called lowfrequency regime (below 1 kHz) is represented in
the top of Fig. 2. The vibration extends over the
whole soundboard except, eventually, in one or another cut-off corner. In the high-frequency regime
−1

10
Modal density (Hz−1)
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Figure 1: Modal density of the Atlas soundboard.
Dots: observed values at various points of the
soundboard. Lines: prediction of the model (§ 2).
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(above 1 kHz), modal shapes have been obtained by
finite-element modeling of the soundboard [2]. It appears (Fig. 2) that the vibration is both confined between ribs and, most often, localised in one or a very
few areas of the ribbed parts of the soundboard, due
presumably to the slightly irregular spacing of ribs
across the soundboard.
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servation points, namely within three inter-rib spaces.
Each inter-rib space of width p is seen as a structural
wave-guide where the wave-number in the direction
orthogonal to the ribs is kx = nπ/p, with n ∈ N∗ . A
transition has been devised between the two regimes.
Under the weak-coupling hypothesis, the modal
density is the sum of the modal densities of the substructures. The agreement between observations and
the results given by the model (Fig. 1) is striking.
3

Applications
The model has been used to to analyse the influence of wood parameters (not shown here) and to
characterise different pianos (Fig. 3).
Modal density (Hz−1)
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0.06
0.04
Atlas upright
Hohner upright
Schimmel120 upright
Steinway B grand
Steinway D grand
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Figure 2: Typical modal shapes. Top: observed in
the low-frequency regime (mode 10, 303 Hz).
Bottom: numerically obtained in the high-frequency
regime (mode 167, 2733 Hz).
2

Model
The different parts (cut-off corners, if any, the two
main parts of the soundboard, as limited by the main
bridge, the rim and the cut-off bars, the main bridge)
are conidered as weakly coupled homogeneous substructures. The bass bridge is described as a simple
mass added to the corresponding part of the soundboard. Each plate-like structure is considered with
clamped boundary conditions. The main bridge is
described as a bar, the cut-off corners as orthotropic
plates, as well as the the ribbed parts of the soundboard in the low-frequency regime, following the homogenisation proposed by [4].
In the high frequency domain (where the apparent
modal density depends on the point of observation),
we consider that the two main parts of the soundboard (ribbed areas, extending on each side of the
main bridge) vibrate only in the vicinity of the ob-

|Z| (kg.s−1 )
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Figure 3: Comparison of three upright pianos and
two grand pianos. Top: apparent modal density in
low-frequency. Bottom: characteristic impedances
(model artefact at 200 Hz for the Schimmel upright).
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Abstract
A global model of a piano is presented. Its aim is
to reproduce the main vibratory and acoustic phenomena involved in the generation of a piano sound
from the initial blow of the hammer against the
strings to the radiation from soundboard to the air.
One ﬁrst originality of the work is due to the string
model which takes both geometrical nonlinear eﬀects
and stiﬀness into account. Other signiﬁcant improvements are due to the combined modeling of the three
main couplings between the constitutive parts of the
instrument: hammer-string, string-soundboard and
soundboard-air coupling.
1

Introduction
Simplifying assumptions were made in the model.
The hammer is supposed to be perfectly aligned with
the strings. The agraﬀe is assumed to be rigidly ﬁxed.
Both the string-soundboard and soundboard-air couplings are lossless. The soundboard is considered as
simply supported along its edge, and the “listening”
room is anechoic with no obstacle except the piano itself. The action of the mechanism prior to the shock
of the hammer against the strings is ignored: the
tone starts when the hammer hits the strings with
an imposed velocity.
The physical parameters of hammers, strings and
soundboards included in the model are obtained
from standard string scaling and geometrical data
from manufacturers, and complemented with our
own measurements. For the losses in materials, approximate models based on experimental data are
used. The numerical formulation of the model is
based on a discrete formulation of the global energy
of the system, which ensures stability (see [1]). This
requires that the continuous energy of the problem is
decaying with time. The global model of the piano
is thus written according to this condition.
2

Strings
The string model accounts for large deformations, inducing geometrical nonlinearities, and intrin-

sic stiﬀness. The governing equations correspond to
those of a nonlinear Timoshenko beam under axial
tension. For the end conditions, we assume zero displacement (in both transverse and longitudinal directions) and zero moment at the agraﬀe. At the
bridge, the end conditions are consecutive to coupling with the soundboard. The string is considered
at rest at the origin of time. A source term accounts
for the action of the hammer against the strings. A
simple viscoelastic model accounts globally and approximately for the damping eﬀects. The coeﬃcients
of this model are determined from measured sounds
for each string, through comparisons between simulated and measured spectrograms. The global energy
of this string model is preserved, under the condition
EA > T0 where E is the Young’s modulus, A is the
cross-sectional area of the string and T0 its tension.
This condition is always fulﬁlled in piano strings.
3

Hammer
The hammer’s center of gravity is supposed to be
moving along a straight line orthogonal to the strings
at rest. The interaction force between the hammer
and one string of a given note is distributed on a
small portion of the string, through a spreading function localized around the impact point, and oriented
in the transversal direction. The interaction force depends on the distance d(t) between the hammer and
the string: if d(t) is larger than the mean hammer
displacement ξ, there is no contact and the force is
zero. If d(t) ≤ ξ, the force is a function of the distance. According to previous studies, we deﬁne the
function:
[(
)+ ]p
Φ(d) = ξ − d
(1)

where (·)+ means “positive part of”, and where p is
a real positive nonlinear exponent. In practive, this
coeﬃcient varies between 1.5 and 3.5. In order to account further for the observed hysteretic behavior of
the felt, a dissipative term is added in the expression
of the force [2].
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Conclusion
This piano model accounts for the phenomena
consecutive to amplitude dependence of string vibrations: presence of precursors [4], time-evolution
of eigenfrequencies, transverse-longitudinal coupling
and phantom partials. Due to the string-coupling,
the presence of soundboard modes in the transients
are reproduced in a natural way. Finally, due to
the integration of ribs and bridges, the inﬂuence of
soundboard modiﬁcations on the radiated sound can
be investigated systematically.

Soundboard
It is assumed that the only vibrating element is the
soundboard, all other parts (rim, keybed, lid, iron
frame. . . ) being assumed to be perfectly rigid. A
bidimensional Reissner-Mindlin plate model is considered. The bridge and ribs are considered as heterogeneities, and the orientation of the orthotropy axes
can be space dependent. As a consequence, the density, thickness and elastic coeﬃcients are functions
of space. The soundboard is assumed to be simply
supported on its edge. Finally, a source term is imposed in the transverse vertical direction. This term
accounts for both the string’s tension at the bridge
and the air pressure jump. A modal approach has
been adopted where the modal damping can be adjusted, mode by mode. This method is justiﬁed as
long as the damping factor is small compared to the
eigenfrequency and requires also that the modes are
suﬃciently well separated, a condition that is only
strictly valid for the piano below 1 to 2 kHz [3]. The
modal amplitudes are then solution of second-order
uncoupled damped oscillators equations. Again, it is
possible to exhibit an energy decaying with time for
this part of the system.
Strings-soundboard coupling
A plausible, though not fully validated, model is
used for the transformation of string longitudinal motion to bridge transverse motion. It is based on the
observation that the strings form a slight angle with
the horizontal plane due to both bridge height and
soundboard curvature. It is assumed that the bridge
moves in the vertical direction. When the hammer
strikes the strings, it gives rise to a transversal wave
which, in turn, induces a longitudinal wave, because
of nonlinear geometrical coupling. The longitudinal
wave travels 10 to 20 times faster than the transverse one, and comes ﬁrst at the bridge. The resulting variation of tension is oriented in the direction
of the string. Because of the angle formed by the
string with the horizontal plane, this induces a vertical component of the longitudinal force at the bridge,
in addition to the transverse force. The total bridge
force is distributed in space in the soundboard by
means of a rapidly decreasing regular function centered on the point where the string is attached on
the soundboard. The associated kinematic boundary
conditions are the continuity of string and soundboard velocities in the vertical direction, and the nullity of the velocity in the horizontal direction.

Soundboard-air coupling
For the propagation of piano sounds in free space,
the rim is considered to be a rigid obstacle. The
acoustic velocity and pressure are solutions of the
linearized Euler equations in the unbounded domain
which excludes the rim and the plate. Viscothermal
losses in the air are ignored. The normal component
of the acoustic velocity vanishes on the rim. The coupling between the 3D sound ﬁeld and the vibrating
soundboard obeys to the condition of continuity of
the velocity normal components. Finally, the soundboard force is the pressure jump across both sides
the plate. Again, this vibroacoustic system satisﬁes
a property of energy decay.
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Abstract
This paper deals with the discretization of the
global piano model described in [2]. We have to solve
a complex system of coupled equations, where each
subsystem has different spatial dimensions, which
poses specific difficulties. The hammer-strings part
is a 1D system governed by nonlinear equations. The
soundboard is a 2D system with diagonal damping.
The acoustic field is a 3D problem in an unbounded
domain. Energy based methods allow to build an
accurate and a priori stable scheme.
1

Introduction
The nonlinear parts of the problem (hammerstrings interaction, string vibration), the couplings
between the subsystems and, more generally, the size
of the problem in terms of computational burden, requires to guarantee the long-term numerical stability. In the context of wave equations, and in musical acoustics particularly, a classical and efficient
technique to achieve this goal is to design numerical
schemes based on the formulation of a discrete energy which is either constant or decreasing with time
(see [7], [5]). Ensuring the positivity of the discrete
energy, consistent with the continuous energy of the
physical system, yields to a priori estimates for the
unknowns of the problem, leading to the stability of
the method. For most numerical schemes this imposes a restriction on the discretization parameters,
as, for example, an upper bound for the time step.
In the discrete formulation, the coupling terms
need a specific handling in order to guarantee a simple energy transfer, without any artificial introduction of dissipation or instabilities. Our choice here is
to consider discrete coupling terms that cancel each
other when computing the complete energy. In total, this method yields centered implicit couplings
between the unknowns of the subsystems. The order
of accuracy of the method is preserved, compared
to the order of each subsystem taken independently,
with no additional stability condition.
In view of the diversity of the various problems en-

countered in the full piano model, different discretization methods are chosen for each subsystem and for
the coupling terms. We focus in the presentation on
a general survey on the numerical resolution and on
its main difficulties.
2

Strings

Standard high-order finite elements are used for
the space discretization of the nonlinear system of
equations that govern the vibrations of the strings.
The spatial discretization parameters (mesh size and
polynomial order) are selected to ensure a small numerical dispersion in the audio range. The time discretization of the strings system is probably the most
novel and innovative method used in our piano numerical formulation. It combines a new scheme for
nonlinear systems developped in [3], based on the
expression of a discrete gradient, which ensures the
conservation of an energy and an improved time discretisation for Timoshenko systems developped in [1].
A 1D nonlinear system must be solved at each time
step. The solution is computed via an iterative modified Newton-Raphson method which needs the evaluation of both the scheme and its Jacobian with
respect to the unknowns. It can be shown that a
discrete energy is decaying, after extinction of the
source. The stability of the numerical scheme can
be derived from this property, with condition on the
time step.
3

Hammer-strings coupling

Since the displacement of the hammer is a scalar
function of time, we choose to solve the hammerstrings system by considering all together the unknowns of every strings belonging to the considered
note, plus the hammer scalar unknown.The nonlinear hammer-strings interacting force is treated in a
centered conservative way. A global discrete energy
is shown to be decaying with respect to time when
the hammer is given with an initial velocity.
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4

Soundboard
The soundboard model assumes a diagonal damping in the modal basis. Its motion is first decomposed
onto the modes of the undamped Reissner-Mindlin
system belonging to the audio range, after semidiscretization in space with high-order finite elements
as in [5]. These modes are only computed once for
all, before starting the time iterations. This procedure yields decoupled equations which can be solved
analytically in time, without introducing any additional approximation or numerical dispersion. The
energy identity over time of the semi-discrete problem is also exactly satisfied with this method. However, one drawback of this choice is the loss of the
local nature of the couplings with strings and air.
Strings-soundboard coupling at the bridge
The discrete formulation of the strings-soundboard
continuity equations must ensure the stability of the
resulting scheme, which couples the implicit three
points nonlinear strings scheme described in 2 with
the time semi-analytic soundboard model described
in 4. New variables are introduced that represent the
coupling forces associated to the conditions between
strings and soundboard expressing the velocity continuity at the bridge. The strings and soundboard
unknowns are evaluated on interleaved time grids :
{n ∆t} for the strings, and {(n + 1/2) ∆t} for the
soundboard. The forces at the bridge are considered to be constant on time intervals of the form
[(n − 1/2)∆t, (n + 1/2)∆t]. The discrete coupling
condition is implicit and centered on times n ∆t. Due
to the linearity of the soundboard model, it is possible to express the soundboard unknowns as linear
functions of the forces at the bridge. Thanks to this
property, it is possible to perform Schur complements
on the system which, originally, is globally implicit.
An algorithm is then writen which updates first the
unknowns of the strings and the forces at the bridge,
and, in a second step, updates the unknowns of the
soundboard.
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pressure unknowns are calculated at times {n ∆t}
and {(n + 1/2) ∆t}, respectively. In the variational
formulation, the coupling between soundboard and
air appears as source terms for the soundboard and
the sound pressure equations. These terms are constructed in the discrete scheme so that they vanish
when computing the energy, centered at times n ∆t.
An implicit coupling exists between the soundboard
displacement and the acoustic pressure in the vicinity
of the plate, which implies a change of basis between
the physical and the modal representations of the
soundboard. Due to the linearity of the equations,
it is possible here to perform Schur complements,
and to write an efficient algorithm that updates separately the plate (with a semi-analytic method) and
the air variables (with the leap-frog scheme).

5

6

Acoustic propagation and structural
acoustics
The artifical truncation of the acoustic domain is
done with with Perfectly Matched Layers [6]. The
acoustical problem is solved in space with high-order
finite elements and in time with an explicit leapfrog scheme, in view of the large number of degrees
of freedom to consider. The acoustic velocity and
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Abstract
We consider several data assimilation techniques
for thermoacoustic tomography (TAT), which is a
non invasive medical imaging technique. The inverse
problem can be formulated as an initial condition reconstruction. Variational data assimilation schemes
are compared with the back and forth nudging algorithm.
Introduction
ThermoAcoustic Tomography (TAT) is a hybrid
imaging technique that uses ultrasound waves produced by a body submitted to a radiofrequency pulse,
uniformly deposited throughout the body. The absorption of this initial energy causes a non-uniform
thermal expansion, leading to the propagation of a
pressure wave outside the body to investigate. This
wave is then measured all around the body.
The physiological properties of the tissue are
highly related to the absorption of the initial pulse.
Considering that the initial illumination is a Dirac
distribution in time, the problem of recovering the
absorptivity of the investigated body from the thermoacoustic signal is equivalent to recovering the initial condition of a Cauchy problem involving the wave
equation from the knowledge of the solution on a surface surrounding the imaging object [11].
Data assimilation consists in estimating the state
of a system by combining via numerical methods two
different sources of information: models and observations. Data assimilation makes it possible to answer a wide range of questions such as: optimal identification of the initial state of a system, perform
reliable numerical forecasts, identify or extrapolate
non observed variables by using a numerical model
. . . [6]. Most data assimilation methods are either
variational methods such as 4D-VAR (based on optimal control theory) or sequential methods (filtering
theory: Kalman filters). In linear situations, these
two approaches are usually equivalent.
Variational data assimilation methods consider the
equations governing the system as constraints and

the problem is closed by using a variational principle. The well-known 4D-VAR, four dimensional variational data assimilation algorithm, is based on the
minimization of a global cost function, which measures the discrepancy between the observations and
the corresponding system states. Based on optimal
control theory, the adjoint method allows one to compute the gradient of the cost function in a single numerical integration of the adjoint equation (see e.g.
[8]). One iteration of the minimization process consists then in one forward integration of the model (in
order to compute the cost function) and one backward integration of the adjoint model (in order to
compute its gradient).
Nudging can be seen as a degenerate Kalman filter. Also known as the Luenberger or asymptotic
observer [9], it consists in applying a Newtonian recall of the state value towards its direct observation.
A main disadvantage of such sequential data assimilation methods is that it only takes into account past
observations at a given time, and not future ones.
Auroux and Blum proposed in [1] an original approach of backward and forward nudging (or back
and forth nudging, BFN), which consists in initially
solving the forward equations with a nudging term,
and then, using the final state as an initial condition,
in solving the same equations in a backward direction with a feedback term (with the opposite sign
compared to the feedback term of forward nudging).
This process is then repeated iteratively until convergence. The implementation of the BFN algorithm
has been shown to be very easy, compared to other
data assimilation methods [2].
This algorithm has been successfully applied to
various problems: ODEs, PDEs, linear and nonlinear
equations, . . . , including viscous irreversible equations [2], [3], [4]. Note that for linear reversible systems, there has been a recent theoretical study of a
similar algorithm [10].
From a practical point of view, these methods can
be successfully used to manage the usual issues of the
TAT inverse problem as incomplete data, external
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source and variable sound speed (when given, however). So far, the theoretical convergence result for
the nudging technique is based on a classical result
about stabilization of the wave equation, which requires somehow a geometric optics condition. Numerical comparisons between variational and nudging algorithms, and also time reversal, have been performed.
Consider the following problem:

 ∂tt u − ∆u = 0, (x, t) ∈ R3 × R+ ,
u(x, 0) = u0 (x), x ∈ R3 ,
(1)

∂t u(x, 0) = 0, x ∈ R3 ,

where u0 is the object to reconstruct. We assume
that the support of u0 is compact and included in
the unit ball. The problem is the following: from
the knowledge of u (possibly with noise) on a surface
surrounding the unit ball, can we reconstruct u0 ? Let
udata be the observed data.
The iterative BFN algorithm for TAT is the following [7]:
•
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 ∂tt ũi − ∆ũi = −k̃∂t (udata − ũi ),
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Abstract
An iterative algorithm for solving initial data inverse
problems from partial observations has been proposed in
2010 by Ramdani, Tucsnak and Weiss [1]. In this work,
we are concerned with the convergence of this algorithm
when the inverse problem is ill-posed, i.e. when the observations are not sufficient to reconstruct any initial data.
We prove that the state space can be decomposed as a direct sum, stable by the algorithm, corresponding to the
observable and unobservable part of the initial data. We
show that this result holds for both locally distributed and
boundary observation [2], [3].
Introduction
Let us start by briefly recalling the principle of the reconstruction method proposed in [1] in the simplified context of skew-adjoint generators and bounded observation
operator. Given two Hilbert spaces X and Y (called state
and output spaces respectively), let A : D (A) → X be
skew-adjoint operator generating a C0 -group T of isometries on X and let C ∈ L(X, Y ) be a bounded observation
operator. Consider the infinite dimensional linear system
given by

ż(t) = Az(t),
∀t ≥ 0,
(1)
y(t) = Cz(t),
∀t ∈ [0, τ ].
where z is the state and y the output function (where the
dot symbol is used to denote the time derivative). Such
systems are often used as models of vibrating systems.
The inverse problem considered here is to reconstruct
the initial state z(0) = z0 ∈ X of system (1) knowing the
observation y(t) on the time interval [0, τ ].
Then, let z0+ ∈ X be a first arbitrary guess of z0 and
let us denote A+ = A − C ∗ C and A− = −A − C ∗ C and
introduce the following initial and final Cauchy problems,
for all n ≥ 1, called respectively forward and backward
observers of (1)
 +
 żn (t) = A+ zn+ (t) + C ∗ y(t), ∀t ∈ [0, τ ],
z + (0) = z0+ ,
(2)
 1+
−
zn (0) = zn−1
(0), ∀n ≥ 2,
 −
żn (t) = −A− zn− (t) − C ∗ y(t), ∀t ∈ [0, τ ],
(3)
zn− (τ ) = zn+ (τ ), ∀n ≥ 2.

If we assume that (A, C) is exactly observable in time
τ > 0, i.e. that there exists kτ > 0 such that
Z τ
ky(t)k2 dt ≥ kτ2 kz0 k2 , ∀z0 ∈ D(A),
(4)
0

then, it is well-known that A+ (respectively A− ) generate
an exponentially stable C0 -semigroup T+ (respectively
+
T− ) on X. If we set L = T−
τ Tτ , then by [1, Proposition 3.7], we have δ := kLkL(X) < 1 and we obtain
kzn− (0) − z0 k ≤ δ n kz0+ − z0 k,

∀z0 ∈ X, n ≥ 1.

Note that since the choice of z0+ is arbitrary, we often
choose zero in the applications.
1

Main results
In this work, we investigate the case without exact observability (for the wave equation for instance, this corresponds to the case where τ is too small for the geometric
optic condition of Bardos, Lebeau and Rauch [4] to hold
true). Remarking that systems (2) and (3) are still well
defined in this case (at least when C is bounded), and that
we still have

zn− (0) − z0 = Ln z0+ − z0 ,
the following questions naturally arise : does the sequence zn− (0) converge and if so, to what limit ?
Assume that C ∈ L(X, Y ) is a bounded observation
operator. Let us denote S the unitary C0 -group generated by A. Let Ψτ ∈ L(X, L2 ([0, ∞), Y ) be the state-tooutput operator defined by

CSt z0 ,
∀t ∈ [0, τ ],
(Ψτ z0 ) (t) =
0,
∀t > τ.
Proposition 1. We have the following decomposition of
the state space X
X = Ker Ψτ ⊕ (Ker Ψτ )⊥ := VUnobs ⊕ VObs ,
and this decomposition is L-stable.
Furthermore, (Ker Ψτ )⊥ = Ran Φτ , where
Z τ
Φτ u =
S∗τ −t C ∗ u(t)dt,
0

is the input-to-state operator.
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Theorem 2. Denote by Π the orthogonal projection from
X onto VObs . Then the following statements hold true:
1. We have for all z0 ∈ X, z0+ ∈ VObs , and n ≥ 1,

(I − Π) zn− (0) − z0 = k(I − Π) z0 k .

2. The sequence (kΠ (zn− (0) − z0 )k)n≥1 is strictly
decreasing and verifies

Π zn− (0) − z0 = zn− (0) − Πz0 −→ 0.
n→∞

Figure 1: An example of configuration in 2D

3. There exists a constant α ∈ (0, 1), independent
of z0 and z0+ , such that for all n ≥ 1,

Π zn− (0) − z0 ≤ αn z0+ − Πz0 ,
if and only if Ran Φτ is closed in X.

Using the framework of well-posed linear systems, we
can use a result of Curtain and Weiss [5] to handle the
case of (some) unbounded observation operators and derive a result similar to Theorem 2 (formally, we take
A± = ±A − γC ∗ C, with a suitably chosen γ > 0).
2

Application
Let Ω be a bounded open subset of RN , N ≥ 2, with
smooth boundary ∂Ω = Γ0 ∪ Γ1 , Γ0 ∩ Γ1 = ∅ and Γ0
and Γ1 being relatively open in ∂Ω. Denote by ν the unit
normal vector of Γ1 pointing towards the exterior of Ω.
Consider the following wave system

ẅ(x, t) − ∆w(x, t) = 0, ∀x ∈ Ω, t > 0,



w(x, t) = 0,
∀x ∈ Γ0 , t > 0,
(5)
w(x,
t)
=
u(x,
t),
∀x ∈ Γ1 , t > 0,



w(x, 0) = w0 (x), ẇ(x, 0) = w1 (x), ∀x ∈ Ω,
with u the input function (the control), and (w0 , w1 ) the
initial state. We observe this system on Γ1 , leading to

∂(−∆)−1 ẇ(x, t)
, ∀x ∈ Γ1 , t > 0. (6)
∂ν
Using a result of Guo and Zhang [6, Theorem 1.1], we
can show that the system (5)–(6) fits into the framework
described above and we can thus apply Theorem 2 (in its
generalized version to unbounded observation operators)
to recover the observable part of the initial data (w0 , w1 ).
For instance, let us consider the configuration of Figure 1. We can easily obtain two subdomains of Ω (the
striped ones on Figure 1), such that all initial data with
support in the left (resp. right) one are in VObs (resp. in
VUnobs ).
We choose a suitable initial data to bring out these inclusions (in particular w1 ≡ 0). We perform some simulations (using GMSH and GetDP) and obtain Figure 2,
with 6% of relative error (in L2 (Ω)) on the reconstruction
of the observable part of the data after three iterations.
y(x, t) = −

Figure 2: The initial position and its reconstruction
after 3 iterations
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Abstract
In my talk, I will present some recent results obtained in [2] on an inverse problem for waves which
consists of finding a potential in a wave equation
through the knowledge of the flux of the solution of
the equation. Our strategy is based on a Carleman
estimate for the wave equation, see [5], [1], that we
will use to design a convergent iterative process that
yields the potential through the minimization of coercive quadratic functionals.
1 Introduction
1.1 Presentation of the inverse problem
The inverse problem we shall consider is the following.
Let Ω be a smooth bounded domain and Γ0 be an
open subdomain of ∂Ω.
Given the source terms h and h∂ and the initial
data (w0 , w1 ), considering the solution of
 2
in Ω × (0, T ),
 ∂t W − ∆W + QW = h,
W = h∂ ,
on ∂Ω × (0, T ), (1)

W (0) = w0 , ∂t W (0) = w1 , in Ω,

can we determine the unknown potential Q = Q(x),
assumed to depend only on x ∈ Ω, from the additional knowledge of the flux
µ = ∂ν W,

on Γ0 × (0, T )

(2)

of the solution?
1.2 Known results
As usual, this inverse problem consists in several
questions:
• Uniqueness: is the map Q 7→ µ injective?
• Stability: is the inverse of the map Q 7→ µ continuous?
• Reconstruction: how can we compute Q from µ?
The question of uniqueness has been dealt with by
Bukgheim and Klibanov in [4]. Later on, several
works have been concerned with stability estimates,
and in particular [7], [5], [1], [6] based on Carleman

estimates provided the following conditions are satisfied:
∃ x0 6∈ Ω, Γ0 ⊃ {x ∈ ∂Ω, (x − x0 ) · ν(x) ≥ 0}, (3)
T > sup |x − x0 |.

(4)

x∈Ω

These Geometric and Time conditions, also known as
the Γ conditions of J.-L. Lions, were first introduced
in the context of controllability of waves when using
multiplier techniques. Such conditions of geometrical
nature are expected in such problem since the waves
propagate at velocity one along the bicharacteristic
rays and one should therefore guarantee that all the
rays of Geometric Optics enter the observation domain to get nice uniqueness and stability results.
Under these conditions (3)–(4) indeed, [5], [1]
prove Lipschitz stability results for this inverse problem.
However, despite the fact that the stability of this
inverse problem is by now well-known, to our knowledge, no reconstruction process has been proposed
in the literature. We intend to do so by using in a
crucial way Carleman estimates.
2 Carleman estimates for waves
2.1 Results
We assume the following conditions
• the multipliers conditions (3)–(4).
• a regularity assumption:
W ∈ H 1 ((0, T ); L∞ (Ω)),

(5)

• a positivity condition:
∃α > 0 such that |w0 | > α in Ω,

(6)

• An a priori bound on the potential Q:
kQkL∞ ≤ m.
And we propose the following algorithm:
• Initialization: q 0 = 0.

(7)
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• Iteration:
Given
q k , we set µk
=

k
on Γ0 × (0, T ), where
∂t ∂ν w[q ] − ∂ν W [Q]
w[q k ] denotes the solution of
 2
in Ω × (0, T ),
 ∂t w − ∆w + q k w = h,
w = h∂ ,
on ∂Ω × (0, T ), (8)

w(0) = w0 , ∂t w(0) = w1 , in Ω,

corresponding to (1) with the potential q k . We then
introduce the functional Js,qk defined, for some s > 0
that will be chosen independently of k, by
Js,qk (z) =

1 sϕ 2
ke (∂t z − ∆z + q k z)k2L2 (Ω×(0,T ))
2s
1
+ kesϕ (∂ν z − µk )k2L2 (Γ0 ×(0,T )) , (9)
2

on the trajectories z ∈ L2 (0, T ; H01 (Ω)) such that
∂t2 z−∆z+q k z ∈ L2 (Ω×(0, T )), ∂ν z ∈ L2 (Γ0 ×(0, T ))
and z(·, 0) = 0 in Ω, see (12) for the definition of ϕ.
Let Z k be a minimizer of the functional Js,qk , and
then set
∂t Z k (·, 0)
,
(10)
q̃ k+1 = q k +
w0
where w0 is the initial condition in (1).
Finally, using the function Tm (q) = q if |q| ≤ m
and Tm (q) = sign(q)m else, we set
q k+1 = Tm (q̃ k+1 ).

(11)

In the functional Js,qk , a weight function ϕ appears, which is the one coming from the Carleman
estimate for the wave equation. It is chosen as follows. Let β ∈ (0, 1) (close to 1), and define, for
(x, t) ∈ Ω × (−T, T ) and λ > 0,
ϕ(x, t) = eλ(|x−x0|

2 −βt2 +C
0

),

(12)

where C0 > 0 is chosen such that |x−x0 |2 −βt2 +C0 ≥
1 in Ω × (−T, T ).
We then obtain the following result:
Theorem 1 ([2]). Assuming (3)–(7), there exist λ >
0 and a constant M > 0 such that for all s ≥ s0 (m)
and k ∈ N, the functional Js,qk is strictly coercive
and therefore admits a unique minimizer Z k , and
kesϕ(0) (q k+1 − Q)kL2 (Ω) ≤

M sϕ(0) k
ke
(q − Q)kL2 (Ω) .
s1/4

In particular, when s is large enough, the above algorithm converges: q k converges to Q in L2 (Ω) as
k → ∞.
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2.2 Comments
The proof of Theorem 1 relies upon a Carleman
estimate for the wave equation, which can be found
for instance in [5]. In [5], [1], it was used to derive
Lipschitz stability estimates for the inverse problem
under consideration, under the precise assumptions
(3)–(7).
Our approach revisits these works by providing a
constructing way to find the potential Q, based on
the Carleman inequality directly. Note in particular that at each iteration, one only has to minimize the functional Js,qk which is strictly coercive
and quadratic.
However, there are still numerical issues related to
the fact that the weight functions are exponentials
and may provide numerical overflow. Let us also
mention the fact that even the convergence of the
discrete inverse problem is not straightforward and
requires to prove a discrete Carleman estimate, uniform with respect to the discretization parameters,
see [3] for a detailed analysis in the 1-d setting.
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Introduction
Data assimilation originally developed for weather
forecasting has reached today new applications [4]
where various types of measurements can be considered to handle the numerous uncertainties in the
modeled system. In this work we focus on a wave
system where part of the solution is measured on
a subdomain and we demonstrate how the use of
a sequential data assimilation strategy through the
design of an observer can produce simulations with
better global approximation capabilities than classical numerical approximations.
1 Methods
1.1 Observer theory
Let H be a Hilbert space and A0 : D(A0 ) → H be a
self-adjoint, definite positive operator with compact
resolvent. We consider the following system

ẅ(t) + A0 w(t) = 0,
t>0
(1)
w(0) = w0 ,
ẇ(0) = w1
which we refer to as a “wave-like system”. We rewrite
this
in a first order form by denoting x(t) =

 system
w(t)
such that
ẇ(t)

ẋ(t) = Ax(t),
t>0
(2)
x(0) = x0 ,
1
2
where A : D(A) → X with D(A) = 
D(A0 ) × D(A
0 ),

1
0
I
X = D(A02 ) × H, is given by A =
, and
−A0 0
 
w0
x0 =
. Observation theory is less studied than
w1
its dual control theory and consists in using some
available measurements on the system

z = Hx,

(3)

with H ∈ L(X , Z) an observation operator, in order
to retrieve or filter some initial uncertainties. A new
system

˙
x̂(t)
= Ax̂(t) + K(z − H x̂),
t>0
(4)
x̂(0) = x̂0 ,

called an observer, is then built to track the actual
system by comparing its outputs to the given observations and correcting the trajectory by use of a
filtering operator K.
Despite a different objectives, control and observation are closely related, at least when considering
linear systems and bounded – observation/control –
operators in the sense that they are connected to a
stabilization problem – in observation, the stabilization of the errors between the observer and the actual
system

˙
x̃(t)
= (A − KH)x̃(t),
t>0
(5)
x̃(0) = x̃0 ,
with x̃ = x − x̂. Therefore, some feedback control
results can directly lead to the definition of an observer by deriving the adequate operator K. This
is typically the case for the wave equation when we
assume to measure in time the time-derivative of the
variable on a subdomain ω
z = ẇ|ω = H0 ẇ

⇒

H = (0 H0 ).

Hence with K = H ∗ , the control and observation
problems lead to the same question of stabilizing the
wave equation by adding a local dissipation in the
subdomain following the stabilization conditions of
Bardos-Lebeau-Rauch, meaning for any solution of
(1) of initial condition (w0 , w1 ) ∈ H01 (Ω) × L2 (Ω)
Z T

kẇ(., t)k2L2 (ω) dt ≥ C kw0 k2H 1 (Ω) + kw1 k2L2 (Ω) . (6)
0

This controllability condition becomes an observability condition for the observation problem which ensures that observing the system on a subdomain gives
enough information to estimate its state on the complete domain.
Some differences can however appear between observation and control when no control has been designed to use the prescribed measurements. This is
typically the case when we consider observations of
the main variable of a wave-like equation instead of
its time derivative
z = w|ω = H0 w

⇒

H = (H0

0).
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In that case, using K = H ∗ for an adequate definition of the adjoint, [4] has proposed an original
non-physical observer in the sense that it can only
be realized as a virtual numerical system and not a
physical one. We write


˙
ŵ(x,
t) = û(x, t) + γ Lω z(t) − ŵ(·, t)|ω ,
(7)
˙
û(x,
t) − ∆ŵ(x, t) = 0,
where we define the operator
Lω : H 1 (ω) → H01 (Ω),

Lω φ = ψ,

(8)

with ψ the solution of the following elliptic equation

in Ω\ω
 ∆ψ = 0,
ψ = 0,
on ∂Ω
(9)

ψ = φ,
in ω
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observer can be preserved through its discretization.
In fact, some spurious high frequencies coming from
the discretization are well known to deteriorate the
stability constants – and then the convergence properties of the observer – at the discrete level. Following [3], we demonstrate in [2] that specific care in the
discretization can ensure a uniform stability with respect to the discretization for the classical observer
using time-derivative measurements but also for the
original observer introduced in [4]. We therefore obtain an estimation of the type
kx̂nh − x(n∆t)kX ≤ C(x̂0 ) max(ε, ε2 h−1 ∆t),
with ε = max{∆t, hθ }, instead of the classical
kxnh − x(n∆t)kX ≤ C(T )(hθ + ∆t2 ),

Indeed, this observer modifies the classical first relation giving the “velocity” variable as the timederivative of the “main variable” by incorporating
a stabilization term. Then in [1], this original observer was demonstrated to exponentially converge
to the observed system with an observability condition, here of the form
Z T

kw(., t)k2H 1 (ω) dt ≥ C kw0 k2H 1 (Ω) + kw1 k2L2 (Ω) ,

for System (1).
Our new error estimates then rely on the classical
cornerstones of numerical analysis formed by stability and consistency to which we add an observability
condition leading to a new paradigm in numerical
analysis.

1.2 Numerical analysis improvement
In [4], this observer was originally designed to
model and numerically simulate systems with uncertain initial conditions or modeling errors. It was in
particular applied to a complex mechanical system
modeling the heart mechanical contraction observed
by medical imaging protocols. However, the benefits of the “closed-loop” observer system over the
standard discretization already appear on the classical numerical analysis where the discretization error can be reduced by use of the available measurements. Therefore in [2], we undertake the complete
numerical analysis of the observer system for wavelike equations and show that – under some natural
observability conditions – we can obtain error estimates that no longer deteriorate with the simulation duration, thereby providing a dramatic improvement over direct discretizations of the original system. This improvement is obtained as far as we can
demonstrate that the performance of the continuous

[2] D. Chapelle, N. Cı̂ndea, and P. Moireau, Improving convergence in numerical analysis using observers
The wave-like equation case, M3AS, 22(12), 2012.

0

(10)
equivalent to that given by Bardos-Lebeau-Rauch.
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where S (t) is the solution of the following nonlinear ordinary differential equation
 
dS 1 −1 −1 S
= 0,
S (0) = Eu (0) .
+ h ◦ψ
dt T
K

Abstract
In this talk we present some results on the behavior of the energy of solutions of the wave equation
with damping term in bounded domain or in exterior domain.

where K = C (T, k(u0 , u1 )kX ) ,

h (s) = s + ma (ΩT ) h0

1

Wave equation with arbitrary localized
damping
Let Ω be a smooth bounded domain in Rd with
boundary ∂Ω. Consider the following wave equation
with a nonlinear internal damping:
 2
 ∂t u − ∆u + a (x) g (∂t u) = 0 R+ × Ω
u=0
R+ × ∂Ω

(u (0) , ∂t u (0)) = (u0 , u1 )

•

g : R → R is a continuous, monotone increasing
function, g(0) = 0.
We assume that g is linearly bounded at infinity
m0 y 2 ≤ g (y) y ≤ M0 y 2 ,

•

•

|y| > 1

a(x) is a non negative function in L∞ (Ω) . a(x) ≥
a0 > 0 a.e. in ω, where ω ⊂⊂ Ω an arbitrary
non-empty subdomain.
Energy Functional:
Z 

1
Eu (t) =
|∇u (t, x)|2 + |∂t u (t, x)|2 dx.
2 Ω

According to [ Lasiecka-Tataru] there exists a concave strictly increasing function and linear at infinity
h0 (s) defined for s ≥ 0, with h0 (0) = 0 and


h0 (g (y) y) ≥  (g (y))2 + y 2
for |y|  1.
Theorem: u(t) is the solution to the non-linear
problem with initial
 condition (u0 , u1 ) ∈ X =
H01 (Ω) ∩ H 2 (Ω) × H01 (Ω). Then we have
Eu (t) ≤ S (t − T ) ,

t≥T



and ψ : R+ → R+ , strictly increasing function,
defined by
 
−2β
1
ψ (s) = ln
+1
+ s; 0 < β < 1.
s

(1)

Here ∆ denotes the Laplace operator in the space
variables. The nonlinear terms satisfy:

s
ma (ΩT )

2

Wave equation with localized damping and
external force
 2
 ∂t u − Au + a (x) g (∂t u) = f
u=0

(u (0) , ∂t u (0)) = (u0 , u1 )

•

•

•

•
•

[aij (x)]ij
smooth,

A = div[ aij (x) ∂xj ] .

Uniform
ellipticity.
Pd
d
2
i,j=1 aij (x) ξi ξj ≥ c
i=1 ξi

R+ × Ω
R+ × ∂Ω

(2)

symmetric
c

>

0

g : R → R: continuous, monotone increasing
function, g(0) = 0. We assume that g is linearly
bounded at infinity.

f ∈ L2loc R+ , L2 (Ω) .
P

d
Energy Functional: ∇A ≡
a
(x)∂
.
ij
x
j
j=1
Eu (t) =

Z 
1

2

Ω

i



|∇A u (t, x)|2 + |∂t u (t, x)|2 dx.

Before introducing our result, we remind the geometric control condition of Bardos- Lebeau and
Rauch
GCC (ω, T ) geometrically controls Ω, i.e. every
generalized geodesic travelling with speed 1 and
issued at t = 0, enters the set ω in a time t < T .

M OEZ DAOULATLI
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Theorem: We assume that (ω, T ) satisfies the as4 Wave equation with nonlinear damping in
sumption (GCC) and
exterior domain


Γ (t) = kf (t, .)k2L2 (Ω) +ψ ∗ kf (t, .)kL2 (Ω) ∈ L1loc (R+ ) 
r−1
∂t u = 0
in R+ × Ω,
 ∂t2 u − ∆u + a (x) |∂t u|
∗
where ψ is the convex conjugate of the function
u=0
on R+ × Γ,

ψ, defined by
u (0, x) = u0 and ∂t u (0, x) = u1 .
 2 
(
(4)
1 −1
s
h
s ∈ R+
T
2T
8C
e
T
ψ (s) =
• a ∈ L∞ (Ω) and a(x) ≥ 0.
+∞
s ∈ R∗−
Let u(t) is the solution to the non-linear problem
(2) with initial condition (u0 , u1 ) ∈ H01 × L2 .
Then we have


Z t
T
Eu (t) ≤ 4e
S (t − T ) +
Γ (s) ds ,
t≥T
t−T

where S (t) is the solution of


dS 1 −1 S (t)
+ h
= Γ (t) ,
dt 4T
K
3

S (0) = Eu (0) .

Wave equation with linear damping in exterior domain

•

 2
 ∂t u − ∆u + a (x) ∂t u = 0 R+ × Ω
u=0
R+ × ∂Ω

(u (0) , ∂t u (0)) = (u0 , u1 )

(3)

Ω open smooth exterior domain in Rd (d ≥ 2)
with boundary ∂Ω.
L∞ (Ω)

•

a∈

and a(x) ≥ 0.

•

Space: H ≡ H01 (Ω) × L2 (Ω) .

Before introducing our results we shall state several
assumptions:
•

There exists L > 0 such that
a (x) > 0 > 0 for |x| ≥ L.

•

(ω, T ) geometrically controls Ω, i.e. every generalized geodesic travelling with speed 1 and issued
at t = 0, enters the set ω in a time t < T .

Theorem: We assume that Hyp A holds and (ω,T )
geometrically controls Ω. Then there exists
C0 > 0 such that the following estimates
Eu (t) ≤ C0 (1 + t)−1 I0 and ku (t)k2L2 ≤ C0 I0
hold for every solution u of (3) with initial data
(u0 , u1 ) in H01 (Ω)×L2 (Ω), where I0 = ku0 k2H 1 +
ku1 k2L2 .

•

1 < r ≤ 1 + d2 .

Theorem: We assume that Hyp A holds and (ω,T )
geometrically controls Ω. Let
γ>0
0<γ<

2
r−1

if 1 < r < 1 +
if r = 1 + d2

2
d

Then there exists C0 > 0 such that the following
estimate
Eu (t) ≤ C0 (ln (2 + t))−γ I (u0 , u1 ) , for all t ≥ 0
holds for every solution u of (4) with initial data
(u0 , u1 ) in H01 (Ω) ∩ H 2 (Ω) × H01 (Ω), such that
 
 γ
2
ln 1 + |x|2
∇u0

+
L2




 γ
2
ln 1 + |x|2
u1

< +∞
L2
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Abstract
We consider the exact controllability problem on
a compact manifold Ω for two coupled wave equations, with a control function acting on one of them
only. Action on the second wave equation is obtained
through a coupling term. We introduce the time
Tω→O→ω for which all geodesics traveling in Ω go
through the control region ω, then through the coupling region O, and finally come back in ω. We prove
that the system is controllable if and only if both ω
and O satisfy the Geometric Control Condition and
the control time is larger than Tω→O→ω . Next, we
prove that the associated HUM control operator is a
pseudodiﬀerential operator.
1

Introduction
Let (Ω, g) be a C ∞ compact connected ndimensional Riemannian manifold without boundary.
We denote by ∆ the (negative) Laplace-Beltrami operator on Ω for the metric g, and P = ∂t2 − ∆ denotes the d’Alembert operator (or wave operator) on
the manifold R × Ω. We take two smooth functions
bω and b ≥ 0 on Ω. We consider the controllability
problem for the system of coupled wave equations
�
P u1 + b(x) u2 = 0 in (0, T ) × Ω,
(1)
P u2 = bω (x) f
in (0, T ) × Ω.
Here, the state of the system is (u1 , u2 , ∂t u1 , ∂t u2 )
and f is our control function, with possible action
on the set ω = {bω �= 0}. Taking zero initial data,
together with a forcing term f ∈ L2 ((0, T ) × Ω)),
the associated solution of (1) lies for any time in
the space H 2 (Ω) × H 1 (Ω) × H 1 (Ω) × L2 (Ω) as u2 ∈
L2 (0, T ; H 1 (Ω)). Hence, there is a gain of regularity
for the uncontrolled variable u1 (see [1]).
In this context, the adapted control problem is
given by the following definition.
Definition 1.1. We say that System (1) is controllable in time T > 0 if for any initial data
(u01 , u02 , u11 , u12 ) ∈ H 2 (Ω) × H 1 (Ω) × H 1 (Ω) × L2 (Ω)
and any target (ũ01 , ũ02 , ũ11 , ũ12 ) ∈ H 2 (Ω) × H 1 (Ω) ×

H 1 (Ω) × L2 (Ω) there exists a control function f ∈
L2 ((0, T ) × Ω) such that the solution of (1) issued
from (u1 , u2 , ∂t u1 , ∂t u2 )|t=0 = (u01 , u02 , u11 , u12 ), satisfies (u1 , u2 , ∂t u1 , ∂t u2 )|t=T = (ũ01 , ũ02 , ũ11 , ũ12 ).
A natural necessary and suﬃcient condition to obtain controllability for wave equations is to assume
that the control set satisfies the Geometric Control
Condition (GCC) defined in [7], [2]. For ω ⊂ Ω and
T > 0, we shall say that (ω, T ) satisfies GCC if every geodesic traveling at speed one in Ω meets ω in
a time t < T . We say that ω satisfies GCC if there
exists T > 0 such that (ω, T ) satisfies GCC. We also
set Tω = inf{T > 0, (ω, T ) satisfies GCC}.
Definition 1.2. Given two sets ω and O both satisfying GCC, we set Tω→O→ω to be the infimum of
times T > 0 for which the following assertion is satisfied:
every geodesic traveling at speed one in Ω meets ω
in a time t0 < T , meets O in a time t1 ∈ (t0 , T ) and
meets ω again in a time t2 ∈ (t1 , T ).
Note that in general Tω→O→ω �= TO→ω→O , and
that we have the estimate
max(TO , Tω ) ≤ Tω→O→ω ≤ 2Tω + TO .
We can now state our controllability result (in the
sense of Definition 1.1).
Theorem 1.3. Suppose that b ≥ 0 on Ω, and that
both sets ω = {bω �= 0} and O = {b �= 0} satisfy GCC. Then, System (1) is controllable if T >
Tω→O→ω and is not controllable if T < Tω→O→ω .
The proof of this result is based on the quantification of the transport of a (vectorial) microlocal defect
measure [4], [8] along the bicharacteristic flow. Such
measures where first used for this type of results in
the work of G. Lebeau [5].
According to the Hilbert Uniqueness Method
(HUM) of J.-L. Lions [6], the controllability property of Theorem 1.3 is equivalent to an observability inequality for the adjoint system. More precisely,
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System (1) is exactly controllable in time T if and
only if the inequality
� T�
E−1 (v1 (0)) + E0 (v2 (0)) ≤ C
|bω v2 |2 dx dt (2)
0

ω

C 0 ([0, T ]; H −1 (Ω)

holds for every (v1 , v2 ) ∈
×
2
1
−2
−1
L (Ω)) ∩ C ([0, T ]; H (Ω) × H (Ω)) solutions of
�
P v1 = 0
in (0, T ) × Ω,
(3)
P v2 = −b(x) v1 in (0, T ) × Ω.
In the observability inequality (2), we use the notation
Ek (v) = �v�2H k (Ω) + �∂t v�2H k−1 (Ω) ,

k ∈ Z,

where the space H s (Ω) is endowed with the norm
s

�v�H s (Ω) = �(1 − ∆) 2 v�L2 (Ω) ,

s ∈ R,

and the associated inner product.
An important feature of the Hilbert Uniqueness
Method, as presented by J.-L. Lions [6], lays in the
following two facts: the control one obtains, fHU M
minimizes the cost functional �f �2L2 ((0,T )×Ω) among
all f ∈ L2 ((0, T ) × Ω) realizing a control for System (1); it is the optimal L2 -control. Moreover, it is
itself a solution of the adjoint system (3) for appropriate initial data, say W 0 .
The Gramian operator L associated to Systems (1)-(3) is given by
� T�
|bω v2 |2 dx dt = �LV, V � ,
0

ω

where v2 is the solution of (3) associated to the initial
data (v1 , v2 , ∂t v1 , ∂t v2 )|t=0 = V . If the observability
inequality (2) is satisfied, then, the HUM control operator is the inverse of the mapping L. From the initial data to be controlled, the HUM operator maps
the associated initial data W 0 for the adjoint system,
giving rise to the control function fHU M .
The second main goal of this article is to give an explicit representation of the HUM operator. We prove
the following result
Theorem 1.4.
1. The Gramian operator is a
matrix of pseudodiﬀerential operators of order
zero. The determinant of its principal symbol
takes essentially the following form
� T� T
� � t2
�2
2
2
(bω ◦ϕt1 )(bω ◦ϕt2 )
b◦ϕσ dσ dt1 dt2 ,
0

0

t1

where ϕσ denotes the geodesic flow on S ∗ Ω.
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2. This operator is elliptic if and only if T >
Tω→O→ω .
3. For T > Tω→O→ω , the HUM control operator
is also a matrix of pseudodiﬀerential operators
of order zero.
The proof of this second result orginates in part
from the work of B. Dehman and G. Lebeau [3].
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Abstract
In this talk, we give a survey of our works on the
long-time behavior of some damped equations in exterior domains. As model, we study the wave equation, the elasticity system and the Schrödinger equation. We prove in particular, how the distribution
of the resonances depend on the geometry of the domain and the position of the support of the damping
terms.
1

Wave equation
Let Θ ⊂ Rd be a compact set with C ∞ -smooth
boundary Γ. Denote by Ω = Rd \Θ the exterior domain and a(x) ∈ C0∞ (Ω, R+ ).
For the trapping domains, when no uniform energy
decay is hoped, the idea of stabilization is to add
a dissipative term to the equation to force the
energy of the solution to decrease uniformly.
We consider the Cauchy problem for wave equation
with an internal damping term

 (∂t2 − ∆ + 2a(x)∂t )u = 0 on R+ × Ω
u(t)∂Ω = 0
∀ t ∈ R+
(1.1)

u(0) = u0 , ∂t u(0) = u1

For u satisfying (1.1), we define ER (u(t)) the local
energy on ΩR = {|x| < R} ∩ Ω,
Z
ER (u(t)) =
[|∇u|2 (t) + |∂t u|2 (t)] dx.
(1.2)
ΩR

Definition 1.1 (E.G.C.) [2] We say that the subset ω of Ω satisfies the Exterior Geometric Control
(E.G.C.) if any trapped ray1 meets ω.
Let χ ∈ C0∞ (Rd ), χ = 1 on BR and Rχ (λ) = χR(λ)χ,
be the cutoff outgoing resolvent defined as following
Z +∞
Rχ (λ)f =
e−iλt χu(t) dt, in {Imλ < 0} .
0

(1.3)
where u(t) is a solution of (1.1) with (u0 , u1 ) =
(0, χf ). Rχ (λ) as an operator from L2 (Ω) to H01 (Ω),
1

A trapped ray is a ray which can not leave BR .

which is holomorphic on {Imλ < 0}, extends meromorphically to the whole complex plane C for odd
dimensions and to the logarithmic Riemann surface
for even dimension.
First, we have to localize the poles of this extension, called resonances ([6], [3]).
Theorem 1.2 Suppose that ω = {x ∈ Ω, a(x) > 0}
satisfies the E.G.C., then
c
χ(−∆ + λ2 + iλa(x))−1 χ L2 (Ω)→L2 (Ω) ≤
.
1 + |λ|
We deduce that there exists c > 0 such that for all
1
(u0 , u1 ) ∈ Hcomp
× L2comp

ER (u(t)) ≤ ce−δt E(u(0))) , if d is odd
c
ER (u(t)) ≤ d E(u(0))) , if d is even
t
For the elasticity system, we prove in [8] and in odd
dimension the same result as the wave equation and
in [7] we gives the localisation of the resonances for
the elasticity system with boundary dissipative term.
2

Schrödinger equation
As the wave equation, when Ω is a non-trapping,
we get for the Schrödinger equation, the uniform decay (polynomial) of the local energy: ∀f ∈ L2comp (Ω)
ER (t) := eit(−∆D ) f

L2 (ΩR )

≤

c

td/2

kf kL2 , ∀t > 0

We consider the following stabilization problem of
the Schrödinger equation [2]

 i∂t u − ∆u + ia(x)u = 0 in R × Ω
u(0, .) = f
in Ω
(2.1)

u/R×∂Ω = 0

Theorem 2.1 Suppose that ω = {x ∈ Ω, a(x) > 0}
satisfies the E.G.C., then ∃ σ0 and C such that for
any |=mτ | < σ0
kχ(−τ − ∆ + ia)−1 χkL2 →L2 ≤ C.

We deduce that there exists c > 0 such that for all
u0 ∈ L2comp
χeit(−∆D +ia) u0

L2 (Ω)

≤

c

td/2

ku0 kL2 (Ω)
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It is well known that the Schrödinger equation enjoys some smoothing properties. The solutions of
(2.1) satisfy the Kato-smoothing effect if and ally
if Ω is non trapping. By analogy to the stabilization problem, when Ω is trapping, we introduce the
forced smoothing effect for Schrödinger equation.
It consists to act on the equation to produce some
smoothing effects.

1
 i∂t u − ∆u + ia(x)(−∆) 2 a(x)u = 0 in R × Ω,
u(0, .) = u0
in Ω,

u|R×∂Ω = 0,
(2.2)
In the case of bounded domain, under G.C.C. on the
set w = {a 6= 0}, Aloui [1] proved a weak KatoSmoothing effect:

Indeed, under the E.G.C. condition, we prove in [4]
the Kato-smoothing effect and the non homogeneous bound for the regularized Schrödinger equation in exterior domains.
Theorem 2.3 We suppose that ω satisfies the
E.G.C., then for any χ ∈ C0∞ (Rd ) there exist c > 0,
λ0 such that for any λ > λ0 and ∀f ∈ L2 (Ω)
χ(−iAa − λ)−1 χf

hxi−s u

where 0 < ε < T < ∞. Then by iteration of the last
result, C ∞ -smoothing effect is proved.
Note that these smoothing effects hold away from
t = 0 and they seem strong compared with the Katoeffect for which the GCC is necessary. Therefore the
case when w = {a 6= 0} does not control geometrically Ω is very interesting.
We prove that the Geometric control condition is
not necessary to obtain the forced C ∞ - smoothing
1
effect. Let Aa = −i∆D − a(x)(−∆) 2 a(x).
d
Let O = ∪N
i=1 Oi ⊂ R be the union of a finite number of bounded strictly convex bodies, Oi , satisfying
the conditions of Ikawa.
Let B be a bounded domain containing O such
that Ω0 = Oc ∩ B is connected, where Oc = Rd \ O.

L2 →L2

hτ i
p
where hτ i = 1 + |τ |2 and let s ∈ R then we have
Z t
(i) ∀ ε > 0 ∃ C > 0 / u(t) =
ei(t−τ )Aa f (τ )dτ
0

satisfies

kukL2 H s+1−ε (Ω0 ) ≤ C kf kL2 H s (Ω0 )
T

T

(2.3)

(ii) If u0 ∈ H s (Ω0 ) then eitAa u0 ∈ C ∞ ((0, +∞)×Ω0 )
(iii) there exist α, c > 0 such that
keitAa u0 kL2 (Ω0 ) ≤ ce−αt ku0 kL2 (Ω0 ) , ∀ t > 1.

1

|λ| 2

kf kL2 .

≤ C(ku0 kL2 +khxis f k
Rt
0

1

L2 ((0,T );H − 2 )

ei(t−τ )Aa f (τ )dτ .

[2] L. Aloui & M. Khenissi, Stabilization of
Schrödinger equation in exterior domains,
ESIAM- COCV. Vol. 13, No 3, (2007).
[3] L. Aloui & M. Khenissi, Boundary stabilization
of the wave and Schrödinger equations in exterior
domains, DCDS-A, Vol. 27, N.3, (2010)
[4] L. Aloui, M. Khenissi & L. Robbiano, Katosmoothing effect for Schrödinger equation in exterior domains, Preprint, arXiv:1204.1904.
[5] L. Aloui, M. Khenissi & G. Vodev, Smoothing effect for the regularized Schrödinger equation with
non controlled orbits, Comm.PDE 38:2 (2013).

log2 hτ i

≤C

c
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Abstract
In a joint work with Mathew Johnson, Pascal Noble and Kevin Zumbrun, motivated by fluid dynamics
considerations, we tackle the following question:
1. In general systems of hyperbolic-parabolic composite type, in which sense can we obtain asymptotic stability for spectrally stable periodic planar traveling waves ?
2. Is it possible to validate, for large time, formal
predictions obtained from a WKB expansion ?
During our talk we will discuss the hardest case
of space-dimension one but, for the sake of algebraic
simplicity, will restrict the type of the original system. We will see to what extent the answer to the second question is positive even when the reference wave
undergoes a non-localized perturbation (allowing for
global phase shifts at infinities but not for global
changes in wave numbers), thus also provide an answer to the first question. The consideration of nonlocalized perturbations, requiring an involved modulation process, is made necessary by the fact that in
general even initially localized perturbations evolve
into non-localized perturbations. Among many other
difficulties it should be noted that these scenari exhibit very slow decay in time and poor localization
in space.
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Abstract
Like the Helmholtz equation, the high frequency
time-harmonic Maxwell’s equations are difficult to
solve by classical iterative methods. Domain decomposition methods are currently most promising: following the first provably convergent method in [2],
various optimized Schwarz methods were developed
over the last decade [5], [6], [1], [3], [7], [8], [9],
[4]. There are however two basic formulations for
Maxwell’s equation: the first order formulation, for
which complete optimized results are known [3], and
the second order, or curl-curl formulation, with partial optimization results [1], [7], [9]. We show in this
work that the convergence factors and the optimization process for the two formulations are the same.
We then show by numerical experiments that the
Fourier analysis predicts very well the behavior of the
algorithms for a Yee scheme discretization, which corresponds to Nedelec edge elements on a tensor product mesh, in the curl-curl formulation. When using
however mixed type Nedelec elements on an irregular tetrahedral mesh, numerical experiments indicate
that transverse magnetic (TM) modes are less well
resolved for high frequencies than transverse electric
(TE) modes, and a heuristic can then be used to
compensate for this in the optimization.

[4] El Bouajaji, M., Dolean, V., Gander, M.J.,
Lanteri, S.: Optimized Schwarz methods for
the time-harmonic Maxwell equations with
dampimg. SIAM J. Scient. Comp. 34(4), 2048–
2071 (2012)
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Abstract
Coupling dissimilar numerical schemes generally
enhances the solution process but may lead to specific
difficulties. Even more successful, this coupling may
be at the basis of the modeling procedure itself. It is
first shown here how Domain Decomposition Methods (DDM) can be used to design efficient procedures
for solving a radiation problem involving a relatively
small heterogeneous material posed on a relatively
large impenetrable structure. Typically such a problem is encountered when dealing with the radiation of
a complicated antenna in its environment. The next
case considered corresponds to a model reduction entering in the determination of the wave reflected by a
cavity with walls covered by a thin absorbing material. It is also shown in this context how DDM ideas
are at the basis of efficient solving procedures.

(FEM) inside the heterogeneous material. However,
straightforward coupling procedures are generally inefficient specially for large size problems where the
solution process has to be tackled through an iterative method.
The second problem considered is relative to the
determination of the wave reflected by a cavity with
walls covered by a thin penetrable material (Fig. 2).
The problem has a similar setting as (1) except that
the Neumann condition is everywhere now 0 on Γ
and the radiation condition is set now in terms of
an %incident &plane wave uinc : lim|x|→∞ |x|1/2 (∂|x| −
iκ) u − uinc = 0. The challenge is now to solve
the corresponding boundary-value problem with a reduced model avoiding the solution of the equations
in the interior of the penetrable material.

Introduction
As said above, the first problem, we deal with, corresponds to the radiation of a time-harmonic wave for
the case where some small size heterogenous material
is posed on a large scale impenetrable structure (Fig.
1)

2 2

 ∇ · (χ∇u) + χκ n u = 0 in Ω,
χ∂n u = −f on Γ,
(1)

 lim
1/2
(∂|x| u − iκu) = 0;
|x|→∞ |x|

" Impenetrable surface

Ω is the complement of the impenetrable obstacle,
κ > 0 is the wave number, χ and n are functions
equal to 1 outside the heterogeneous material filling
Ω1 yielding the contrast and the refractive index of
the material. The idea here is to use a Boundary Inten
Domain exterior to
the materials
#$

Unit normal to "
directed outwards #1

"

Impenetrable domain

Figure 1:

Unit normal to !
n directed outwards
the impenetrable domain

#%

Radiating
slot !s

!

The radiation problem.

gral Equation (BIE) on the impenetrable part of the
structure lying outside and a Finite Element Method

D Thin layer
of penetrable
material
Thickness
$

!

Interface material - air

# unbounded domain in which
propagates the wave

Figure 2:

The covered cavity scattering problem.

1 Methods
1.1 An overlaping DDM procedure
We first describe how it is dealt with problem (1).
In its basic principle, the method ressembles the one
developed by Jami and Lenoir and interpreted later
when it is solved through an iterative procedure as a
Schwarz overlaping DDM in [1]. In this reference, the
whole structure is enclosed in a FE mesh and no BIE
is explicitly solved. However, proceeding in this way
for the present case results in a too large size problem. Even worse, approximating the propagation of
a wave along large distances by a FEM may be very
problematic because of the dispersion errors, which
can severely damage the accuracy of the final result.
Hence, it is only the part ΩS of the domain which is
dealt with a FE mesh as indicated in Fig. 3.
Each iteration is performed by solving a plain BIE
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Figure 3: Geometrical setting of the
non-overlaping domain decomposition approach.
corresponding to the solution of a transmission equation set in all of the plane and a boundary-value problem set in ΩS . In the spirit of the method devised in
[1], a low-order absorbing condition is added on the
fictitious boundary S. Clearly, this solution can be
carried out by means of a plain FEM. This study has
been carried out in collaboration with Y. Boubendir
and N. Zerbib [2].
1.2 A primal domain decomposition approach
Now, we turn our attention to the cavity problem.
We first use a usual primal DDM approach for setting
the problem to be solved (see Fig. 2 for the notation)

Figure 4:

The thin layer model.

study reports also its robustness and that it outperforms usual primal DDMs. The results relative to
the cavity problem have not been submitted yet. The
plot in Fig. 5 well depictes the accuracy reached by
this simple still powerfull method.
Monostatic RCS
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ϕ
' = χ on Σ2 2
∆w + κ n w = 0 in D
w
∂D
 = ϕ on
2
 ∆u + κ u = 0 in Ω
u = χ on ∂D
%
&

1/2
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( lim|x|→∞ |x| ((∂|x| − iκ) u − u
1
$
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Figure 5: Monostatic calculations by a direct
solving and the thin layer model.

= χ$ sur Σ

Of course, this equation is not explicit in ϕ and
χ. However,) the matrix-vector product relative
to the term ∂Ω ∂n uχ$ ds can be obtained by solving) a Burton-Miller BIE. The one corresponding
to ∂D 1ε ∂n wϕ$ ds is completed through a thin layer
model. The model used here simply consists in assuming that w is constant along the normal (Fig. 4)
+
(
( *
1
1
$
$
2
$
∂n wϕ ds =
∇w · ∇w − κ µww dx
ε
∂D ε
D
(
1
=
δ
∂s ϕ∂s ϕ$ − κ2 µϕϕ$ ds
thickness Σ ε
-.
/
,
Thin layer model

2

−10

Results
Convergence of the overlaping DDM for radiation
problem (1) is mathematically proved in [2]. This
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Domain Decomposition Methods for the interior Helmholtz problem:
Spectral Analysis and Numerical Experiments
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Abstract
In this talk, we review many domain decomposition methods (DDMs) developed for the Helmholtz
equation. We focus on the interior Helmholtz problem and show numerical experiments of the DDMs
considered on the same set of test models, including
the heterogeneous 3-D SEG-SALT model. We also
present a spectral analysis of the DDMs in order to
get a better understanding of their behavior.
Introduction
The Helmholtz equation is a real challenge for numerical simulations [1]. In addition to the well known
pollution effect, the linear algebraic system from the
standard discretization of a 3-D problem at midfrequency is not only too large to be solved by factorization, but also too indefinite for iterative methods
to converge well. There has been a lot of interest in
the past decades to design (parallel) iterative methods for this equation, which show substantial differences from solving definite problems. In this talk,
we focus on DDMs which divide the original problem
into smaller problems on subdomains and recover the
original solution by iteration. From the literature,
special transmission conditions, special coarse problems and the application order of subproblem solves
(parallel or serial) appear to be the key components
in designing DDMs for the Helmholtz equation.
We consider the Helmholtz equation
!
"
1
ω2
Lu := −ρ∇ · ( ∇) − 2 u = f,
(1)
ρ
c
where ρ : Ω ⊂ R3 → R+ is the density of mass,
c : Ω → R+ is the wave speed, ω ∈ R represents the temporary frequency of the corresponding
mode u · exp(ς i ωt) (ς is a constant value equal to
one of {1, −1} decided upon users’ conventions), and
f : Ω → R is the source term. We divide the domain
into either non-overlapping or overlapping subdomains, which gives rise to internal boundaries called
interfaces. We then impose certain boundary conditions on these interfaces to define well-posed subproblems and the correct interface data are sought

in an iterative way. There are two different formulations of DDMs, independently of the method being overlapping or not: one is a volume formulation
and the other is an interface, or substructured formulation. In the volume formulation, one can use
inexact solvers for the subproblems. But if we use
exact solvers for subproblems, the spectra (except
0,1) of the two forms are usually the same (or not
far from each other), see e.g. [2]. Here, we use the
interface formulation, which simplifies the spectral
analysis based on Fourier techniques.
1

One-field non-overlapping methods
For non-overlapping subdomains, we note that the
Dirichlet and Neumann traces should match across
interfaces. If we take one type of common traces as
uniquely defined unknowns, and if these unknowns
define unique subdomain solutions, taking the other
type of traces of subdomain solutions and imposing
the matching conditions gives us a system to solve,
see e.g. [3]. Unfortunately, the Helmholtz equation
in a subdomain can be singular when equipped with
Dirichlet or Neumann boundary conditions. This
motivated [4] to take Robin conditions λ := ∂n u + pu
as unknowns, where n is a normal direction uniquely
defined for each interface (it is outward for a subdomain on one side of the interface and inward for the
neighboring subdomain), and Im p &= 0. Although
this class of methods has been well studied for definite problems, the results for the Helmholtz equation are still limited, see e.g. [5]. In our talk, we will
show spectral results obtained from Fourier analysis
on many subdomains or in heterogeneous media.
2

Two-field non-overlapping and overlapping
methods
This class of methods take a set of boundary data
for every subdomain as unknowns and set up the system by transmission conditions like Bi (ui − uj ) = 0
on the interfaces ∂Ωi ∩ Ωj where Bi is a boundary
operator. All the boundary operators from the literature can be expressed in the form Bi := ∂ni + Ti
with Ti some tangential, possibly pseudo-differential
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operator. Many DDMs fall into this category, like
the D-N alternating method, or optimized Schwarz
methods. A significant difference from the one-field
non-overlapping methods is the lack of a cheap preconditioner (we can design a preconditioner for the
two-field methods but it will not be as cheap as for
one-field methods). An advantage are the high-order
transmission conditions and/or overlap, as we will
illustrate by Fourier analysis.
3

Numerical Experiments
We will also show the actual performance of these
DDMs on some test models. Fig. 1 and Fig. 2 depict
the scaling of the DDMs on 3×3×1 subdomains augmented with six plane-waves for solving the 3-D SEGSALT model. The top panel shows non-overlapping
methods and the bottom panel overlapping methods.
Large scale parallel experiments are in progress.
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A DDM double sweep preconditioner for the Helmholtz equation
with matrix probing of the DtN map
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2 Massachussets Institute of Technology, USA.
∗ Email: A.Vion@ulg.ac.be
Abstract
We describe the structure of a fast solver for
the Helmholtz equation in the optimized Schwarz
framework, based on a preconditioner that leverages
impedance-matching boundary conditions on subdomains. In the case of a simple 2D waveguide numerical example, the method requires no more than 4
GMRES iterations, independently of the frequency
and the number of subdomains. The challenge remains to make each iteration fast: we give a partial
answer to this question by showing how the Dirichlet
to Neumann (DtN) map is accurately approximated
in a compressed form via the recently introduced notion of matrix probing.
Introduction
Domain Decomposition Methods (DDM) oﬀer a
very useful tool for numerically solving PDEs, but
require additional ideas to operate optimally in the
high-frequency regime [1]. The setting of our proposed method is a reformulation of the problem in
terms of a set of unknown sources defined on artificial boundaries inside the domain. These sources
must produce the same solution inside the individual subdomains, so a linear system must be solved
to find them. It was shown in [2] that a Krylov
method for this system can be set up, where the
sources are defined from boundary conditions that
match impedances of subdomains. The contributions
of this paper are twofold: we propose 1) a preconditioner that takes advantage of the particular structure of the iteration matrix in the case of a layered
partitioning ; and 2) an eﬃcient computation of the
DtN map using matrix probing.
1

Non-overlapping optimized Schwarz DDM
Consider a domain Ω with boundary ∂Ω. We decompose Ω into N non-overlapping slices Ωi,1≤i≤N ,
with artificial boundaries Σij between Ωi and Ωj .
(This is a layered partitioning, not a general 2D partitioning.) The iterative scheme, detailed in [2], uses
impedance-matching boundary conditions on Σij and

recasts the problem in terms of the set of interface
data g = {gij , 1 ≤ i �= j ≤ N, |i − j| = 1}. An iteration amounts to solving all subproblems in parallel:
(m+1)

−(∆ + k 2 )ui
= 0
(m+1)
(m)
(∂n + S)ui
= (−∂n + S)uj

in Ωi
on Σij

(m)

= gij ,

(1)
with k the wavenumber and the update:
(m+1)

gij

(m+1)

= −∂n uj
=

(m)
−gji

+

(m+1)

+ Suj

on Σij

(m+1)
2Suj
.

Boundary conditions on ∂Ωi ∩ ∂Ω are conserved from
the original problem. This procedure can be rewritten as a fixed point iteration on the unknowns g:
F g = b,
(2)
where applying the operator F amounts to solving
the subproblems and updating g. The solution of
problem (2) can be accelerated using GMRES.
The choice of operator S is critical for the rate of
convergence. It was shown in [3] that the optimum
is obtained if S is the DtN map of the Helmholtz
operator on the corresponding interface.
2

Double sweep preconditioner
The matrix of the iteration operator F (never
formed in practice, but considered here for the purpose of analysis) consists of blocks arranged near the
diagonal, each of which, when applied to a vector,
amounts to solving a subproblem where the boundary source is restricted to one side of the domain.
Provided that no reflection occurs at the opposite
boundary, this matrix is easy to invert. An absence
of reflection is hard to achieve in a numerical setting,
but can be approached by using a suﬃciently good
Absorbing Boundary Condition (ABC).
The preconditioning strategy is to neglect those
components of the iteration operator that are caused
by spurious reflections, and would be zero in the absence of such reflections, to build an approximate inverse F̃ −1 of the iteration operator F .
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Table 1: Convergence of the method with double sweep
preconditioner and exact DtN map, applied to a rectangular waveguide with increasing number of subdomains N .
The iteration count (||r||2 /||r0 ||2 < 10−13 ) is small and
independent of N and wavenumber k.

By rearranging the terms of the matrix-vector
product g = F̃ −1 r, one can rewrite the preconditioner as a double sequence (forward and backward)
of subproblems solutions, each problem taking into
account the contribution of all its predecessors in the
sequence. So, considering the forward sequence, the
−1
−1
i-th component of g is: gi = ri + Hf,i
gi−1 , with Hf,i
the output of (1) for the i-th problem with impedance
data gi on the left and 0 on the right, and starting
with g1 = r1 . Such a sequence of solves is called a
sweep over the subdomains, hence the name of double sweep preconditioner.
The idea of sweeping was proposed in [4] for
preconditioning the Helmholtz equation. A double
sweep strategy was also proposed in [5]. These work
use the sweeps to precondition the Helmholtz operator in the original domain, while we use them to
precondition the operator F of a Schwarz method.
In addition, we precompute the DtN map by matrix
probing rather than by using perfectly-matched layers (PML), leading to potential computational savings. Because the complexity of applying a probed
DtN map hardly depends on its quality, we can use a
better ABC (thicker layer) in our precomputation,
hence potentially improved convergence properties
for the DDM algorithm.
3

DtN map approximation via probing
We are thus looking for an accurate approximation
D to the DtN map S at some interface Σ. Consider
the Helmholtz equation in a (PML) placed next to Σ.
The operator D is viewed as a black box that maps
Dirichlet data on Σ to the normal derivative, on Σ as
well, of the solution to the Helmholtz equation in the
PML: ∂n ū = Dū. We first precompute the matrix D
oﬄine, then apply it to vectors on the fly as needed.
Matrix probing is used to make the precomputation of D tractable. Suppose that we wish to approximate a matrix D ∈ Rn×n , but we only have access
to a handful of products of D with vectors. We assume D can be written as a linear combination of a

�
small number of basis matrices Bj , D ≈ pj=1 cj Bj
fixed ahead of time. Under various assumptions, notably p � n (see [6] for details) we can recover
the vector c with great accuracy using only a few
black box calls. For illustration, it is often advantageous �
to consider a single random vector z, so that
Dz ≈ pj=1 cj Bj z = Ψz c, where the Bj z are columns
of Ψz . Solving for c now requires the pseudo-inverse
of Ψz , which can be quickly obtained since this is an
n × p matrix with p � n.
Hence we need a relatively small set of basis matrices which can accurately approximate the DtN map
D. There are diﬀerent ways to do this: we can use
a geometrical optics approximation with oscillations
of the form eiωτ (x,y) times a parametrized singular
amplitude, see [7] for details, or else we can use the
relaxed terms of the Padé expansion proposed in [2],
obtained from a few 1D PDE solves. Both methods
reproduce the numerical results presented earlier.
Current work focuses on further lowering the complexity of each subdomain solve H −1 and each application of D. Preliminary results with a nonhomogeneous medium tend to indicate that the behaviour of the method is not fundamentally changed.
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Riesz potentials and quasi-local transmission condition for optimizing the convergence of
iterative non overlapping domain decomposition methods for the Helmholtz equation
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The model problem
In the following, Ω denotes a bounded (for simplicity) open set of Rd (d =2 or 3), f ∈ L2 (Ω) and
ω > 0 (the frequency) are given and one is interested
in u ∈ H 1 (Ω), the (complex valued) solution of the
boundary value problem

 −∆u − ω 2 u = f in Ω
(1)
 ∂ u + iω u = 0 on ∂Ω
n
We assume that Ω can be split into two domains Ω1

n
Ω1
Σ

Figure 1:

Ω2
Γ

Γ

The domain decomposition

and Ω2 separated by a smooth interface Σ, according
to figure 1 and denote uj the restriction of u to Ωj .
The objective of an iterative domain decomposition
method is to construct a sequence
(un1 , un2 ) ∈ H 1 (Ω1 ) × H 1 (Ω2 ),
such that (un1 , un2 ) −→ (u1 , u2 ),

n≥1

n −→ +∞.

Obviously, unj solves the Helmholtz equation in Ωj :

 −∆unj − ω 2 unj = f in Ωj ,
(2)
 ∂ un + iω un = 0 on Γ = ∂Ω ∩ ∂Ω
n j
j
j
j
The key point is the choice of the boundary conditions on the interface Σ that will link the unj to the
previous iterates and are supposed to ensure, after
convergence, the correct transmission conditions (n
is the unit normal vector oriented from Ω1 to Ω2 , see
figure 1, left picture):
u1 = u2 ,

∂n u1 = ∂n u2 ,

on Σ = ∂Ω.

(3)

Remark : What follows is easily generalizable to non
constant coefficients and more general boundary conditions in (1). One can also consider more subdomains provided that the interfaces are closed and disjoint manifolds (figure 1, right picture).
Transmission conditions and iterations
Let T ∈ L(H s (Σ), H −s (Σ)) for some s > 0 be an
operator that we assume to be positive, symmetric
and injective operator (the transmission operator).
Let z 6= 0 be a complex number with Im z > 0, we
first observe that (3) is equivalent to

 Bλ u1 = Bλ u2 , for λ = z and λ = z.
(4)
 B := ∂ + λ T
n
λ

The missing boundary conditions for (2) are obtained
by applying a fixed point algorithm, with relaxation
parameter r ∈]0, 1], to the transmission conditions
(4) so that the resolutions in Ω1 and Ω2 are decoupled
at each step:

 Bz un1 = r Bz un−1
,
+ (1 − r) Bz un−1
1
2
(5)
 B un = r B un−1 + (1 − r) B un−1 ,
z 2
z 1
z 2
The well-posedness of the local problems (2, 5) is
guaranteed as soon as Im z > 0.
Let us remark that this general framework contains
most of the iterative methods proposed in the literature. For instance, when z = iω :
•

If, T = I (s = 0), one recovers the original
method proposed by Després [2],

•

If T is a second order boundary differential operator (s = 2), one gets the conditions of [4],

However, as soon as the operator T is local (i.e. expressed in terms of tangential differential operators),
the convergence of the algorithm is at best algebraic
(typically in 1/n). Our goal is to propose new transmission conditions achieving exponential convergence
and to optimize the convergence rate.
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Convergence issues
We assume that T = ΛΛ∗ where

Λ ∈ L L2 (Σ), H −s (Σ) is isomorphic,

K must have the correct singularity when x − y → 0
as suggested by Riesz potentials [3]
(6)

and Λ∗ is the adjoint of Λ. Let us consider the errors
(en1 , en2 ) = (un1 − u1 , un2 − u2 ),

en = (en1 , en2 )

as well as the boundary quantities:
xn1 = Λ−1 ∂n en1 + z Λ∗ en1 ,

xn2 = Λ−1 ∂n en2 + z Λ∗ en2

so that xn = (xn1 , xn2 ) ∈ L2 (Σ)2 with norm k · kΣ .
From the well-posedness of the local problems (2, 5),
we deduce that, if V := H 1 (Ω1 ) × H 1 (Ω2 )
ken kV ≤ C kxn kΣ .
The key point for the convergence of the algorithm
is the following identity, that extends a result of [1]:
kxn k2Σ = kxn−1 k2Σ − r(1 − r) kyn−1 k2Σ

with δ = 1/2 if d = 2, δ = −1/2 if d = 3. Moreover,
to avoid fully nonlocal operators leading to full matrices after space discretization, the idea is to localize
K around the diagonal x = y. That is why we use a
smooth cut-off function χ(ρ) : R+ → [0, 1] such that
supp χ ⊂ [0, 1],
and consider the operator

χ=1

 1
in 0,
2

Λ = α − β divΣ KL ∇Σ



where L > 0, β > 0 and α ∈ C are given, and
Z
 |x − y| 
|x − y|δ ϕ(y) dy
KL ϕ(x) =
χ
L
Σ

(9)

(10)

Theorem : As soon as Im α 6= 0, the operator Λ defined by (9) satisfies (8).

y2n = Λ−1 ∂n en2 + z Λ∗ en2 .

At the conference, we shall explain how to solve
the local problems (2, 5) and investigate, numerically and analytically, how to tune the parameters
(z, α, β, χ, L) to optimize the rate of convergence.

where yn = (y1n , y2n ) ∈ L2 (Σ)2 is defined by

Assume now that
(6) holds with s = 1/2.

(8)

By an abstract functional analytic argument, it is
possible to show that there exists δ ∈ ]0, 1[ such that
kyn−1 kΣ ≤ δ kxn−1 kΣ
so that (7) yields
kxn kΣ ≤ τ kxn−1 kΣ ,

K(x, y) ∼ |x − y|δ

(7)

− ω r ken−1 k2Γ
y1n = Λ−1 ∂n en1 + z Λ∗ en1 ,

98

τ=

p
1 − r(1 − r) δ 2

implying the exponential convergence with rate τ .
However, the condition (8) prevents us from defining
T with the help of local operators.
Quasi-local transmission operators
In practice,we need to build an explicit operator
satisfying (8). The idea is to use a nonlocal operator of the form −divΣ K ∇Σ where K is an integral operator with kernel K(x, y) that should be a
pseudo-differential operator of order -3/2. For this,
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Abstract
The aim of this work is to develop a numerical
method for the full-wave simulation of electromagnetic wave propagation in a plasma. The propagation and the absorption of lower hybrid (LH) electromagnetic waves is a powerful method to generate
current in tokamaks by Landau wave particle resonance. Full-wave calculations of the LH wave propagation is a challenging issue because of the short
wave length with respect to the machine size. We
propose a Fourier finite element method for solving
the Maxwell equations based on a mixed augmented
variational formulation. In order to develop a parallel version of the simulation and consider non homogenous plasma response, a nonoverlapping domain
decomposition approach is presented.
Introduction
Let the domain Ω be a torus (tokamak plasma volume) with strong external time-invariant magnetic
field B ext . We study a second order partial differential equation for the time-harmonic electric field E
arising from Maxwell equations:
ω2
KE = f in Ω,
c2
div(KE) = g in Ω

curl curl E −

and ΓA ⊂ Γ be an antenna on the tokamak, then
several boundary conditions are possible:
Neumann:
Dirichlet:

curl E × n = iωµ0 j s

on ΓA

E × n = E A × n on ΓA .

On the other part of the boundary ΓC = Γ \ ΓA , we
assume a perfectly conducting condition:
E×n = 0

on ΓC .

1 Finite element method
1.1 Variational formulation and well-posedness
Taking the divergence condition (2) as constraint,
we use a mixed augmented variational formulation
(MAVF) [3], which gives rise to a H 1 conforming variational space, X N (K, Ω) := H 0 (curl, Ω) ∩
H(div K, Ω). We obtain the following variational
formulation of the Dirichlet problem :
Find (E, p) ∈ X N (K, Ω) × L2 (Ω) such that
as (E, F ) + b(F , p) = Ls (F )
b(E, q) = l(q)

∀F ∈ X N (K, Ω)

∀q ∈ L2 (Ω).

where
(1)
(2)

where ω > 0 is the excited wave frequency and c denotes the speed of light in free space. The plasma
response is described by the matrix K, in Stix frame
(third coordinate parallel to B ext ). It includes a cold
plasma approximation of the relative dielectric permittivity tensor and Landau damping:


S(x) −iD(x)
0

S(x)
0
K(x) =  iD(x)
0
0
PL (x)

Expressions of the entries S, D and PL involve plasma
frequencies, cyclotron frequencies of each species (ion
and electron) and also the collision frequency. In
general, the matrix K is complex-valued and nonhermitian. Let Γ be the boundary of the domain Ω

ω2
(KE | F )
c2
+s(div KE | div KF )

as (E, F ) := (curl E | curl F ) −

Ls (F ) := (f | F ) + s(g | div KF )

b(E, q) := (div KE | q)
l(q) := (g | q),

with parameter s ∈ C. Here, (· | ·) denotes the standard L2 inner product in Ω.
The well-posedness of the considered formulation
follows from the Babuska-Brezzi theorem. Thanks
to spectral properties of the dielectric tensor, the
sesquilinear form as is coercive if <(s) > 0 and
=(s) ≤ 0.
1.2 Dimension reduction and discretization
The 3D problem can be reduced to a series of 2D
one by using cylindrical coordinates (R, Z, φ) and by
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expanding all functions f (R, Z, φ) as Fourier series in
the angular coordinate φ
1 X
f (R, Z, φ) = √
fν (R, Z)eiνφ
2π ν∈Z
where the coefficients fν (R, Z) are defined on a cross
section of Ω [4]. Then the sesquilinear forms of
the variational formulation can be written as sum
of modal forms
X
X
as (u, v) =
as,ν (uν , v ν ), b(v, p) =
bν (v ν , pν )
ν∈Z

ν∈Z

The modal variational formulation is then discretized using a Taylor-Hood P2 -iso-P1 finite element.
1.3

100

by introducing the associated Lagrange multipliers
λij ∈ H 1/2 (Σij ), while (4) is treated as a natural
condition. The existence and uniqueness of the solution (E i , pi , λij ) to the multidomain formulation was
proved and :
E i = E |Ωi

and pi = p|Ωi

where (E, p) is the solution to the one-domain formulation.
The full linear system involving all subdomains
(the outer system) is a generalized saddle-point problem:


 
 
F
E
Q GH
(5)
=
=
0
λ
G 0
where Q is a block sparse non-hermitian matrix.
Each block corresponds to a problem in one subdomain. The sparse matrix G expresses the interactions between subdomains. The outer system (5)
is solved using a preconditioned GMRES algorithm.
The inner problem on each subdomain is also a generalized saddle-point problem, and is solved using a
direct method.

Numerical results
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Figure 1: Real part of a component of the electric
field for ω = ωLH = 1.3 × 1010 rad/s

2

Domain decomposition
S Consider a nonoverlapping decomposition Ω =
k Ωk . In the domain decomposition method considered here, we solve the original problem in each
subdomain Ωi ; the equivalence with the one-domain
formulation is obtained by continuity conditions
[E × n]Σij = 0

and

[KE · n]Σij = 0

(3)

which ensure the X(K, Ω) regularity of the electric
field and
[curl E × n]Σij = 0,
(4)
which implies that the one-domain formulation holds
in the sense of distributions. We have denoted, as
usual, [f ]Σij the jump of a quantity f across the interface Σij = Ωi ∩Ωj . The conditions (3) are dualized
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Abstract
In this paper, we focus on the convergence of the
GMRES method for diffraction problems in electromagnetism by a 3D obstacle using the strategy based on coupling of the finite elements and the integral representation.
The convergence of the GMRES method has been introduced by I. Moret in a general framework without any
additional indicator on the convergence rate. We explain
that we have a superlinear convergence of GMRES in our
context. The proof is based on the courant-Weyl’s minmax principle. Our study is restricted to the case of the
perfect conductor problem.
Introduction
We are interested in the resolution of the exterior
Maxwell problem. First we introduce an equivalent formulation by adding a regularizing term grad-div in the
time-harmonic- Maxwell equation. The aim is to solve
an elliptic problem, then it is treated numerically by standard Lagrange finite element instead of edge element. A
combination of finite elements and an integral representation reduces the exterior problem to a bounded domain
delimited by the surface of the scatterer and an artificial
boundary. We derive in this context an analytical proof of
a superlinear convergence of GMRES method.
Scattering by a perfect conductor
Let us consider Ωi a bounded obstacle in R3 with regular boundary Γ and Ωe its unbounded complementary.
We are concerned with the scattering of a time-harmonic
electromagnetic wave by the perfect conductor Ωi . Our
purpose is to determine the total field E = Es + Einc
where Einc is the incident wave and Es is the scattered
field.
the following scattering problem:
 We then consider
−1
curl curl E − t ∇(divE) − ks2 E = 0 in Ωe ,




E ×Znγ = 0, divE = 0 on Γ,



lim
||curl Es × nγ − iks nγ × (Es × nγ )||2dγ = 0,
R→∞ ||x||=R


Z

√



lim
| t−1 divEs − iks Es · n|2 dγ = 0.

R→∞ ||x||=R

nγ is the exterior unit normal of the domain Ωi . By the
coupling of finite elements and integral representation
method introduced for Maxwell equations by C. Hazard

and M. Lenoir in [1], we reduce the exterior problem to
an equivalent one: find E such that

curl curl E − t−1 ∇(divE) − ks2 E = 0 in Ω,



E × nγ = 0, divE = 0 on Γ,
T (E) = Tν1 (Einc − ItR (Γ, E)) on Σ,


 ν1
Nν2 (E) = Nν2 (Einc − ItR (Γ, E)) sur Σ.

(1)

where t−1 depends on the permittivity and the permeability of air and the regularization parameter. ks is the wave
number, ν1 and ν2 are complex numbers which have a
strict negative imaginary part .The two operators Tν1 and
Nν2 are defined by Tν1 E = curl E × nσ + ν1 (E)t and
Nν2 U = divE + ν2 E · nσ . (E)t = nσ × (E × nσ ) and nσ
is the exterior unit normal of the domain Ω on Σ. For a
sufficiently smooth field E,
Z
ItR (Γ, E)(x) = −ks2 (RGt (x, .)E+rotRGt (x, .)rot E)
Z

+t−1

Ω

T

divRGt (x, .) divE−t

−1

Z

divGt (x, .)T (E·nγ )dγ

Γ

Ω

where
1
Gt = Gks I + 2 Hess(Gks −Gkp ), I is the identity matrix
ks
√
in R3 , Hess stands for Hessian operator, kp = tks and
Gk is the fundamental solution of Helmholtz equation. R
is the linear operator that maps every regular function φ
defined on Γ into a regular function Rφ defined on Ω that
satisfies Rφ = φ on Γ and Rφ = 0 on Σ.
Let us introduce Ht the Hilbert space given by
Ht = E ∈ H(curl, Ω) such that divE ∈ L2 (Ω) ,
E × nγ = 0, E × nσ ∈ L2 (Σ)3 and E · nσ ∈ L2 (Σ)
(., .) denotes
Z the natural scalar product on Ht :
(E, E0 )t = (E·E0 +curl E·curl E0 +|t|−1 divE divE0 )
Ω
Z
+ ((E × nσ ) · (E0 × nσ ) + |t|−1 (E · nσ )(E0 · nσ ))dσ.
Σ

The reduced problem (1) consists in finding E ∈ Ht such
that
(At + Ct )E = Ft ,
(2)

The operatorsZAt and Ct : Ht → Ht are defined by:
(At E, E0 )t = (rot E·rot E0 +t−1 divEdivE0 +ks2 E·E0 )
Ω

E RIC DARRIGRAND , NABIL G MATI AND R ANIA R AIS

Z

((nσ ∧ E) · (nσ ∧ E0 ) + t−1 ν2 (nσ · E)(nσ · E0 ))dσ,
Σ
Z
Z
0
0
2
Tν1 (ItR (Γ, E)) · E0 dσ
E·E +
(Ct E, E )t = −2ks
Σ
Ω
Z
+t−1
Nν2 (ItR (Γ, E))(nσ · E0 )dσ,

+ν1

Σ

and Ft is given by
Z
0
(Ft , E )t = (Tν1 Einc · E0 + t−1 Nν Einc (nσ · E0 ))dσ
Σ

The problem (2) is well posed and the operator At is
invertible as explained in [1]. If At is chosen as a preconditioner then the problem (2) is formulated as follows
−1
(IΩ + A−1
t Ct )E = At Ft .
1

Convergence analysis for GMRES
There exists a further strategy which consists in solving
a problem posed on Σ instead of the problem (2) posed on
Ω. We introduce Ψ defined by
Ψ = Tν1 (Einc −ItR (Γ, E))+t−1 nσ Nν2 (Einc −ItR (Γ, E))
and we consider the operator
BΓR (Ψ) = Tν1 (ItR (Γ, E)) + t−1 Nν2 (ItR (Γ, E))nσ
We get,
(IΣ + BΓR )Ψ = F̃t on Σ.

(3)

We study the convergence of the resolution for the problem (3). The idea of the proof was initialy introduced by
F. Ben Belgacem et al. in [2]. From [1], one can check
that BΓR is a compact operator in (L2 (Σ))3 . Due to the
work by I. Moret [4], the GMRES method converges superlinearly to solve the problem (3). In the following part,
we present a further proof by verifying the exponentional
decaying of each singular value γp for p ≥ 0 of BΓR . The
first step to prove the convergence of the GMRES method
is the construction of an operator (BΓR )p with a rank ≤ p
which approximates BΓR .
Proposition 1 There exist c and τ two positive constants,
such that
√
γp ≤ c e−τ p ∀ p ≥ 0
Proof: The proof is based on the Courant-Weyl minmax principle [3] together with an expansion in term of
the Bessel and Hankel funtions and the harmonic spherical functions. In the first step of the proof, we consider the scattering from a perfectly conducting ball with
radius R∗ and spherical boundary Γ. We suppose that
the artificial boundary Σ is the sphere concentric to Γ
with radius R > R∗ . We perform the proof in the case
ν1 = ν2 = −iks. . If the surface of the obstacle is not
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spherical then we can consider an intermediary spherical
surface Γ̃ between Γ and the fictitious boundary Σ. Then,
the integral representation is written on Γ̃ and we can use
the same proof.
Proposition 2 The GMRES method converges superlinearly.
Proof: We denote rm the residual at the iteration m Following the theorem 1 of [4] and by the proposition 1 and
from Stirling’s formula, there exist c and τ two positive
constants such that
1

(|| rm ||L2 (Σ)3 ) m ≤

c
; ∀m ≥ 0.
mτ

As a future work, we aim to validate this study numerically.
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Abstract
We consider iterative methods for solving the
Helmholtz equation with motivation coming from applications in seismic imaging. Once this equation
is discretised by finite elements or finite differences
(with a suitable boundary condition) the resulting
linear system is complex and non-Hermitian. Because of the latter property, conventional iterative
methods can fail to converge [2], so it is necessary
to precondition the linear system before solving using an iterative method such as GMRES. In this talk
we will discuss an optimised Schwarz domain decomposition algorithm for the Helmholtz problem with
a complex shift, which can also be used as a preconditioner for the original Helmholtz equation. An
analysis of the algorithm will be presented along with
numerical examples.
Introduction
When solving the Helmholtz equation on a
bounded domain one considers as a model problem
the following boundary value problem,
−∆u − k 2 u = f, in Ω ⊂ R2 ,
(∂n + ik) u = 0, on ∂Ω.

(1)

Once this is discretised with finite elements we solve
the linear system AU = f . Some recent research has
focused on preconditioning this system with the discritisation of the following complex shifted problem,
2



1

Optimised Schwarz methods
We shall use the idea of the optimised Schwarz
method without overlap of Gander et. al. [3].
Therefore we take Ω = R2 and decomposition it
into two equal subdomains Ω1 = (−∞, 0] × R and
Ω2 = [0, ∞) × R with an interface Γ = 0 × R. Therefore given um−1 at iterate m − 1 we solve,
 m
2
−∆um
1 − k − i u1 = f1 , in Ω1 ,
m−1
, on Γ,
(∂x + S1 ) um
1 = (∂x − S2 ) u2

m+1
m+1
2
= f2 , in Ω2 ,
− k − i u2
−∆u2

= (∂x − S2 ) um
(∂x + S1 ) um+1
1 , on Γ.
2
(3)

where S1 , S2 are operators acting tangentially along
the subdomain interface Γ, and assumed to be a convolution. By carrying out a Fourier analysis of (3),
one can show that the convergence rate of (3) is given
by,



σ2 − λ(η, k, )
σ1 − λ(η, k, )
ρ (σ, η, k, ) =
,
σ1 + λ(η, k, )
σ2 + λ(η, k, )
(4)
p
where λ(η, k, ) =
η 2 − k 2 + i, (where η comes
from performing a Fourier transform tangential to
Γ) and σ1 , σ2 are S1 , S2 Fourier transformed. We
consider parameters σi , for i = 1, 2, of the form,
σi = αi (1 + i) + βi (1 + i)η 2 ,

(5)

2
Si = αi (1 + i) + βi (1 + i)∂yy
.

(6)

and hence,
2

−∆u − k − i u = f, in Ω ⊂ R ,


p
∂n + i k 2 − i u = 0, on ∂Ω.

(2)

which we shall call A U = f . This idea was used
by Erlangga et. al. [1] where they used solves with
the Multigrid method to approximate A−1
 . More
recently Kimn and Sarkis [5] used solves with the
Restricted Additive Schwarz method to approximate
A−1
 . The choice of  so that A is a good preconditioner for A and also so that iterative methods for
approximating A−1
 work well is a delicate business.

The problem then becomes how to choose σ1 and σ2
to ensure that ρ in (4) is as small as possible. This is
done by considering the following optimisation problem,


min
max
ρ (σ, η, k, ) ,
(7)
σ1 ,σ2 ∈R+

η∈[ηmin ,ηmax ]

where we choose 0 < ηmin < ηmax for physical reasons.
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2

Example
Consider the simplest case σ1 = σ2 = α(1 + i) for
α ∈ R+ . This choice is known as optimised of order
zero (OO0). The minimax problem (7) can then be
solved analytically under the assumption that k → 0
for large k. The solution is given by,
1

1

α∗ ≈ k 2  4 .

(8)

So that the optimal value of ρ is,
ρ∗ ≈ 1 −

  1
4

k

1

k− 4 .

(9)

Therefore in this case the1 number of Schwarz itera1
−
tions increases like k 4 k 4 . These analytical results will be supported by numerical tests, which
show that the number of iterations of the Schwarz
algorithm (3) do indeed increase asymptotically like
 1
 − 4 14
k . One could consider optimising (7) for a
k
more general choice of parameters αi and βi , as was
done in [3], [4]. However this can involve numerically
solving (7) to observe how the optimised parameters
αi and βi depend asymptotically on k. This shall
be discussed, as will the case of an overlapping decomposition and other choices of . It is hoped that
this method of approximating the solution of (2) by
a domain decomposition method using (3), can become an effective preconditioner for solving (1) with
convergence nearly independent of k.
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Abstract
When solving the system of Maxwell’s equations,
the divergence constraint equations are often neglected. In a simple case, such as when modelling
modes, this does not cause an apparent problem. But
when a right hand side is added, such as a current
term source in the simulations, non physical phenomena related to charge conservation can appear.
We present correction methods that take into account Gauss’ law. The novelty of our approach is
that we apply these corrections on nonconforming
mesh with the help of a Discontinuous Galerkin time
domain (DGTD) method.
Introduction
The Maxwell system (1) allows us to determine the
evolution of the electromagnetic fields E and B from
both data charge and current density, ρ and J,
J
∂t E − c2 rotB = − ,
²
∂t B + rotE = 0,
ρ
divE = ,
²
divB = 0,

1

Centered DGTD on nonconforming mesh

The nonconforming mesh allows us to have hanging nodes, i.e., a mesh can have more than one neighbor in one space dimension. An example of a nonconforming mesh is shown in Figure 1(b).

(1a)
(1b)
(1c)
(1d)

where ² is the electric permittivity and c is the speed
of light. We call equations (1c) and (1d) the divergence constraint equations.
For all times t ≥ 0, when ρ and J satisfy the charge
conservation equation
∂t ρ + divJ = 0.

DGTD method as given in [4], which has the property of statisfying the divergence constraint equation
only in a weak sense. We show through a numerical
test case [3] that a weak sense may not be sufficient
and lead to non-physical results. Stock et al. use a
correction method to compensate this problem. The
originality of our study is to adapt the correction
methods on nonconforming mesh such as in Figure
1(b).

(2)

and when the initial E and B satisfy (1c) and (1d)
the Maxwell system (1a)-(1b) has a unique solution.
Current J can for example come from an electriccurrent filament. When data J is analytically (and
consequently ρ), if a numerical method satisfies the
conditions of divergence constraint (1c) and (1d) at
the initial time, then we can just solve equations (1a)(1b). In this paper we present the same centered

(a) directional
ment mesh

refine- (b) nonconforming mesh

Figure 1:

refinement mesh

This kind of mesh is useful in modeling highly
multi-scale problem, for example when we consider
a detail of the order of micrometer in a domain of
the order of meter. With a Finite Difference or Finite Element method, a refined mesh is possible only
directionally, such as illustrated in Figure 1(a), but
it is still hugely computational costly. An interest of
the DGTD discretization is to manage nonconforming mesh, Figure 1(b), and so to decrease the computational cost. Indeed, the nonconforming mesh involves an adaptation of interface fluxes, which are
managed in DGTD by the local flux matrices.
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2

•

Hyperbolic-elliptic formulation : This formulation corresponds to a Boris’ correction [2]. In
this approach, we consider in the reformulated
Maxwell equations that
g(Φ) = 0.

(5)

This implies, by the equation (3c), that we need
to check exactly the Gauss’ law. That is why
this correction is considered such as the reference correction. But the elliptic correction is
costly in computation time because it requires
the inversion of a Laplace operator for each time
step.
•

Purely hyperbolic approach : this approach was
introduced by Munz et al. [3]. We choose
1
(6)
g(Φ) = 2 ∂t Φ.
χ
This correction is less expensive but less accurate than the elliptic correction method.

The choice of a non conforming DGTD solver for the
Maxwell’s equations involved a special adaptation for
corrections. It is this adataption that we want to
present at the conference in details.
3

Numerical results
Stock et al. in [3] have proven the effectiveness of
the hyperbolic correction on a cartesian conforming
mesh. We take the test case of their paper to apply
on the nonconforming mesh illustrate in Figure 1(b).
Figure 3 shows that a correction is needed to keep
Gauss’ law. Corrections preserve their effectiveness
on nonconforming mesh.

No correction
Elleptic correction Error L2 on the Gauss’ law
hyperbolic correction
10-1

10-2

10-3

10-4

Error L2

Correction techniques
To satisfy charge conservation, correction techniques consist in adding divergence constraint of
Gauss’ law to the evolution equation for electrical
field E by a generalized Lagrange multiplier Φ. We
solve the following Maxwell system,
J
∂t E − c2 rotB + c2 gradΦ = − ,
(3a)
²
∂t B + rotE = 0,
(3b)
ρ
g(Φ) + divE = ,
(3c)
²
The new variable Φ defines an additional degree of
freedom which respects the following equation
1
(4)
∂t g(Φ) − c2 ∆Φ = (∂t ρ + divJ).
²
We use two choices for the differential operator g(Φ).
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Conclusion
It appears necessary to take into account the divergence constraint of Maxwell’s system. Our study
shows that the corrections are also robust on conforming or nonconforming mesh. In fututre work we
want adapt the correction methods to non conforming mesh for the simulation of plasma with VlasovMaxwell equations for which the respect of charge
conservation is crucial.
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Abstract
This paper provides a numerical investigation concerning the effect of defect angular-position on reflection and transmission coefficients. The spectral
method Wave Finite Element has been used to carry
out calculation. Results show that the type of incident wave as well as the examined reflected and
transmitted waves play an important role in circumferential localization of the defect.
Introduction
A considerable progress has been made over the
last few years on the subject of long-range guided
wave inspection in pipes [1]. From the numerical pint
of view, many useful frequency-domain information,
such as wave dispersibility, reflection from damage,
interface or boundary, sensitivity of specific mode to
various types of damages, mode conversions, etc. can
be obtained directly from the eigensolutions in spectral methods, or by the global-local techniques such
as hybrid methods [2], [3], [4]. The Wave Finite Element Method (WFEM), which is a spectral method
based on the standard finite element (FE) formulation, can be applied to examine the wave interaction
with the local defects and the structural features.
The hybrid WFE/FE method is one of the hybrid
methods for global-local analysis, which is very suitable to the case that wavelength is larger than the
axial extension of FE model for complex local defect.
This paper aims to investigate numerically reflection and transmission coefficients from a defined defect in a pipe while varying its angular position at
a fixed axial location. The hybrid WFE/FE method
has been employed in this study to compute diffusion
matrices from the defect, in order to find an approach
for the angular localization of the defect.
1

Numerical implementation and results
The principle of the study is to vary the circumferential position of the defect while keeping the axial position constant, and observe the influence of
this variation on the reflection and transmission coefficients (see figure 1). The circumference of the
pipe is divided into 44 elements. Positions of the de-

Defect

Waveguide 1

Waveguide 2

Coupling structure

Figure 1: Defect positions around the
circumference of the pipe.
fect around the pipe are varied by an increment of
4 elements, that is an angle of about ∆α = 32.73◦ .
Thus, 11 positions were treated in this study as illustrated in figure 2. Three types of incident waves are
P1
P11

P2

P10

Δα

P3

P9
P4

P8
P5
P7

P6

Figure 2: Defect positions around the
circumference of the pipe.
used: fundamental torsional mode T(0,1), longitudinal mode L(0,2), and flexural mode F(1,2). Let’s consider the torsional wave T(0,1). The torsional mode
T(0,1) has shown a relevant capability for defect detection in pipes and possesses a lot of advantages in
the long range guided waves inspection domain. The
first test in our investigation consists of impinging the
considered defect by the T(0,1) mode. When T(0,1)
is incident, reflection and transmission coefficients of
T(0,1), L(0,2) and the three above-mentioned flexural modes are calculated. Several important observations could be taken from the obtained curves. Figure
3 shows the reflection and transmission coefficients of
the T(0,1) mode from the considered defect for the 11
positions around the circumference of the pipe. We
can note that there is no variation in the obtained
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Reflection coefficients of F(1,2) with a
T(0,1) incident mode.
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Figure 3: Reflection coefficients (blue line) and
transmission coefficients (red line) of T(0,1) from a
with a T(0,1) incident mode.
Figures 4 and Figures 5 shows the reflection coefficients of F(1,2) and F(3,2) respectively when T(0,1)
is incident. From these figures we can note that for
modes F(1,2) and F(3,2) each two positions have the
same reflection/transmission coefficient curve except
position P9; for example curves of P1 and P6 are confused. That is to say a given reflection/transmission
coefficient at a given frequency refers to two possible circumferential positions, which is practically not
convenient to localize the circumferential position of
the defect. However, the result found in the F(2,2)
case shows that each position produces its own reflection/transmission coefficient curve. The F(2,2) mode
seems to be more suitable for circumferential localization of the defect when T(0,1) mode is incident.
It should be mentioned that these flexural waves, as
they are nonaxisymmetric, are sensible to the circumferential position of the defect. Nevertheless, each
mode has his own mode shape which impacts on the
result.
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Industrial simulation of electromagnetic wave propagation
Christian BROCHARD.
Astrium Space Transportation.
Email: Christian.Brochard@astrium.eads.net
Abstract
Astrium has been dealing with computational electromagnetics for more than 30 years. Generally
speaking, the goal is to predict the electromagnetic
behaviour of a body. It can be to calculate the radar
cross-section of a target, its ”signature”, in order for
a radar operator to detect and identify it, or to make
it as ”stealthy” as possible, when designing missiles
or atmospheric re-entry vehicles.
Another concrete issue can be the design of an antenna, that can be optimised so that it gives maximum capacity in the environment in which it is used.
For such activities, we use various and very performing methods in the harmonic domain, such as
boundary element or finite element methods, or analytical asymptotic methods with various direct or
iterative solvers and preconditioners or accelerating
techniques.
The problem
The problem we are dealing with is to compute the
electromagnetic response of a tridimensional structure under an excitation. The physical phenomenas are the same: an incident electromagnetic field
creates currents (magnetic and electric) on the surface and inside materials; these currents generate an
electromagnetic field in the surrounding space. The
general problem is described by Maxwell equations.
The numerical methods developed by our teams solve
these equations in the frequency domain. There are
two main methods (which are called exact in opposition to asymptotic methods).
Methods
Methods We first describe the surfacic methods:
they put the unknowns on the boundaries of the
solid domains which compose the considered objects
and which contain implicitly the boundary limit
conditions. Our surfacic method is based on the
integral representation of MAXWELL equations
(cf.[1]), well known as EFIE (Electric Field Integral
Equation) for objects composed with dielectric or
perfectly conducting materials:

Z

Γ×Γ

t

[φ(x).φ (y) −

1
k2

t

divφ(x).divφ (y)].G(x−y).dx.dy =

i
kZ0

< Einc,φt >

excitation of the problem (incident wave, generator,
etc.). For every pair of points (x, y) of Γ (the surface
of the body) there is an interaction with an intensity
given by the Green kernel G :
G(x − y) =

eik|x−y|
4π|x − y|

Therefore, the complex matrix is a full one. The advantage of these surfacic methods is to transform the
initial volumic problem of calculating the electromagnetic field which is scattered in the whole space, into
a surfacic equivalent problem acting on electric and
magnetic currents J and M on the boundaries. But
these methods have an inconvenient: they can take
into account only homogeneous and isotropic materials.
The second ”exact” methods are volumic ones which
calculate inside the volumic domains. They are
able to modelize objects with arbitrary physical and
geometrical characteristics, but they deal with a
great amount of unknowns and they need an explicit
boundary condition.
Volumic methods have been developed to calculate
electromagnetic behaviour of objects covered by layers of materials, which are no more homogeneous or
isotropic without any approximation (cf.[2]). The
calculation domain is then parted into 2 areas separated by a coupling surface.
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The inner problem is solved by the way of partial
derivative equations of the Maxwell system using
H(rot) Volumic Finite Elements (cf.[3]), and the external problem is solved using integral equations on
the coupling surface.

In order to accelerate the convergence of the solution, we have developed efficient parallel algorithms and preconditioning technics such as
SPAI, for Sparse Approximate Inverse Preconditioner.

Direct or iterative solver
A numerical code has been developed since 1989,
which is widely used within EADS under the trade
name ASERIS-BE.
With the direct solvers, we factorise the matrix which
is a very expensive step with a huge number of operations in O(N 3 ) where N is the number of unknowns.
With iterative solvers we approach the solution step
by step using a matrix-vector product which is in
O(N 2 ).
But when N increases, the classical solution of the
problem, becomes hugely expensive in CPU duration as well as in storage amount. Therefore, to
push the limits, we have developed an iterative solver
and a fast matrix-vector product called FMM, for
Fast Multipole Method. We are now using it in our
daily work for problems with perfectly conducting
domains, for dielectric materials with complex coefficients, with wires, antennas, etc...

Work Group
Teams from Astrium, EADS Innovation Works
and CEA, met in a work group to exchange on
numerical technics used in their own computation
codes. A very good agreement was found between
numerical results, which confirms the excellence of
the codes in the domain of benchmarking. This high
level of performance shows the major advantage
that can be taken from big computers with a great
amount of processors.
”On 2011 May 19., the French Defence Procurement
Agency (DGA), awarded its Science & Defence prize
to Christian Brochard of Astrium Space Transportation, who had teamed up with Guillaume Sylvand
from EADS Innovation Works and with Michel
Mandallena and Bruno Stupfel from CEA/CESTA,
in recognition of their work on high performance
simulation of wave propagation phenomena”

The FMM (Fast Multipole [Multilevel]
Method)
We can give the following description (cf.[4]):
•

•

•

•

As a solver, the FMM replaces the standard
matrix-vector product by an approximate but
fast computation. It works in O(N log N ) time
compared to O(N 2 ) with the usual method,
From an electromagnetic point of view, FMM
cuts scattering body into boxes, and calculates
for each of them a radiation function in the far
field approximation. These functions are then
used to calculate all the interactions between
boxes that are sufficiently distant,
From a matrix point of view, FMM cuts every
term Ai,j of the matrix A in a sum of terms
separating indices i et j which enables a fast
computation of the matrix-vector product,
As an algorithm, FMM travels through a tree
which is based on a recursive partition of the
scattering body. It is the reason of the asymptotical duration evaluation in O(N log N ).

We are now looking forward to solving problems involving hundreds of millions of unknowns
such as encountered for radiation in a re-entry
plasma or for windmills stealth. In the frame of this
FMM work, parallel multilevel H-Matrix methods
seem to be a new breakthrough for the years to
come.
References
[1] A. Bendali, ”Approximation par éléments finis
de surface de problèmes de diffraction des ondes électromagnétiques”, Thèse de doctorat de
l’Université de Paris 6 (1984)
[2] V. Levillain, ”Couplage éléments finis - Equations intégrales pour la résolution des équations
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[3] J.C. Nédélec, ”Mixed elements in R3 ”, Numer.
Math. 35, pp. 315-341 (1980)
[4] G. SYLVAND ”La méthode multipôle rapide
en électromagnétisme : performance, parallélisation, applications”, Thèse de doctorat de
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Ten Industrial Challengesin Wave Propagation Simulation(at EADS)
Eric Duceau
Scientific Director, EADS Innovation Works, BP 76 Suresnes F92152
The presentation deals with the different hurdles
that prevent the industrial day-to-day use of Modelling and Simulation activitiesfor the domain of wave
propagation. The show stoppers are sorted as follows: affordability (the bricks are identified and the
limit in usage only depends on time-to-market; software vendors as well as in-house solutions may likely
make the step for-ward), maturity ( the mathematical tools seems identified but the resolution has not
yet been demonstrated; short term research can be
launched with significant level of confidence) and understanding (this means that the modelling phase
is not yet available and that fun-damental research
should be triggered if the industry wishes to solve
the point). I’ll be focusing on the 2 last axes to contribute to a potential roadmap in Modelling. I’ll just
re-mind you with the ”starting point” for industrial
research labs that can be guessed out of the concerns
described in the first axis, which, nevertheless, contains some interesting questions.
1
Affordability as a main driver
Numerical methods have dramatically changed the
way of working in engineering of waves thanks to
2 successive revolutions: the FMM breakthrough,
end of 90’ and, recently, the H-Matrix breakthrough.
Even if the mathematical demonstration is not
achieved for all formula-tions, engineers have immediately taken the opportunity to pragmatically and
systematically test all of them. The result is amazing:
performances seem to be improved and accuracy not
degraded: the Grail? Not far from ! But remaining
industrial hurdles slow down the integration:
- Pre processing is still a nightmare: automatic
generation of 100 millions of triangles, without too
much distortion or unexpected refinement is a real
challenge; and when it comes to mixed surfacevolume formulations, mesh generation is too often
a show-stopper. (Challenge 1)
- Breakthrough in Volume Formulation (Finite Element methods, Galerkine discontinuous etc.) are
definitely not at the same level, so couplings between volumic and surfacic formulation suffers from
the weaknesses of the 3D part; challenges refer to linear algebra (MUMPS or equivalent libraries for example).(Challenge 2)

- Post-processing may represent one of the next
”computer science” challenges in the propagation domain for some applications demand a lot of righthand-sides to be processed (holographic RADAR
images being the most representative one). Solutions are currently expected from SVD-like methods; Compress sensing theory could revisit the topic
soon...(Challenge 3)
Examples will be presented to illustrate the ”stateof-the-art” in this perimeter: acoustic propagation of
waves in an inhomogeneous flow for the limit we encounter within the coupling approach; Radar Cross
Section computation for the last topic.
2
Maturity as a main driver
Unfortunately, the requirements from industry regarding Modelling & Simulation tools have became
more demanding and the 2 former breakthroughs do
not cover the expectation. The following list gives
some typical applications for which a full demonstration has not yet clarify the maturity of the approach:
- Margin analysis is one of the main drivers for
simulation in lot of domains. For electromagnetic or
acoustic applications, the medium is often consider
as well known although the boundary conditions are
one of the main sources of uncertainty (just have a
look to the inside part of an Aircraft cabin for noise
refection/diffusion or wireless installation!). From a
mathematical point of view, this problem may lead to
modelling a set of deterministic configuration, each
of them being a sample of the universe of boundary conditions: not realistic! The worsecase analysis
(needed in safety demonstration) cannot be tackled
that way too. The corresponding problem can be described as follows: two components are well known
(uncertainty propagation in the one hand, a direct
solver in the other hand) but we still miss a strategy
to couple them in an efficient way (from an industrial point of view) and demonstrate that the results
means something valuable...(Challenge 4)
- Sensitivity with respect to parameters has been
investigated since decades and can be considered as
closed from a mathematical point of view in some
areas (derivation, Pad? expansions, even topological
optimisation, etc). As a matter of facts, only a few
software tools exploit such a capability, each time
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in a very restricted domain of application. Needs
in EADS will be presented with examples: sensitivity to Mach number within acoustic propagation, sensitivity to scaling effects in metamaterials
on top of basic sensitivitivity with respect to frequency.(Challenge 5)
- Sizing is the main activity in the Design Phase
and tools are supposed to speed up that process and
give it a better robustness thanks to a better understanding (modelling) and accuracy (margin management). A characteristic requirement in the Design
Phase is the need for model reduction methodology.
Lots of model reduction algorithms have been published and the buzz is being running well. But a
lack of systematic approach prevents industry from
efficient usage. Key examples for EADS in Electromagnetic Compatibility are related to ”probability to
exceed a threshold” or ”standard deviation around a
mean value” and they do not lead to the same model
reduction algorithm as far as propagation effects are
concerned.(Challenge 6)
3 Understanding as a show stopper
Simultaneously, the requirements from industry regarding Modelling & Simulation tools have became
more demanding and the 2 former breakthroughs do
not cover the present expectations. The following
list gives some typical applications for which a full
demonstration has not yet clarify the maturity of the
approach:
• Electromagnetic and/or acoustic Wave for periodic
materials & metamaterialleads to at least two different problems:
1. Being able to model defects in a periodic structure (see fig. 1) has been investigated1 23 but the
models are still not efficient enough to be exploited
in an industrial contex. Industrial examples one may

Figure 1: Periodic model and defects, randomly
located according to 2 different distributions
think about: an array antenna with broken elements
inside; or detection of a defect in a structured material. (Challenge 7)
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2. being able to model ”metamaterial” concepts
in a efficient way. Applying domain decomposition
techniques seems appropriate and might be accelerated when similarity of geometry is taken into account. Parametric optimisation being the final goal
, properties of parametric Dirichlet-to-Neumann operators may be analysed. (Challenge 8)
• Elastic and/or Electromagnetic waves in ”quasi
random” medium (see fig. 2): industrial composite
material gives a representative example of the complexity we face today. Very promising approaches
have been proposed which are not pure homogenisation techniques and lots of mathematical problems
remains open.
This material is not periodic, yet

Figure 2: 2D cut of a composite material
there is some kind of underlying periodic arrangement of the fibbers. Taking advantage of the industrial process behind, one can assume that a random perturbation of a regular structure can be a
good model to derive homogeneous equivalent parameters.4 (Challenge 9)
• Acoustic wave propagation in a ”random” given
flow is a major scientific challenge now that the ”affordability” for constant or rotational flow is managed: Is stochastic PDE a realistic approach? As
in the previous approach, we’re trying to find out
modelling approaches that cover a locally perturbed
propagation phenomenon, the perturbation being of
a random nature (or, at least, described by stochastic parameters linked to correlation in space and time
for example) (Challenge 10)
4 Conclusion:
Challenges for modelling complex propagation effects, as described in this context, refers to various
competences. The 3 first ones requires mainly computer science skills. The next 3 ones are well-known
mathematical problems and the industrial solutions
may emerge in the incoming years. The last four obviously demand a ”reinforced” mathematical frame
to be tackled. The presentation will develop those
examples to help positioning new research axes.

1

for example Benoit Lizé’s presentation at Waves 2013
S. Fliss’ PhD thesis
3
A. Anantharaman -G.Allaire in CMAP internal document
2

4

A. Anantharaman -C LeBris in CERMICS internal document
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RECENT ADVANCES IN NUMERICAL SIMULATION TO PREDICT INTERIOR NOISE
FOR FULL VEHICLE APPLICATIONS
Slaheddine Frikha
ESI France - 99 rue des Solets - Rungis - France
Slaheddine.Frikha@esi-group.com
Abstract
This contribution will give an overview and describes a number of recent advances in the prediction
of interior noise with a focus on transport system
acoustic comfort. At low frequencies, the response of
a system is typically dominated by a small number of
modes; standard analysis methods based on finite elements, boundary elements and infinite elements typically provide an accurate description of the response.
At high frequencies, the higher order modes of a system tend to be particularly sensitive to small perturbations in the properties of the system. A statistical
description of a system becomes essential in order
to draw meaningful conclusions about the response.
The transition between low and high frequency region so-called the medium frequency ranges is addressed by Hybrid approach which has been demonstrated to be very efficient for structure-born noise
analysis.
All these modeling approaches are available in the
commercial software VA One which offers a suite of
fully coupled solvers in a single plateforme.

Introduction
The perceived quality of a vehicle is strongly influenced by the interior noise that a passenger experiences in the vehicle. In order to model interior noise
it is useful to adopt a source-path-receiver model.
The sources can be separated into air-borne sources
(that inject energy directly into acoustic spaces surrounding the vehicle) and structure-borne sources
(that inject energy directly into the body structure).
The transmission paths, by which noise and vibration
travel to the interior of the vehicle, are also typically
different for each source and require low, medium
and high frequency dedicated analytical and numerical approches. The paper present recent advance to
address air-borne and structure-borne noise in the
full frequency range with a focus on mid-frequency
range where both structure-borne and airborne contribution to interior noise are significant.

1

FE Models of fully Trimmed vehicle
At low frequencies, Finite Element models provide a good way to describe interior noise. The recent advances in acoustic package design based on
porous-elastic material tend to significantly increase
the contribution of trimming component to structural damping (resistive effects) and to reduce the
acoustic power transmitted by the structural vibrating into adjacent cavity. A number of advances have
been made recently in the development of rigorous Finite Element descriptions of bi-phase porous-elastic
materials:

 div( 1 grad ϕP − βU ) + αdiv U + ϕP = 0
R
ω 2 P̃f
 2
ω P̃s U + div(σkl − αϕpδkl ) + βgrad ϕP =
0

The trimmed body is described as an assembly of a
body, a cavity and an ensemble of trimming component. This substructuring approach developped by
prof. M. A. Hamdi leads a plug-in equation:
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Where sound packages impedances are simply added
to the body in white impedance. This allows drastically reducing the memory storage and CPU usage
to solve the challenging full-FE model of a complete
trimmed car in a few hours, using standard computer
facilities.
2

SEA models for Interior noise
The use of SEA for airborne interior noise prediction is now a standard part of production modeling
for most automotive OEMS and suppliers. Figure 8
shows a typical airborne SEA model.
The model includes the major structural and acoustic components that are important for transmission,
along with the sound package, pass-through and leakage paths. While the basic modeling approach for
airborne SEA is well established, advances are still
being made. Models of poro-elastic materials continue to improve and more detailed descriptions of
sound package are now possible.

¾

S LAHEDDINE F RIKHA

116

commonly being represented by a structure coupled
to an infinite media and excited by a set of uncorrelated plane waves. The infinite media adds reactive
and resistive impedance to the modes of the structure, which can be represented by a complex ”modal
radiation impedance” matrix. The magnitude of the
plane waves loading depends on the energy in the
reverberant chamber.
4
Typical airborne SEA model.
3

The Hybrid FE-SEA Method
A hybrid FE-SEA method ideally combines the low
frequency performance of the FE method with the
high frequency performance of SEA to produce a robust method that can close the gap where none of the
standard FE or SEA approaches applies perfectly.
The main difference to be overcome between FE and
SEA approaches lies in the fact that:
- FE is based on dynamic equilibrium while SEA is
based on the conservation of energy flow,
- FE is a deterministic method while SEA is inherently random.

Conclusions
All these modeling approaches are available in the
commercial software VA One. Detailed theoritical
background will presented and some validation results will be shown in the conference.
References
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propagation in Porous-Elastic Materials”, ISMA
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Hybrid approach principle.
In order to express the coupling between deterministic components modeled by finite element method
with random components modeled as SEA subsystems, both continuity relationship and flow energy
balance have to be verified along the hybrid junctions.
From the point of view of the deterministic subsystem, the SEA random subsystem is perceived as an
infinite media that apply to the FE subsystem an
added-impedance and a set of uncorrelated and randomly distributed incident waves. These incident
waves are representative of the reverberant filed in
the SEA subsystem. A similar phenomenon is encountered when modeling the structure excited by a
diffuse field in reverberant chamber. Such problem is

[4] Ph. Shorter, P. and R. Langley, ”Vibro-acoustic
analysis of complex systems” JSV. 288(3), 669699, 2005.
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Comparative SVD-analysis of standard L2 Full Waveform Inversion and its Migration Based
Travel Time formulation
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BP 105, 78153 Le Chesnay Cedex, France
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Pirogova 2, 630090 Novosibirsk, Russia
3 Institute of Petroleum Geology and Geophysics, SB RAS
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Abstract
The common knowledge now is that standard least
squares Full Waveform Inversion is unable to reconstruct macrovelocity for reasonable frequency band
of input data but claims unpractically low time frequencies. There are a range of different approaches to
overcome this weakness and among them Migration
Based Travel Time reformulation of the cost function. Here we compare SVD for linear approximation of standard least squares Full Waveform Inversion with its Migration Based Travel Time reformulation. In order to do that we start with linearization of both nonlinear forward maps with subsequent
computations of singular spectra (singular values and
right/left singular vectors) for corresponding linear
operators. The next step is to construct the two
families of linear spans of right singular vectors corresponding to a set of fixed values of the condition
number and to analyze their mutual disposition. Our
computations demonstrate the reliable reconstruction of the smooth velocity component by full waveform inversion in migration based travel-time formulation.
Introduction
Constructing a smooth velocity model (propagator, macro velocity constituent) in the depth domain,
which is responsible for correct travel-times of wave
propagation is a key element of the up-to-date seismic data processing in areas with complex local geology. Theoretically it could be obtained, along with
the subsurface structure, by the Full Waveform Inversion (FWI) technique matching the observed and
the synthetic seismograms (Tarantola, 1984). The L2
norm is usually used for this matching, though other
criteria are also considered. To minimize the misfit
function and to find the elastic parameters of the subsurface, iterative gradient-based algorithms are usu-

ally applied. Such approach to solving seismic inverse
problem proposed originally by Tarantola (1984) has
been developed and studied in a great number of publications (see Virieux and Operto, 2009, and the references therein).
However, the straightforward application of FWI
reconstructs reliably only the reflectivity component
of the subsurface but fails to provide a smooth velocity (propagator) component of a model. In order to overcome this trouble G.Chavent with colleagues introduced Full Waveform Inversion in Migration Based Travel-Time formulation (2001). The
main idea of this approach is to decompose model
space into two orthogonal subspaces - smooth propagator and rough reflector with subsequent reformulation of the cost function.
2 Methods
2.1 Statement
Full Waveform Inversion formally is application of
non-linear least squares for seismic inverse problem
treated as a nonlinear operator equation
F[m] = d.

1

Here the known right-hand side d is multi-source
multi-receivers seismic data, F is a non-linear operator (forward map) which transforms the current
model m to synthetic data. For the sake of simplicity we deal with the Helmholtz equation:
∆u +

ω2
u = f (ω)δ(x − xs )
c(x)2

with data d being its solution computed at receivers
positions.
Instead of regular non-linear least squares formulation of Full Waveform Inversion, when unknown
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function c(x) is searched as
c∗ = argmin kF(c) − dk2 ,
c
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3
(1)

MBTT introduces the following decomposition of the
model space:
m = p + r = p + Πr M(p) < s > .
Here p ∈ P describes smooth macrovelocity, which
does not perturb significantly direction of waves
propagation, but governs their travel times. In contrast the depth reflector r describes rough perturbations of the model, which send seismic energy back
to the surface, but do not change travel-times. The
key moment here is interrelation r = Πr M(p) < s >
where s is unknown time reflectivity, M(p) - a
true amplitude prestack migration operator with linear reweighing W and Πr is the orthogonal projector
onto the space of reflectors (orthogonal to the space
of propagators). In more details this operator is written down as


∗
δF
M(p) < s >= W ◦ Re
(p) < s > ,
δm

Illustrations
In Fig.1 one can see the result of the linear Full
Waveform Inversion in MBTT formulation for for the
simplest model - step-like vertical heterogeneous velocity. Input data are synthesized for Ricker pulse
of 25 Hz and frequencies staring 10 Hz are used for
inversion. There are two figures - reconstruction of
the full model and its smooth macrovelocity component (propagator). One can recognize almost perfect
reconstruction of propagator. Some defects in reflector recovery can be explained by the imperfection of
the procedure of prestack true amplitude migration.
High frequency oscillations can be easy removed by
taping time frequency band in use.

where ∗ denotes adjoint operator in application to
Frechet derivative of nonlinear forward map F.
In this notations MBTT formulation of FWI with
respect to propagator p and time reflectivity s is as
follows:
(p∗ , s∗ ) = argmin kF(p + Πr M(p) < s >) − dk (2)
p,s

It is worth mentioning that the argument of the cost
function in MBTT formulation is linear with respect
to the time reflectivity s and is essentially nonlinear
with respect to the depth propagator p.
2.2 Linearized inversion
In the linear approximation FWI in standard least
squares formulation (1) leads to a linear operator
equation of the first kind with respect to the model
perturbation:
δF
(m0 ) < δm >= d − F(m0 )
δm
while in MBTT formulation we have the following
linear operator equation with respect to propagator
perturbation:




δF
∂M
(m0 ) δp + Πr
(p0 ) < δp > < s >
δm
∂p
= d − F(m0 )

Figure 1: Projections for MBTT formulation. Left
- full model, right - macrovelocity component.
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Abstract
In many inverse problems, box-constraints are
used to include some a priori information about the
model. We present the numerical solution of a boxconstrained inverse problem governed by an acoustic
wave equation with unknown coefficients. The identification process is guided by a waveform misfit functional, that is the difference among synthetic and observed measurements at some receivers. Ill-posedness
of the problem is tackled through Tikhonov regularization. Finite differences in time and spectral finite
elements in space are used for the space-time discretization of both the forward and backward waves
associated with the minimization. To also handle
inequality constraints, we propose to use an Interiorpoint Optimization algorithm. Numerical tests illustrate the performance of the suggested optimization
method.

misfit functional as follows :
Z Z
Z
2
1 T
α
obs 2
J(u, q) =
(u−u ) dΩ dt+
∇q dΩ,
2 0 Ωo
2 Ω
(2)
with α > 0 a fixed penalization parameter. The first
term in (2) is the data-fitting error between the simulated wave u and the observed data uobs . The second
term corresponds to Tikhonov regularization; it acts
on the control variable q(x) = c(x)2 to penalize variations that are invisible to the data.
The inverse problem is: find (u, q) ∈ V × Qad s.t.
(
min J(u, q)
q∈Qad
(3)
where (u, q) solution of (1).

Inverse problem
Parameter identification from data measurement
is of interest in many engineering applications. The
problem is here formulated as a PDE-constrained optimization problem, where the control variable represents the parameter profile we want to identify
through minimization.
Let Ω be a bounded domain in Rd , with boundary
∂Ω, and let be T > 0 a fixed time. The propagation
of an acoustic wave on Ω × [0, T ] is described by :

Discretize then optimize
To solve (3), we follow the discretize-then-optimize
approach: first, we discretize the state equation (1)
and the misfit functional (2); then, we apply an optimization method to solve the corresponding discrete
minimization problem.


 ∂tt u(x, t) − ∇ · (c(x)2 ∇u(x, t)) = f (x, t) Ω × (0, T ),
u(x, t) = 0, ∂t u(x, t) = 0 ∀x ∈ Ω, t = 0,

∂ν u(x, t) = 0 ∀x ∈ ∂Ω, ∀t ∈ (0, T ).
(1)
where x ∈ Ω, t are the spatial and time coordinate, respectively, u(x, t) is the pressure wave field,
c = c(x) is the velocity profile, f is the source signal
and ∂ν (·) the co-normal derivative. For each velocity
profile c(x), there exists a unique wave field u ∈ V ,
solution of (1), with V a suitable functional space.
Let Ωo ⊂ Ω be an observation domain (usually defined as a set of receivers), and uobs observed measurements on Ωo × [0, T ]. We define the waveform

The control space Qad is a bounded convex set defined as Qad = {q(x) ∈ L2 (Ω) : ql ≤ qj ≤ q u }, for
fixed lower and upper bounds ql , q u ∈ L2 (Ω).

Space-time discretization
We discretize the forward wave equation (1) by
Spectral Element Methods (SEM) in space and the
Leap-Frog method in time, [1], [2]. Let Qad
δ ⊂ Q,
Vδ ⊂ V be the discretization of Qad and V , respectively. Given q ∈ Qad
δ , u ∈ Vδ is the discrete solution
of (1) if it satisfies:

n+1
n +un−1
+ Aun = f n n = 1, . . . , Nt ,
 M u −2u
∆t2


u0 = 0,

2
Mu1
∆t2

= f 0,

(4)
∆t being a suitable time-step (that satisfies the
stability condition, [3]), Nt the number of temporal
steps, and A, M the stiffness and mass matrices
associated with (1), respectively. The corresponding
discrete inverse problem reads: find (u, q) ∈ Vδ ×Qad
δ
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s.t.
(

min J(u, q)
Qad
δ

(5)
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of the inverse problem and the high variations of the
target profile, the algorithm is able to find a good
approximation of the target profile.

(u, q) satisfies (4) .

Optimization process
Since for each fixed control q, there is a corresponding unique u, solution of (4), problem (5) is
equivalent to minimizing the reduced discrete functional:
ˆ
J(q)
= J(u, q))
(6)
over Qad
δ . This is a discrete optimization problem
with constraints only on the control variable. To minimize (6), we use an Interior Point Optimizer (Ipopt)
algorithm, able to deal with nonlinear programming
problems of general nature, [3]. A logarithmic term is
ˆ
added to the reduced misfit functional J(q)
to handle
the inequality constraints; hence for a given parameter µ > 0, we define the auxiliary barrier functional:

ˆ
Jˆµ (q) = J(q)
− µ ln(q − ql ) + ln(q u − q) .
(7)

For a decreasing sequence of barrier parameters µ
converging to zero, we now solve the unconstrained
iterative minimization for Jˆµ (q). Starting from an
initial profile q0 , we perform at the k-th iteration
a Gauss-Newton step to find a descent direction
dk ; then, the next approximation qk+1 is computed
through a line-search approach, qk+1 = qk + αk dk ,
where the step-size is determined using a backtrackk , l = 0, · · · ,
ing line-search algorithm αk = 2−l αmax
k
with αmax = max{α ∈ (0, 1) : qk + αdk ≥ (1 − τ )qk },
τ = max{τmin , 1 − µ}, τmin ∈ (0, 1), see [3].
Numerical experiment
We conclude by a numerical test case to illustrate
the performance of the proposed algorithm. Let us
consider Ω = (0, 1), T = 1, Ωo given by two receivers located at the extrema of the boundary domain. We excite the medium with a high-frequency
Ricker Wavelet source function. For the space discretization, we use K = 25 spectral elements and a
conforming polynomial order N = 2 on each subdomain. To construct the observations, we solve the
forward problem on a finer mesh using the fixed target profile qt . In Figure 1, we show the lower and
upper profiles ql , qu , the initial profile q0 , the target profile qt and the reconstructed profile q after 20
iterations. In Figure 2, the L2 norm of ∇Jˆ vs the
iteration count is plotted. Despite the nonconvexity

Figure 1:

Figure 2:

Velocity profile

ˆ vs iterations
k∇Jk
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Abstract
We investigate numerical methods to retrieve a
piece-wise constant approximation of an acoustic refraction index from far-field measurements.
We here propose to enhance this reconstruction by
coupling it, in two different strategies, with a previously developed defects localization method. Both
strategies can be combined and are aimed to reducing
the number of computed parameters.
Moreover, our defects localization provides a new
(constructive) characterization of an unknown refraction index. We thus investigate the minimization
of defects as a new approach to solve the inverse
medium problem. Our results are illustrated by numerical experiments.
Introduction
In inverse acoustic scattering, one tries to recover
information about a scatterer from measurements.
The penetrable scatterers we are interested in are also
called inhomogeneous media and are characterized by
a refraction index n ∈ L∞ (Rd ), where d = 2 or 3 [1].
We place ourselves in the case of (n − 1) having a
compact support.
8

1

U
Incoming
directions

Ui

D

Measurement
directions

Figure 1: : General setting and notations.
1.1 The direct problem
The acoustic total field un ∈ L2loc (Rd ) is assumed
to satisfy the Helmholtz equation
∆un + k 2 n(x)un = 0,

x ∈ Rd .

For practical reasons, we consider plane-wave
sources. Hence, the corresponding total field is parameterized by the incidence direction taken in S d−1
∞
d−1 × S d−1 ) is
(see Figure 1). Finally, u∞
n ∈ C (S
the associated far-field pattern [1] and F : n 7→ u∞
n
denotes the index-to-far-field mapping.

1.2 The inverse medium problem
With D = ∪Zi , i = 1 . . . N , we look
Pfor a piecewise constant approximation n(x) =
ηi 1Zi (x) of
?
the actual refraction index, denoted by n ∈ L∞ (Rd ),
from the corresponding far-field measurements u∞
n? .
?
A popular method to approximate n , for its ease
of implementation and efficiency, is using the iterative Gauss-Newton (G.-N.) method to minimize the
following regularized cost function [2]
2
2
J(n) := kF(n) − u∞
n? kL2 (S d−1 ×S d−1 ) +λ kn − n0 kL2 (D) .

2

Enhancement of piece-wise constant reconstructions through selective focusing
The G.-N. method involves heavy computations in
which all parameters ηi are updated at each iteration. However, the initial guess could be exact in
some zones Zi and thus, the corresponding constants
should not be updated. Also, during the reconstruction, some constants can reach a satisfactory precision while the other ones still require improvement.
2.1 Defects localization
To address these aspects of the reconstruction, the
useful information would thus be a fast localization
of the exact (enough) constants. To this end, we have
extended the so-called Factorization method (see [3]
and references therein) to localize the differences between n? and a fixed (known) reference index. We
call these differences defects and their localization is
achieved via a localization function: for each x ∈ Rd ,
we have the equivalence between n(x) 6= n? (x) and


2 −1
X hun (·, x), ψj iL2 (S d−1 ) 
S{n, n? } (x) := 
 > 0,
σj
j

where (σj , ψj ) is an eigen-system of the self-adjoint
operator W# := |W + W ? | + |W − W ? | , where
W := (id + αFn )? (Fn? − Fn ),

Fn is the classical far-field operator defined by
Fn g(x̂) := hg, u∞
n (·, x̂)iL2 (S d−1 ) ,
and α is a constant. So, S{n, n? } is built only from
the measurements u∞
n? and the reference index n.
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2.2 Selective reconstruction
First, we consider the case where n? is a locally
perturbed version of a known initial state, denoted
by n0 . These perturbations can now be localized
through the function S{n0 , n? } . So, only the corresponding constants need to be reconstructed, using
n0 as an initial guess. This naturally provides a substantial reduction in computational costs.
2.3 Adaptive refinement
Secondly, we propose an iterative refinement strategy for the reconstruction: starting with p = 0,
1. Compute the average value of S{np , n? } over each
zone Zi .
2. Split the zone corresponding to the highest average value into four and duplicate the corresponding parameter accordingly.
3. Run the G.-N. method on this new set of parameters to compute the approximation np+1 .
4. p ← p + 1 and go to 1.
This leads to an approximation of n? with a constrained number of parameters, positioned to fit as
much as possible the geometry of this index.
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adaptive refinement process are applied to this selection, starting with a single parameter and ending
with only 16. The result is shown on Figure 2c and
can be compared to the actual index n? on Figure 2d.
The final relative error is kn5 − n? k / kn? k = 0.07.
3

A new approach to the inverse medium
problem
Lastly, the construction of S{n, n? } provides a new
constructive uniqueness proof for the inverse medium
problem that is valid in R3 , but also in R2 , and for
∞
any k. Indeed, if u∞
n = un? , then S{n, n? } = 0 and
?
thus, n = n . Therefore, we propose a new way to
look for n? by minimizing
JS (n) := S{n, n? }

2
L2 (D)

+ λ kn − n0 k2L2 (D) .

This approach shows encouraging numerical results
when compared to the classical cost function J. Also,
since the localization function is defined locally, its
minimization on any sub-part of D should allow the
reconstruction of the unknown index n? on this subpart. Thus, in theory, this new method handles domain decomposition straightforwardly, although we
have no numerical evidence at this point.
Conclusion and perspectives
The inverse medium problem’s numerical resolution has been enhanced in two specific cases by coupling it with a defects localization method. Moreover, this defects localization provides a new reconstruction approach that shows promising results.
Further investigations are performed to extend the
localization function and to establish its regularity.
That information is needed to develop, in particular,
domain decomposition and L1 -norm minimization for
our new approach to the inverse medium problem.
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2.4 Combination of both strategies
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Abstract∗
The representation of a function by its circular
Radon transform (CRT) and various related problems arise in many areas of mathematics, physics
and imaging science. There has been a substantial spike of interest towards these problems in the
last decade mainly due to the connection between
the CRT and mathematical models of several emerging medical imaging modalities. This article contains
some new results about the existence and uniqueness of the representation of a function by its circular
Radon transform with partial data. A new inversion
formula is presented in the case of the circular acquisition geometry when the Radon transform is known
for only a part of all possible radii. The results are
not only interesting as original mathematical discoveries, but can also be useful for applications, e.g. in
medical imaging.
Introduction
The circular Radon transform g puts into correspondence to a given function f its integrals along
circles
Z
g(x0 , y0 , r) =
f (x, y) ds,
(1)
C(x0 ,y0 ,r)

where C(x0 , y0 , r) denotes the circle of radius r centered at the point (x0 , y0 ).
In circular acquisition geometry there are various
inversion formulae when g is known for circles of all
possible radii [3], [4], [6], [7], [8], [9]. However, to
the best of our knowledge no exact formula is known
for the case when g is available for only half of all
possible radii.
1

1

Uniqueness of reconstruction
In this subsection we consider a smooth function
f (r, θ) supported inside the disc of radius R. We
will show that the function can be uniquely recovered
from Radon data with only part of all possible radii.
1∗

This article is mainly based on the paper [1]

Theorem 1 Let f (r, θ) be an unknown continuous
function supported inside the annulus A(ε, R) =
{(r, θ) : r ∈ (ε, R), θ ∈ [0, 2π]}, where 0 < ε < R.
If g(ρ, φ) is known for φ ∈ [0, 2π] and ρ ∈ [0, R − ε],
then f (r, θ) can be uniquely recovered in A(ε, R).
Using an approach similar to Cormack’s inversion of
the linear Radon transform [2], we can rewrite the Eq
(1) by considering the contribution dg to g(ρ, φ) from
two equal elements of arc ds of the circle C(ρ, φ).

dg =

∞
X

[fn (r) einθ + fn (r) ein(2φ−θ) ] ds

n=−∞

where 0 ≤ φ ≤ θ ≤ 2π and fn (r) is the Fourier
coefficients computed by
1
fn (r) =
2π

Z

2π

f (r, θ) e−inθ dθ

0

By passing to the basis of complex exponentials we
diagonalized the CRT, i.e. the n-th Fourier coefficient of g depends only on n-th Fourier coefficient
of f . This is not surprising, due to rotation invariance property of g in the circular geometry. We refer
the readers to [1], [5] for further details. As a result our problem breaks down to the following set of
one-dimensional integral equations
 2 2 2
r +R −ρ
Z R fn (r) r T
|n|
2rR
r
gn (ρ) = 2
(2)
 2 2 2 2 dr,
R−ρ
ρ +R −r
R 1−
2ρR
where Tk (x) is the k-th order Chebyshev polynomial of the first kind. This equation can be written a Volterra integral equation of the first kind with
weakly singular kernel
Z ρ
Fn (u) Kn (ρ, u)
√
gn (ρ) =
du,
(3)
ρ−u
0
where
Fn (u) = fn (R − u),

(4)
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h

4ρ (R − u) T|n|

i
2

(R−u)2 +R2 −ρ
2R(R−u)

Kn (ρ, u) = p
.
(u + ρ)(2R + ρ − u)(2R − ρ − u)
(5)
we finally obtain a Volterra equation of second kind
Z t
Fn (u) Ln (t, u) du,
(6)
Gn (t) = Fn (t) +
0

where
Gn (t) =

1
d
πKn (t, t) dt

Z

t

g (ρ)
√n
dρ,
t−ρ

(7)

Kn (ρ, u)
√
dρ
ρ−u t−ρ

(8)

0

and
Z

∂
1
Ln (t, u) =
πKn (t, t) ∂t

t

u

√

The Volterra equation of the second kind (6) has a
unique solution, which finishes the proof of the theorem.
2

Reconstruction formula
Using the Picard’s process of successive approximations (e.g. see [10], [11]) for the solution of
Volterra equations of second kind one can immediately obtain the following
Corollary 2 An exact solution of equation (6) is
given by the formula
Z t
Fn (t) = Gn (t) +
Hn (t, u) Gn (u) du,
(9)
0

where the resolvent kernel Hn (t, u) is given by the
series of iterated kernels
Hn (t, u) =

∞
X

(−1)i Ln,i (t, u),
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Radon transform, 8th International Symposium
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t

u

[4] Finch D and Rakesh 2007 The spherical mean
value operator with centers on a sphere Inverse
Problems 23 s37–49.

(11)

and
Ln,i (t, u) =

[3] Finch D, Haltmeier M and Rakesh 2007 Inversion of spherical means and the wave equation
in even dimension SIAM J. Appl. Math 68 3
392–412.

(10)

defined by

Z

[2] Cormack A 1963 Representation of a function by
its line integrals, with some radiological applications J. Appl. Phys. 34 9, 2722–7.
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67 4 1266–73.

i=1

Ln,1 (t, u) = Ln (t, u),
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Ln,1 (t, x) Ln,i−1 (x, u) dx, ∀ i ≥ 2.
(12)

This is a new exact formula for inversion of the circular Radon transform in circular acquisition geometry.
Its advantage compared to all the other known exact
inversion formulas is the fact that only part of the g
data is used.
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Abstract
This work examines the performance of topological
sensitivity as a tool for tackling the inverse scattering
of scalar waves in the high-frequency regime, when
the wave length of the incident field is small relative
to the remaining length scales in the problem. To
provide a focus in the study, it is assumed that the
obstacle is convex and impenetrable (of either Dirichlet or Neumann type), and that the full-waveform
measurements of the scattered field are taken over
a sphere whose radius is finite, yet large relative to
the size of the sampling region. In this setting, the
formula for topological sensitivity is expressed a pair
of nested surface integrals – one taken the measurement sphere, and the other over the surface of a hidden obstacle. By way of multipole expansion, the
inner integral (over the measurement surface) is reduced to a set of antilinear forms in terms of the
Green’s function and its gradient. The remaining expression is distilled by evaluating the scattered field
on the surface of the obstacle via Kirchhoff (physical
optics) approximation, and deploying the method of
stationary phase to evaluate the remaining integral.
In this way the topological sensitivity is expressed as
a sum of the closed-form expressions, signifying the
contribution of critical points on the “illuminated”
part of the surface of a hidden obstacle. Thus obtained result explicitly demonstrates the localizing
nature of the topological sensitivity and, via numerical simulations, helps better understand some of the
reconstruction patterns observed in earlier works.
Introduction
Since its inception within the context of shape optimization [1], the notion of topological sensitivity
has been generalized and applied to deal with inverse scattering problems in acoustics [2,3], electromagnetism [4], and elastodynamics [5]. In the reconstruction approach the topological sensitivity, which
quantifies the perturbation of a given cost functional
due to the nucleation of an infinitesimal defect in the
(reference) background medium, is used as an effective obstacle indicator through an assembly of sampling points where it attains extreme negative values.

Typically, formulas for the topological sensitivity are
amenable to an explicit representation in terms of the
wavefields computed exclusively for the reference domain, which is the source of computational efficiency
of this class of inverse scattering solutions. However, with the exception of the treatment of point-like
scatterers [6], the justification for the performance
of this class of inverse scattering solutions has been
notably lacking. To help bridge the gap, this work
aims to expose the essence of the topological sensitivity (TS) indicator in the high-frequency regime,
when the scatterer extends many wavelengths of the
incident wavefield.

1

Methods

Consider the scattering of time-harmonic scalar
waves by a convex impenetrable obstacle D ⊂ B1 ⊂
R3 with smooth boundary S = ∂D and outward normal n, where B1 is an open ball of radius R1 centered
at the origin. On denoting by ũ the scattered field
generated by the action of an incident field ui on D,
it is assumed that the total field
u(ξ) := ui (ξ) + ũ(ξ),

ξ ∈ R3 \D̄

is monitored over a closed measurement surface
Γobs = ∂B2 , where B2 is an open ball of radius R2 =
α−1 R1 (α  1) centered at the origin, see Fig. 1. The
reference background medium is assumed to be homogeneous with wave speed c and mass density ρ.
Writing the germane time dependence as eiωt where
ω denotes the frequency of excitation, the incident
field is for simplicity assumed in the form of a plane
wave, ui = e−ikξ·d , where k = ω/c.
On substituting the integral representation of the
scattered field over Γobs into the adjoint-field formula [3] for TS and reversing the order of integration over S and Γobs , the expression for TS in the
case of a sound-soft (Dirichlet) obstacle, taken here
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over S which states that

D
R1

R2

B1
B2

Figure 1:

Obstacle D ∈ R3 illuminated by plane
waves.

as an example, can be written as


i

Z

T(x , β, γ) = 2 Re (1 − β) ∇u (x )·A· ui,n (ζ)
S
Z
o
G(ξ, ζ, k) ∇G(ξ, x , k) dΓξ dSζ
Γobs
Z
2
2 i o
− (1−βγ ) k u (x )
ui,n (ζ)
Sf

Z
o
G(ξ, ζ, k) G(ξ, x , k) dΓξ dSζ , (1)
o

o

Γobs

where G is the fundamental solution of the Helmholtz
equation in R3 , while β = ρ/ρ? and γ = c/c? denote the material characteristics of a vanishing trial
obstacle at xo . When the latter is ball-shaped,
A = 2/(3 + β)I, where I is the second-order identity tensor.
Representation (1) can further be reduced to a single surface integral with an explicit kernel by way of
the Helmholtz-Kirchhoff identity
Z


1
Im G(xo , ζ, k) ,
k
o
x , ζ ∈ B1 , α  1, (2)

G(ξ, ζ, k) G(ξ, xo , k) dΓξ ' −

Γobs

2 ui,n on S f
,
0
on S b
(3)
f
when the obstacle is sound-soft. Here S = {x ∈ S :
n(x)·d < 0} is the “front” (i.e. illuminated) part of
S, and S b = {x ∈ S : n(x)·d > 0} denotes its “back”
side.
The remaining surface integral is next evaluated
explicitly via the method of stationary phase [7] as
a sum of contributions of the kernel in the neighborhood of critical points on S f , namely those where
i) the tangential gradient of the exponential part of
the kernel vanishes, and ii) the kernel fails to be differentiable. In this way the TS indicator function is
written in terms of the basic transcendental functions
combined with their specialized counterparts such as
the Airy, Fresnel, and Pearcey integrals.
u=0

d

its extension in terms of G ∇G, and the Kirchhoff
(high-frequency) approximation of the scattered field



on S = ∂D,

u,n =
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Abstract
We are concerned with focusing effects for timedependent waves using an array of point-like transducers. We consider a two-dimensional problem
which models acoustic wave propagation in a medium
which contains several unknown point-like scatterers. Spatial focusing properties have been studied in
the frequency domain in the context of the DORT
method (“Decomposition of the Time Reversal Operator”). This method consists in doing a Singular
Value Decomposition of the scattering operator, that
is, the operator which maps the input signals sent
to the transducers to the measure of the scattered
wave. We show how to construct a wave that focuses
in space and time near one of these scatterers, in
the form of a superposition of time-harmonic waves
related to the singular vectors of the scattering operator. Numerical results will be shown.
Introduction
We consider a reference medium, possibly inhomogeneous, filling the whole plane R2 . We denote by
G the time-dependent Green function of the acoustic
wave equation, that is the causal solution to

the time convolution. The question is to find signals qinp (t) for which most part of the energy of the
wave will be concentrated near one obstacle at a given
time. In the present paper, we show how to deduce
such signals from the only knowledge of the scattering operator S : qinp 7→ qmes where qmes represents the
measures at points x1 , . . . , xN of the scattered wave
associated with the incident wave (1), that is, the
perturbation of this incident wave due to the presence of the unknown scatterers. The idea is to take
advantage of the so-called DORT method (see, e.g.,
[2], [3]) whose spatial focusing properties in the frequency domain are well known.
1

Space focusing in the frequency domain
b denote the time-harmonic Green function of
Let G
the reference medium which is related to the timedependent Green function G by the Fourier transform:
Z +∞

1
−iωt
b
G(x, y; t) = Re
G(x, y; ω) e
dω .
π
0

At a fixed frequency ω, the array of transducers emits
a time-harmonic incident wave defined by

1 ∂ 2 G(x, y; t)
− ∆x G(x, y; t) = δ(x − y) ⊗ δ(t)
c2 (x)
∂t2
where c is the wave speed function of the medium
1
(e.g., G(x, y; t) = −H(t−|x − y|)/(2π(t2 −|x − y|2 )) 2
for c ≡ 1, where H is the Heaviside function). We
assume that the reference medium is perturbed by
the presence of a family of P point-like scatterers
whose positions s1 , . . . , sP are unknown. Using an
array of N point-like transducers located at xn for
n = 1, . . . , N (with N ≥ P ), our aim is to generate
a wave that focuses in space and time on one of the
scatterers. Such a wave is defined by
w(x, t) =

N 
X

n=1

t



G(x, xn ; ·) ? qn (t)

(1)

where qinp (t) := (q1 (t), . . . , qN (t))> represents the int

put signals applied to the transducers and ? denotes

ŵ(x) =

N
X

n=1

b xn ; ω),
q̂n G(x,

for a given qbinp := (q̂1 , . . . , q̂N )> ∈ CN (complex
amplitudes of the input signals at the N transducers). Then, the array measures the scattered wave
q̂mes . This yields the time-harmonic scattering operator b
Sω : q̂inp 7→ q̂mes which can be written here as a
product of three matrices:
b
Sω

=

b>
G
ω
|{z}

bω
Σ
|{z}

bω
G
|{z}

,

back propagation reflection direct propagation

b ω is a P × N matrix defined by (G
b ω )pn :=
where G
b n , sp ; ω) and Σ
b ω is a P × P symmetric matrix
G(x
>
b
b
(Σω = Σω ) which represents the reflections on the
scatterers. The latter matrix depends on the choice
of an asymptotic model for the scatterers. In the
simplest case (no interaction between the scatterers),
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this is a diagonal matrix composed of the reflection
coefficients of the scatterers. The more elaborate
Foldy–Lax model [1] takes into account isotropic interactions.
The DORT method consists in a Singular Value
Decomposition (SVD) of b
Sω :
>

bω Q
b
bω D
b ,
Sω = P
ω

(2)

bω, P
bω , Q
b ω are respectively the diagonal mawhere D
trix of singular values, the matrices of the left and
right singular vectors. It is now well understood
([2], [3]) that in a homogeneous medium, for distant
enough scatterers, the number of nonzero singular
values of b
Sω coincide with the number of scatterers.
Moreover if such a singular value λp (ω) is simple, the
associated right singular vector qbp (ω) (pth column of
b ω ) generates a wave which focuses selectively on one
Q
scatterer, say sp .
2

Space-time focusing
Suppose that in a given frequency band [ω1 , ω2 ]
(imposed by the physical properties of our array), we
know a right singular vector qbp (ω) ∈ CN associated
with the pth obstacle. How can one choose a function
A(ω) defined on the frequency band such that the
superposition of the time-harmonic input signals:
Z ω2
qp (t) = Re
A(ω) qbp (ω) e−iωt dω
(3)
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The first one is heuristic. As the time reversal operation J : f (t) 7→ f (−t) becomes a complex conjugation in the frequency domain, we see with (4) that at
each frequency, the measure of the scattered field is
(up to a positive real factor λp (ω)) the time reversed
emitted signal. This temporal symmetry synchronizes the spectral components of the emitted wave at
the focusing time t = 0. The mathematical counterpart of this property lies in the fact that the input signal qp is closed (for the L2 norm) to an eigenfunction
of the operator J S related to a positive eigenvalue.
The second one is related to the well-known timereversal experiment: a time-reversed wave backpropagates towards the source. In this sense, the
time-reversed Green function G emmited at sp is
some kind of optimal space-time focusing wave. We
have checked that for high ω, the phases given by (4)
become close to those of the frequency components
of the measures of the time-reversed Green function.
The last arguments are numerical experiments
which confirm these focusing properties. In particular, we have measured the focusing quality of (3) by
means of an energy criterion. We compute the ratio
of the local acoustic energy contained in a box which
surrounds the obstacle sp by the total energy sent by
the transducers during the emission.

ω1

generates an incident wave which focuses not only in
space near sp , but also in time?
We look for a function A as a product A(ω) =
χ(ω)eiφ(ω) with χ a given real cutoff function and φ
an unknown phase. This is a problem of frequency
phase synchronization. The phase choice that we
propose is based on a particular SVD of the scattering operator related to its symmetry. b
Sω is a symmetric operator, therefore up to a change of sign,
there exists a unique φ ∈ [−π, π[ such that
b
Sω eiφ(ω) qbp (ω) = λp (ω) eiφ(ω) qbp (ω),

(4)

eiφ(ω) qbp (ω) is then a right singular vector of a sym>
metric SVD of b
Sω : Uω Dω Uω . Does this signal yield
an optimal focusing? We did not succeed in finding
a mathematical functional representing the focusing
quality which would be maximal for this particular
choice. But several arguments are pointing in that
direction.

Figure 1: Comparison with a referencee signal built
with the obstacle position in the case of two scatterers
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Abstract
We consider the shape identification problem of
diffraction gratings from measured spectral data involving of scattered electromagnetic waves. The
model problem that we study here is motivated by
the important applications of such structures in optics. Recently, the Factorization method, introduced
in [3], has been extended to periodic inverse scattering problems as a tool for imaging. In [1], [2] the authors studied the Factorization method for the imaging problem of impenetrable periodic structures with
Dirichlet and impedance boundary conditions. The
paper [4] considered imaging of penetrable periodic
interfaces between two dielectrics in two dimensions.
In the present work, the Factorization method has
been studied for identifying shape of diffraction gratings constituted by penetrable periodic dielectrics
mounted on a metallic plate. Further, we consider
the problem of TM modes instead of TE modes studied in the previous works. We provide a rigorous
analysis for the method as well as numerical experiments to examine its performance.
2

Problem Formulation
An important class of diffraction gratings are invariant in one direction and periodic in the orthogonal direction. For these structures, the direct and
inverse electromagnetic scattering problems decouple
into two scalar problems, if the wave vector of the incident field is orthogonal to the invariant axis of the
grating. Here, we consider one of the two scalar reduced problems corresponding to the TM mode,
div(a∇u) + k2 u = 0

in R2+ = {(x1 , x2 )T , x2 > 0},

a∂u/∂ν = 0 on Γ0 ,
)T

where Γ0 := {(x1 , x2 : x1 ∈ (−π, π), x2 = 0}. The
periodic refractive index is a ∈ L∞ (R2+ ), ℜ(a) ≥ c >
0. Further, a(x1 + 2π, x2 ) = a(x1 , x2 ) for (x1 , x2 )T ∈
R2+ and a = 1 outside the grating. The wave number
is denoted by k > 0. For α ∈ (−k, k) fixed throughout this paper, n ∈ Z, we denote αn = α + n, and
(p
k2 − α2 , k2 ≥ α2n ,
βn := p 2 n2
i αn − k , k2 < α2n ,

Further assume that k2 6= α2n for all n ∈ Z which
means βn 6= 0. We use plane waves as incident fields,
uin = ei(αn x1 −βj x2 ) + ei(αn x1 +βn x2 ) ,

n ∈ Z.

Those are α-quasiperiodic, i.e.,
uin (x1 + 2π, x2 ) = e2πiα uin (x1 , x2 ),
and satisfy the Neumann boundary condition
∂uin /∂ν = 0 on Γ0 . Further, we require that the scattered fields usn := u − uin are also α-quasiperiodic and
satisfy the Rayleigh expansion radiation condition
X
usn (x) =
cn,j eiαj x1 +iβj (x2 −h) for x2 > h.
j∈Z

The numbers {cn,j }j∈Z form the Rayleigh sequence
of usn . The differential equation for usn is hence
div(a∇usn )+k2 usn = −div(q∇uin ), subject to a∂2 usn =
−a∂2 uin = 0 on Γ0 . For a variational formulation,
we define the bounded domain Ωh := (−π, π) ×
(0, h), Γh := (−π, π) × {h}. The quasiperiodic
Sobolev space Hα1 (Ωh ) := {u ∈ H 1 (Ωh ) : u =
1 (R2 )}.
U |Ωh for some α-quasip. U ∈ Hloc
Denote
by q := a − 1 the contrast, the variational problem for the scattered field is to find usn ∈ Hα1 (Ωh )
solving
source problem for the source
p the following
2
i
f = |q|∇un ∈ L (Ωh )2 : Find v ∈ Hα1 (Ωh ) such
that
Z
Z
2
(a∇v · ∇φ − k vφ)dx −
φT (v)ds
Ωh
Γh
Z
(1)
p
q/ |q|f · ∇φdx for all φ ∈ Hα1 (Ωh ).
=−
Ωh

Here, for φ̂j =

R 2π
0

φ(t)e−iαj t dt,

T : φ 7→ i

X

βj φ̂j eiαj x1

j∈Z

is the Dirichlet-to-Neumann operator on Γh . Existence theory for this problem can be derived by
Fredholm’s alternative. In the sequel, we will assume that (1) is uniquely solvable for any f ∈
L2 (Ωh )2 . Then we can define a solution operator

D INH L IEM N GUYEN

G : L2 (Ωh )2 → ℓ2 which maps f to the Rayleigh
sequence (vj )j∈Z of v ∈ Hα1 (Ωh ), solution to (1).
Due to the linearity of the scattering problem, the
scattered field resulting from a linear combination
of several incident fields is the corresponding linear
combination of the scattered fields. We obtain such
linear combination using sequences (an )n∈Z ∈ ℓ2 and
define the corresponding operator by
p X
an ∇uin |Ωh ,
H(an ) = |q|
n∈Z

In our inverse problem the data operator, due to the
near field measurement methodology, is usually referred to as the near field operator, denoted by N .
We define N : ℓ2 → ℓ2 to map a sequence (an ) to
the Rayleigh sequence of the scattered field caused
by the incident field H(an ) above. Then
N = GH.
Our imaging problem is now to reconstruct the support D of the contrast q = a − 1 when the near field
operator N is given. We solve this problem using the
Factorization method that factorizing the near field
operator is one of the important steps.
3

Main Results
Denote by H ∗ : L2 (Ωh )2 → ℓ2 the L2 -adjoint to H.
Theorem 1.
The near field N satisfies
∗
N = H T H, where T involves the solution operator to the variational formulation (1).
Under the assumption that ℜ(q) ≥ c > 0 and
ℑ(q) ≤ 0, the ranges of H ∗ : L2 (Ωh )2 7→ ℓ2 and
1/2
N♯ : ℓ2 7→ ℓ2 coincide. It is moreover a classical
result that the sequence
√ 2 2
p
(rn (z)) := e−i(αn z1 + k −αn z2 ) / k2 − α2n , n ∈ Z,

belongs to range of H ∗ if and only if z belongs to D.
Finally, the main result is the following.
Theorem 2. Assume that ℜ(q) ≥ c > 0 and
ℑ(q) ≤ 0, and that (λj , (ψj,n )) is the eigensystem
of N♯ . Then z is in D if and only if
X∞
|hrn (z), ψj,n i|2 /λj < ∞.
j=1

Figures 1 and 2 contain two numercial examples for
imaging of sine-profile grating and piecewise linear
grating for wave number k = 3.5. These numerical
examples use data generated by a volume integral
equation method [5].
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Introduction
The talk concerns isotropic interior transmission
eigenvalue (ITE) problem. This problem is not elliptic, but we show that, using the Dirichlet-toNeumann map, it can be reduced to an elliptic one.
This leads to the discreteness of the spectrum as well
as the existence of at most a finite number of eigenvalues inside any closed sector of complex plane that
does not contain real positive semi-axis. If the refraction index n(x) is real, we get a result on the
existence of infinitely many positive ITEs and lower
bounds of the Weyl type on its counting function.
All the results are obtained under the assumption
that the index of refraction n(x)−1 does not vanish
at the boundary of the obstacle or it vanishes identically, but its normal derivative does not vanish at
the boundary. We consider the classical transmission
problem as well as the case when the inhomogeneous
medium contains an obstacle. Some results on the
discreteness and localization of the spectrum are obtained for complex valued n(x).
Main results
Let us recall that λ ∈ C is called an interior transmission eigenvalue (ITE) if the homogeneous problem
−∆u − λu = 0,
−∆v − λn(x)v = 0,

x ∈ O,
x ∈ O,

u ∈ H 2 (O),

(1)

v ∈ H 2 (O),

(2)

u − v = 0, x ∈ ∂O,
∂u
∂v
x ∈ ∂O,
∂ν − ∂ν = 0,

(3)

has a non-trivial solution. Here O ⊂ Rd is a bounded
domain, H 2 (O), H s (∂O) are the Sobolev spaces,
n(x) 6= 0, x ∈ O, and ν is the outward unit normal
vector.
Problem (1)-(3) appears naturally when the scattering of plane waves is considered, and the inhomogeneity in Rd is located in O and is described by the
refraction index n. We also consider the case when
O contains a compact obstacle V ⊂ O, ∂V ∈ C ∞ . In

this case, equation (2) is replaced by
−∆v − λn(x)v = 0,
v(x) = 0, x ∈ ∂V,

x ∈ O\V,

v ∈ H 2 (O\V);

while equation (1) remains valid in O.
There are many results on the discreteness of ITEs,
their location, and estimates on positive ITEs under some specific assumptions on n(x). Similar results are obtained in the case of anisotropic media.
Recently we showed [1-3] that the proofs of many
results on the discreteness and localization of ITEs
in the anisotropic case can be simplified and the results can be extended using the parameter-ellipticity
of the anisotropic problem. We also suggested a new
approach to study the Weyl type estimates on positive ITEs. While the problem in the anisotropic case
is elliptic, it is not symmetric, and the existence of
positive ITEs and estimates on positive eigenvalues
are based on the study of the spectrum of the operator, which is the difference between the Dirichlet-toNeumann map for equations (1) and the Dirichletto-Neumann map for the anisotropic analogue of (2).
The talk will be devoted to the extension of our results to the isotropic problem (1)-(3). The isotropic
problem is more complicated since it is neither elliptic, nor symmetric. The properties of its spectrum
can not be obtained by soft arguments.
We prove that the set of the ITEs is discrete when
n is complex-valued and either
n(x) − 1 6= 0,

x ∈ ∂O,

(4)

or

∂
n(x) 6= 0, x ∈ ∂O.
(5)
∂ν
We show that there are at most finitely many ITEs
in any closed sector Λ ∈ C if it does not contain any
points of the following set N :
½
¾
1
N = {1} ∪
, x ∈ ∂O .
(6)
n(x)
n(x) − 1 ≡ 0,

In the case of Treal refraction index n(x), x ∈ ∂O, it
means that Λ R+ = ∅.
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We also prove the existence of infinitely many real
ITEs when n(x) > 0, x ∈ O, is a real function and
Ã

γ := σ V ol(O) −

Z

n

d/2

!

(x)dx

O\V

> 0,

dist(x, ∂O) ¿ 1, (7)

is the sign of n − 1 in a neighborhood of ∂Ω strictly
inside of Ω. The constant σ is well defined due to
the conditions imposed on n. Moreover, we obtain
the following Weyl type lower bound on the counting
function NT (λ) of the positive ITEs:
NT (λ) ≥

ωd
γλd/2 + O(λ(d−1)/2 ),
(2π)d

λ → ∞,

where ωd is the volume of the unit ball in Rd .
Let
F (λ), Fn (λ) : H 3/2 (∂O) → H 1/2 (∂O)

(8)

be the Dirichlet-to-Neumann map for equations (1)
and (2), respectively. If λ = λ0 is not a pole of either
F (λ) or Fn (λ) (i.e., λ0 is not an eigenvalue of the
Dirichlet problem for equation (1) or (2)), then λ0 is
an ITE if and only if operator F (λ0 ) − Fn (λ0 ) has a
nontrivial kernel. Operators (8) are elliptic pseudo
differential operators (p.d.o.) of the first order, but
their principal symbols are canceled when the difference is taken. Our approach is based essentially
on the fact that operator Fn (λ) − F (λ) is an elliptic
p.d.o. of order −1 or −2 with the principal symbol
(1 − n(x))

[2] E.Lakshtanov, B.Vainberg, Remarks on interior transmission eigenvalues, Weyl formula and
branching billiards, J. Phys. A: Math. Theor. 45,
(2012), 125202.
[3] E.Lakshtanov, B.Vainberg, Bounds on positive
interior transmission eigenvalues, Inverse Problems 28, (2012), 105005.

where
σ = sgn(n(x) − 1), x ∈ O,
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λ
, if (4) holds,
2|ξ|

1 ∂n(x) λ
, if (5) holds.
4 ∂ν |ξ|2
Here x ∈ ∂O, ξ ∈ Rd−1 .
We also hope to discuss some results on the completeness of eigenfunctions.
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Abstract
We consider the problem of detecting and imaging extended reflectors submerged in a homogeneous
two-dimensional waveguide, using acoustic waves
produced by an active array. We assume that the
available data is the array response matrix for the
scattered field. We use the Kirchhoff migration imaging functional and an alternative one, based on the
projection of the response matrix on the propagating
modes. Our main goal is to examine the behavior of
the imaging functionals when selective imaging techniques are used in order to focus in different parts of
a single extended scatterer. We present the outcome
of some numerical experiments and analyze theoretically the imaging method for a simplified model problem where the scatterer is a vertical one-dimensional
perfect reflector. In this case, we derive a relation between the number of significant singular values of the
array response matrix and the size of our scatterer.
Introduction
We consider an acoustic waveguide consisting of
a single homogeneous water layer confined above by
the sea surface and below by the seafloor, both assumed to be horizontal, see Figure 1. Our data for
z = za
transducer array

(0,0)

●
●
●
●
●
●
●

z

flector that we wish to image is an acoustically hard
scatterer occupying the domain O.
Moreover, we are interested in imaging specific
parts of extended reflectors. A way to achieve this is
by a selective imaging technique called the subspace
projection method [1]. This method is based on the
singular value decomposition (SVD) of the array response matrix which was originaly used in the DORT
method [3] to achieve selective focusing in the case
of multiple point (or small) scatterers.
1

Imaging
Here we will specifically consider the Kirchhoff migration (KM) functional, see e.g. [2], to create an
image, defined for some ~y s ∈ S and for a single frequency ω as
I

KM

s

(~y , ω) =

N
X

s

Ĝ0 (~
xr , ~y , ω)

r=1

N
X
s=1

xs , ~y s , ω),
× Ĝ0 (~

~ s , ω) ×
Π̂(~
xr , x
(1)

where the bars denote complex conjugation and
~ s , ω) is the Fourier transform of Π(~
~ s , t).
Π̂(~
xr , x
xr , x
In (1), Ĝ0 is a model for the Green’s function in the
propagation medium defined in our case as
∞

i X iβn |z−zs |
~ s , ω) =
e
Xn (xs )Xn (x).
Ĝ0 (~
x, x
2

(2)

n=1

O

S

x=D

x

Figure 1: Schematic representation of our
waveguide problem and of the array imaging setup.
solving the inverse problem is the array response ma~ r , t), correspond to the
trix whose elements, Π(~
xs , x
‘scattered’ acoustic pressure field recorded as a func~ r and due to a
tion of time t at receiver location x
~ s . The repulse emitted from a source located at x

Here k is the wavenumber, µn , Xn are the eigenvalues and corresponding orthonormal eigenfunctions
of the( operator −d2 /dx2 in H 2 (0, D) ∩ H01 (0, D),
p
2
pk − µn , 1 ≤ n ≤ M, are the horizontal
βn =
i µn − k 2 , n ≥ M + 1,
wavenumbers, and M is the number of propagating
modes. In the case where the array spans the whole
depth of the waveguide and the inter-element array
distance h is small enough, we introduce an M × M
matrix P̂(ω), with entries
Z DZ D
~ r , ω)Xm (xs )Xn (xr )dxs dxr .
P̂mn (ω) = βm βn
Π̂(~
xs , x
0

0
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Then we use for imaging the following functional:
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The corresponding multiple-frequency versions of the
imaging functionals are obtained by summing over
the bandwidth B and then taking the absolute value,
Z
I KM (~y s ) =
I KM (~y s , ω)dω ,
(5)
B
Z
s
KM
e
I (~y ) =
IeKM,f (~y s , ω)dω .
(6)
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1.1 Selective imaging
The main idea behind selective imaging lies in computing the SVD of the matrix P̂(ω) and use a filtered
version of it to create the image. If we write
Pρ the SVD
of P̂(ω) as a sum of the form: P̂(ω) = i=1 σi Ui Vi∗ ,
where ρ = rank(P̂(ω)), then a filtered
version of P̂(ω)
Pρ
may be written as D[P̂(ω)] = i=1 di σi Ui Vi∗ , where
di ∈ {0, 1} are the filter weights. Then we define
M
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Numerical results
In Figure 2, we plot the values of the filtered version of (1) (left column) and the values of (6) (right
column) for a square shaped scatterer with sidelength
b = 40 m located 450 m far from the array. Here the
central frequency is 75 Hz with corresponding wavelength λ0 = 20 m and the bandwidth is B = 10 Hz.
The depth of the waveguide is D = 200 m and the
sound speed is c0 = 1500 m/s. Here J indicates the
image produced by projecting on the J-th singular
vector. We observe that the two functionals behave
differently as a function of J. As J increases, IeKM
focuses at the front edges of the square.
3

Theoretical analysis
We analyze the proposed imaging method for a
simplified model of a vertical one-dimensional reflector of width b, and we show that the number of ‘sigb
nificant’ singular values of P̂(ω) is equal to [ λ/2
], that
is, the size of the reflector divided by the array resolution λ/2. This result has been recently proven in

Figure 2: Filtered version of I KM (left column)
versus IeKM (right column) for a square scatterer.

free space (cf. [1, §4.5.2]), but, to the best of our
knowledge, it is a new result for waveguides. For the
example shown in Figure 2 this number is equal to 4.
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Abstract
The time-reversed absorbing conditions (TRAC)
method introduced in [2] enables one to “recreate the
past” without knowing the source which has emitted
the signals that are back-propagated. It has been
applied to inverse problems for the reduction of the
computational domain size and for the determination
of the location and volume of an unknown inclusion
from boundary measurements. The method does not
rely on any a priori knowledge of the physical properties of the inclusion. Here we extend the TRAC
method to the situation of partial aperture with discrete receivers. In particular, the TRAC method is
applied to the discrimination between a single inclusion and two nearby inclusions. Our numerical results show that the TRAC method is rather insensitive to noise in the data.
Introduction
Since the seminal paper by Fink et al. [3], time
reversal has been a subject of active research. The
main idea is to take advantage of the reversibility of
wave propagation, as it occurs in acoustics, elasticity or electromagnetism in a non-dissipative unknown
medium to back-propagate signals to the sources that
emitted them.
In [2], we introduce the time-reversed absorbing conditions (TRAC) method which enables one
to “recreate the past” without knowing the source
which has emitted the signals that are backpropagated. It has been applied to inverse problems
for the reduction of the computational domain size
and for the determination of the location and volume of an unknown inclusion from boundary measurements.
In this paper, we extend the TRAC method to the
situation of partial aperture with discrete receivers.
In particular, the TRAC method is applied to the
discrimination between a single inclusion and two
nearby inclusions, see also [1].

Principle of the TRAC method
We consider an incident wave uI impinging on an
inclusion D characterized by different physical properties from the homogeneous surrounding medium.
The total field uT can be decomposed into the incident and scattered fields, so uT = uI + uS . For
simplicity, we consider the problem in two space dimensions and assume that the total field satisfies the
linear wave equation:
1

∂ 2 uT
− c2 ∆uT = 0
∂t2

in R2

(1)

together with homogeneous initial conditions. The
scattered field uS has a finite energy at any time.
Let ΓR be a curve that defines a bounded domain
Ω and encloses the inclusion D (see Figure 1). After a time Tf , the total field uT is negligible in Ω.
The scattered field uS is recorded on ΓR on the time
interval [0, Tf ]. Let uSR := uS (Tf − t, ~x) denote the
scattered time reversed field which also satisfies (1).

Ω

ΓR

Bρ
O D

Figure 1:

Geometry

Our aim is to reconstruct the time reversed field
from the measurements on ΓR . For this purpose,
we derive a boundary value problem whose solution is
uSR in Ω. Yet we know neither the physical properties
nor the exact location of the inclusion D, but only
the physical properties of the surrounding medium.
Therefore, we introduce a subdomain B which encloses the inclusion D. Then, we have to determine
uSR

F RANCK A SSOUS , M ARCUS G ROTE , M ARIE K RAY AND F REDERIC NATAF

a boundary condition for uSR on the boundary ∂B so
that the solution to this problem will coincide with
uSR restricted to Ω \ B.
Let us choose B as a ball of radius r. On ∂B, we
approximate the radiation condition satisfied by uS
with the first-order Bayliss-Turkel (BT 1 ) absorbing
boundary condition:
ABC(uS ) :=

∂uS
uS
∂uS
+c
+c
= 0 on ∂B (2)
∂t
∂r
2r

Next we “time reverse” this relation using uSR (t, ·) =
uS (Tf −t, ·). In doing so, we note that ∂/∂r = −∂/∂n
on ∂B where n is the outward normal to Ω\B. Hence
we obtain:
∂uSR
∂uS
uS
+ c R − c R = 0 . (3)
∂t
∂n
2r
Hence the time reversed problem for the scattered
field, analogous to (1), reads:
 2 S
∂ uR

2
S


 ∂t2 − c ∆uR = 0 in (0, Tf ) × Ω \ B

TRAC(uSR ) = 0 on ∂B
(4)

S (t, ~
S (T − t, ~

u
x
)
=
u
x
)
on
Γ

R
f
R


homogeneous initial conditions.
TRAC(uSR ) :=
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Figure 2 illustrates the result of the discrimination
between one single inclusion (right column) and
two a-half-wavelength separated inclusions (left
column). Here we compare the result of the TRAC
method with two connected subdomains B (bottom
line) to the classical case (top line), i.e. B = ∅.
The remaining signal on the bottom-left picture is
significatively smaller than that on the bottom-right;
thus, we enclose correctly all the inclusions on the
left, not on the right. However, the BT1 boundary
condition shows its limits, because it does not take
into account interactions between both inclusions.
Therefore, we work on the improvement of the
discrimination accuracy by including absorbing
boundary conditions for multiple scattering [4] to
the TRAC method.

Note the “anti-absorbing” term (−cuSR /2r) in the
TRAC condition.
2

Discrimination between one and two
nearby inclusions
Here we consider the partial aperture case with disS the solution of (4).
crete receivers and denote by vR
S
Hence, vR does not correspond to the time reversal
of the scattered field but only to its approximation
within the convergence cone defined by the aperture
of the source-receivers array.
To quantify the discrimination error, we introduce
a criterion from reverse time migration (RTM) techniques. The cross-correlation fonction we use reads:
Z t=Tf
S
f (~x) :=
vR
(Tf − t, ~x) × uI (t, ~x) dt .
(5)
t=0

It is used throughout Ω \ B to image the interface of
the inclusion which has been highlighted by the incident wave uI . From 5, we infer the cross-correlation
criterion JCC :
R t=Tf S
I
t=0 vR (Tf − t, .) × u (t, .) dt L∞ (Ω\B)
JCC (B) :=
.
R t=Tf
I
2
t=0 |u (t, .)| dt ∞
L (Ω)

(6)

Figure 2: Cross-correlation fonction f . Left: two
inclusions; right: single inclusion. Top: classical
case; bottom: TRAC with two disjoint subdomains
B, TRAC condition from BT 1 boundary condition.
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Abstract
In coherent x-ray imaging one has to reconstruct
the boundary values of a solution to the Helmholtz
equation in a half-space from measurements of the
squared absolute values g of the solution restricted to
a plane. Typically the Fresnel or Fraunhofer approximations to the Helmholtz equation are applicable.
Data consist of photon counts, and the distribution
of the collected photons is described by a Poisson process with intensity g. For inversion methods it is natural to use the negative log-likelihood as data misfit
functional. In expectation this yields the KullbackLeibler divergence up to an additive constant. Using a concentration inequality for Poisson processes
and regularization theory in Banach spaces we show
a convergence in expectation result for Newton-type
methods as the expected number of collected photons
tends to infinity.
1

X-ray diffraction imaging
In coherent x-ray diffraction imaging a sample is
illuminated by a coherent x-ray beam with the aim
is to retrieve information on the refractive index n of
the sample from measurements of the squared absolute values of the field. The Maxwell equations reduce in good approximation to the Helmholtz equation
∆u + κ2 n2 (x)u = 0 .
We assume a parallel incident beam moving in x3
direction, a bounded sample contained in the strip
{x ∈ R3 : x3 ∈ (−R, 0)} and measurements of
|u(x0 , Γ)|2 for all x0 ∈ R2 at a distance Γ > 0. We
factor out the rapidly oscillating part of the solution
by writing u(x) = ũ(x) exp(iκx3 ), write down a differential equation for ũ, divide by 2iκ, and neglect
all terms that vanish as κ → ∞. This yields the socalled projection approximation uP of ũ also used in
iκ
2
P
x-ray tomography: ∂u
∂x3 = 2 (n (x)−1)uP . As the refractive index of matter for x-ray frequencies is very
close to 1 and <n ≤ 1, it is common to write
n(x) = 1 − δ(x) + iβ(x),

0 ≤ δ, β  1

Then n2 − 1 ≈ −2δ + 2iβ, and we obtain the approximation
u(x0 , 0) ≈ uP (x0 , 0)
 Z
0
≈ uP (x ,−R) exp iκ

0

−R

(1)

0
0
(δ(x , x3 ) − iβ(x , x3 ))dx3 .

As n(x) = R1 for x3 ≥ 0, the Fourier transform
(Ff )(ξ) := exp(−2πix0 · ξ)f (x0 ) dx0 with respect
to the
two variables
yields (Fu(·, x3 ))(ξ) =
 first

p
2
2
exp ix3 κ − (2π|ξ|) (Fu0 )(ξ) for ξ ∈ R2 , x3 > 0

where u0 (x0 ) := u(x0 , 0). If |ξ|  κ for all ξ for which
|Fu0 (ξ)| is not neglectible, we can use the Taylor
p
2
approximation κ2 − (2π|ξ|)2 ≈ κ − (2π|ξ|)
to ob2κ
tain the Fresnel approximation (also called paraxial
or Schrödinger approximation) u ≈ uF defined by


2
2 x3
uF (x0 , x3 ) = eiκx3 F −1 e−i2π κ |ξ| · Fu0 (x0 ) . (2)

We introduce
the chirp functions χα (x0 ) :=

exp iαπ|x0 |2 with parameter α ∈ C and note that
Fχiα = α1 χi/α for <α ≥ 0, α 6= 0. An application of
the Fourier convolution theorem (first for =κ > 0 to
have an integrable convolution kernel) yields
Z
iκ iκΓ
0
0
0
0
0
κ (x − y )u0 (y ) dy .
uF (x , Γ) = −
e
χ 2πΓ
2πΓ

Expanding the square |x0 − y 0 |2 we obtain

 0  2

κ 2
κx
κ u0
|uF (x0, Γ)|2 = 2πΓ
F χ 2πΓ
=: (Hu0 )(x0 ) .
2πΓ

Let us introduce b := sup{|x0 | : x0 ∈ supp u0 } and
κb2
the dimensionless Fresnel number f := 2πΓ
. If f  1,
κ
we have χ 2πΓ u0 ≈ u0 , and up to scaling the data are
given by the squared modulus of the Fourier transform of u0 (Fraunhofer approximation).
The phase retrieval problem essentially consists
in inverting H and requires further infomation on
u0 (see [4] for uniquenss results). For example, we
may assume that
R 0 β = 0 (phase objects) and define f (x0 ) := κ −R δ(x0 , x3 ) dx3 as unknown. Then
u0 = eif uempty where uempty is the field at x3 = 0
without a sample, and the forward operator is
F (f ) := H(eif uempty ) .
Let f † be the exact solution and g † := F (f † ).

T HORSTEN H OHAGE AND F RANK W ERNER

Poisson data
The (ideal) observations consist of the positions
x01 , . . . , x0N of photons in the detector plane {x : x3 =
Γ} where both the x0j and N are random. For fundamental physical reasons they are distributed according to a Poisson point process with density tg † where
t > 0 can be interpreted as an exposure time.
R This
means in particular that E#{j : x0j ∈ Ω} = t Ω g † dx
for all measureable
Ω ⊂ R2 . More generally, writing
1 PN
Gt := t j=1 δx0j we have
Z
Z
Z
Z
†
1
E ψdGt = ψg dx Var ψdGt = t ψ 2 g † dx
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2

whenever the integrals on the right hand side exist.
The latter identity indicates that t−1/2 can be interpreted as a noise level, but there is no pointwise noise
level or norm bound. We introduce the data-misfit
functional
Z
Z
S (Gt , g) := g dx − ln (g + σ) (dGt + σdx)

with σ > 0 which is the negative log-likelihood functional for σ = 0. The (deterministic) ideal data mis-
fit functional T g † , g := ES (Gt , g) − ES Gt , g †
is given by the (shifted) Kullback-Leibler divergence,
T g † , g = KL(g † + σ, g + σ). An essential ingredient
of our analysis is a uniform concentration
inequality


†
†
for the error |S (Gt , g)−ES Gt , g −T g , g | based
on results in [3], which is only available for σ > 0.
3

inversion methods and convergence results
We first consider a Tikhonov-type regularization:


fbα ∈ argminf ∈B S (Gt , F (f )) + αkf k2L2
(3)

Unfortunately, (3) is a non-convex minimization
problem, and no globally convergent algorithms for
its solution are known. As an alternative, we consider a Newton-type method: Choose αk = α0 ρk for
some ρ ∈ (0, 1) and set
h
i

fbk+1∈ argmin S Gt , F 0 [fbk ](f− fbk )+F (fk ) +αk kf k2L2
f ∈B

In each Newton step the solution to this convex optimization problem is computed using an algorithm
proposed in [1].

Theorem 1 Assume there exists β ∈ (0, 1] and a
concave, increasing function ϕ : [0, ∞) → R with
ϕ(0) = 0 such that
 

βkf − f † k2 ≤ kf k2 − kf † k2 + ϕ T F (f † ), F (f )

Figure 1: left: simulated phase object f † ; middle:
data Gt with 106 expected photons in Fraunhofer
regime; right: Newton reconstruction fb8 , σ = 10−6

for all f ∈ B and that −1/α ∈ ∂(−ϕ)(t−1/2 ). Then

Ekfbα − f † k2 = O ϕ t−1/2 , t → ∞ .
(4)

For linear operator equations in Hilbert spaces variational formulations of source conditions as in this
theorem have been shown to be both necessary and
sufficient for certain rates of convergence.
Several extensions of this result are shown in [2],
[5]: The regularization parameter α can be chosen
adaptively without knowledge of the function ϕ by a
Lepskiı̆ rule. For more general nonquadratic convex
penalty terms we showed convergence rates with respect to Bregman distances. Finally, similar rates of
convergence can also be shown for the Newton-type
iteration if an additional assumption concerning the
approximation quality of the first order Taylor expansion of F is imposed.
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Abstract
In this paper we explore the capacity of Qualitative Inversion Methods to detect macroscopic cracks
or a lattice of small cracks in concrete-like materials. These materials are difficult to probe since the
heterogeneities size inside the medium and the wavelength of classically used sensors are of the same order
of magnitude. We shall demonstrate how this difficulty can be avoided in the case of macroscopic cracks
by using so-called differential measurements and application of the Linear Sampling Method. For a lattice of small cracks we rather propose to construct a
macroscopic indicator based on the eigenvalues of a
suitable transmission problem.

which has a length larger than the aggregates appears and grows until it reaches the surface. Those
two types of defects are of interest and we will expose our preliminary results on how to detect them.
Although waves in concrete are elastic, we start with
the simpler case of acoustic waves and postpone the
treatment of the elastic one. We therefore assume
that the pressure field, u is solution to the well-known
Helmholtz equations:

Introduction
We are interested in using elastic waves to perform
complete non destructive testing of concrete-like materials. The main difficulty in controlling concrete is
its heterogeneous nature. Concrete is made of cement
paste, water and aggregates. After a drying period,
this mixture results in a heterogeneous material. As
far as waves propagation is concerned, the main characteristics is the difference of celerity between aggregates and cement paste, especially as the wavelength
and the size of the aggregates are similar, thus, in
what follows, we will model concrete as a biphasic
material.This concrete-like material has the following
properties: the celerity of pressure wave is 5700ms−1
in aggregates and 4300ms−1 in cement paste. Defect

where Γ is the crack(s) inside the medium, ν is a unit
normal vector on Γ, n is the relative index with respect to the celerity in the air and ui is the incident
field created by a point source located at the interface
air-concrete. For our numerical simulations, in order
to simulate the heterogeneities in concrete we used
synthetic geometries generated by [4] (See Figure 1,
left) and eliminated the aggregates, which have an
λ2
2π
area smaller than 10
2 , where λ = k . This results in
the medium represented by Figure 1, right. According to the remarks above, the index of the aggregates
equals 2, 8.10−3 and of the cement equals 4, 8.10−3 .

Figure 1: Simulated concrete and numerical
set-up for direct and inverse problem
appears in concrete materials mainly in two forms.
First a lattice of small cracks which are located at
the interface between aggregates and cement paste.
When this lattice is too dense, a macroscopic crack


2

= 0, u = ui + us in
 ∆u + k nu
√ ∂us
lim r( ∂r − ikus ) = 0
r→∞


∂u
on
∂ν = 0

1

R2 \Γ
Γ

The inverse crack problem
We here investigate the inverse problem of finding
cracks in concrete using the framework of the linear sampling method [5]. First we concentrate on
the macrocracks and then on the small cracks lattice. We use multistatic measurements with sensor
(sources and receivers) located on the interface Σ between air and concrete, namely these measurements
are us (x, x0 ) x, x0 ∈ Σ. In the sequel we introduce
the subscript b which indicates the solution of the
direct problem without defect and the subscript h
which indicates the direct problem without defects
and aggregates. The function Φ(z, ·) denotes the fundamental outgoing solution with Dirac source at position z.
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Figure 2:

Identification of cracks using Φb (left)
and Φh (right)

1.1 Macroscopic Cracks
We introduce the near field operator for
differential-measurements (i.e.
measurements of
us and usb ),
Z
[Nb g](·) = [us (·, x0 ) − usb (·, x0 )]g(x0 )ds(x0 )
Σ

Following the framework of the Linear Sampling
Method for cracks developed in [2], one can find the
support of the scattering crack, by looking for every
z at the value of kgz k, where gz is the (regularized)
∂Φb
solution to [Nb gz ](·) = ∂ν(z)
(z, ·) (We refer to [2] for
the details on how one copes with the unknown normal ν(z)). Using this algorithm in our configuration
yields to a quite good reconstruction as demonstrated
by Figure 2 (left). However, although in practice usb
can be known in a differential measurement framework, Φb will always be unknown. Considering gz
∂Φh
the solution of [Nb gz ](·) = ∂ν(z)
(z, ·) shows (Figure 2,
right) that the quality of the reconstruction considerably deteriorates, although one can still distinguish
the existence of a defect different from aggregates
shape. This can be enough for qualitative inspection.
We shall explore in the near future how one can improve the reconstruction by optimizing the choice of
the background as in [3]. We shall also numerically
analyze the feasibility of control with non-differential
measurements. Finally, on the theoretical level, sensors at the interface are a realistic set up which is
not yet justified for the LSM and we shall seek for a
formal justification.
1.2 The case of lattice of microscopic cracks
When the cracks are small and numerous the LSM
algorithm would not be able to locate them even in
a differential setting. We shall rather use a macroscopic indicator based on the interior transmission
eigenvalues which are computable from the measurements using following near field operator:
Z
[Nh g](·) = [us (·, x0 ) − ush (·, x0 )]g(x0 )ds(x0 )
Σ
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With this operator, since it also contains the contribution of the aggregates in the scattering effect,
LSM will produce a support that covers almost all
the heterogeneous material. It is well known [5] that
the LSM fails for some frequencies which are, in our
case, the eigenvalues of the following transmission
problem:

∆v + k 2 v = 0 in D


 ∆u + nk 2 u = 0 in D\Γ
∂u
∂v
on ∂D

 u = v, ∂ν = ∂ν

∂u
=
0
on Γ
∂ν
where D will be the scatterer (including the aggregates convex support and the cracks). Motivated by
[1], we shall investigate the evolution of those frequencies with respect to the presence of cracks. In order to ensure that first transmission eigenvalues stay
in the frequency range of the sources, we may introduce an artificial contrast in the equation solved by
v, (characterized by an index na 6= n) localized in a
region of size comparable to the incident wavelength.
We finally recall that our interior transmission problem is still open in terms of existence and evolution
of the eigenvalues with respect to Γ.
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Abstract
In this paper we explore using the point source
method [1] to determine the location of a scattering
object from measurements of the total acoustic field
in a waveguide. The analysis of the method in the 2D
case is briefly discussed and sample numerical results
are presented.
Introduction
There has been a large development in the last fifteen years of new mathematical algorithms for acoustic inverse problems [1], [2], including applications to
problems of scattering in waveguides [3], [4]. Many
mathematical techniques for solving the inverse scattering problem require large quantities of initial measured data, in particular this is true for the linear
sampling methods of [3], [4]. In contrast to this,
the point source method of Potthast [1] only requires
measurements of the total field for a single incident
field.
In this paper we consider the application of the
point source method [1] to inverse scattering in a
waveguide. We produce numerical examples for the
simplest case, when a sound-soft (Dirichlet) boundary condition holds on the obstacle.

The direct scattering problem then entails calculating the total acoustic field Gk (·, z) as the sum of
the incident field and some scattered field usk (·, z) :=
Gk (·, z) − uik (·, z), given the geometry of the scattering object Γ, and a boundary condition on the
acoustic field on its boundary, ∂Γ. We shall assume
the Dirichlet condition that the total acoustic field
vanishes on ∂Γ.
The inverse scattering problem we consider is to
locate the scattering object Γ based on measurements
of the total field.

1

2

An Inverse Waveguide Problem
We consider a 2D sound-hard waveguide of fixed
height L > 0 (see Figure 1). We assume the incident
field, the field in the absence of a scattering object,
is time harmonic (e−iωt time dependence) and due to
a point source at z. Perhaps the simplest representation of this incident field is [6]
uik (x, z) :=

∞
i X
(1)
H (k|x − z (m) |)
4 m=−∞ 0

∞
i X
(1)
+
H (k|x − ẑ (m) |)
4 m=−∞ 0

with z (m) = (z1 , z2 + 2mL) and ẑ (m) = (z1 , −z2 +
2mL). This series converges if and only if the
wavenumber k = ω/c ∈ RL := R \ { nπ
L : n ∈ Z},
and we shall impose this condition on k for the rest
of this paper.

Figure 1:

Waveguide setup

The Point Source Method
Let m > z1 and assume we measure the total acoustic field along the finite vertical line γ =
{(m, x2 ) : 0 < x2 < L}. Following [1], [5] we initially
construct an approximation Gαk (·, z) to the total field
and then seek the location of the scattering object as
a minimum of |Gαk (·, z)|. To eliminate faux results,
i.e., minima created by the oscillatory behaviour of
the field, we note the merit of a time domain style
approach of considering several wavenumbers k and
calculating the minimum of
X
k

|Gαk (·, z)|2 .

(1)

We proceed by approximating the total field at a
point x∗ . For h > x∗1 , let Γ∗h denote the finite vertical
line Γ∗h = {(h, x2 ) : 0 < x2 < L}, and consider the
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integral equation
Z
uik (x, y)φx∗ (y) ds(y) = uik (x, x∗ ), x ∈ Γ∗h ,
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(2)

γ

in operator form Kφ∗ = g. This integral equation is
ill-posed; the inhomogeneous term g does not lie in
the range of K : L2 (γ) → L2 (Γ∗h ). However, K has
dense range and so g lies in the closure of L2 (Γ∗h ).
Thus we can find a solution φαx∗ ∈ L2 (γ) which solves
(2) to arbitrary accuracy. Standard results from the
theory of Tikhonov regularisation motivate finding
φαx∗ as the unique solution of
αφαx∗ + K ∗ Kφαx∗ = K ∗ g

(3)

K∗

where
denotes the adjoint of K and α > 0 is the
regularisation parameter.
Replacing the incident field uik (x, ·) with the scattered field usk (x, ·) in (2), and using continuous dependence results for the direct problem, we see that,
at least whenever Γ∗h lies to the left of Γ,
Z
(4)
usk (z, y)φαx∗ (y) dS(y) ≈ usk (z, x∗ ).
γ

G(x∗ , z)

Our method to approximate the total field
at a point x∗ in the domain is to first solve (3) and
then, using (4) and reciprocity, approximate the total
field by
Z
∗
i
α ∗
Gk (x , z) := uk (z, x ) + usk (z, y)φαx∗ (y) dS(y)
γ

=
+

uik (z, x∗ )
Z
γ




Gk (z, y) − uik (z, y) φαx∗ (y) dS(y).

In this last expression, Gk (z, y) = Gk (y, z), y ∈ γ, is
the (known) measured data.
3

Numerical results
In the numerical examples we take the height of
the waveguide as L = 3, locate the point source at
z = (−12.5, 2.1), and take ∂Γ to be the graph of the
function x1 = x22 /9, for 0 < x2 < 3. The numerical implementation uses a boundary element method
to calculate “measurements” of the total field at 15
equally spaced points on the line x1 = −11.
Figure 2 shows, starting from the top, the reconstructed total field |Gαk (·, z)|, in the part of the√waveguide −10 < x1 < 4, for k = 20π/11, k = 20 2π/11
and k = 40π/11. The fourth image is (1) for these
three wavenumbers and the final plot shows a prediction of the location of ∂Γ obtained by plotting, on
each horizontal line, the minimum of (1).

Figure 2: Reconstructions, in −10 < x1 < 4, of
the total field and ∂Γ, from 15 measurements of the
total field on the line x1 = −11.
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The model problem that we consider in this paper
is the propagation of a time harmonic scalar wave in
a perfect 2D periodic waveguide. More precisely, we
shall assume that the geometry Ω = R × (0, 1) as well
as the material properties of the medium (typically
the refractive index) np ∈ L∞ (Ω) - with np ≥ c > 0 are periodic in one direction (without loss of generality, we will suppose the period equal to 1) :
[
• Ω=
C + (p, 0) where C = (−1/2, 1/2) × (0, 1)
p∈Z

•

np (x1 + 1, x2 ) = np (x1 , x2 ),

∀(x1 , x2 ) ∈ Ω.

The Green function of the periodic waveguide, denoted G(·, y) for y ∈ Ω is the outgoing solution of
(
−(△ + k2 n2p )G(·; y) = δy in Ω
(1)
∂ν G(·; y) = 0
on ∂Ω
In order to define what ”outgoing” means in a periodic waveguide, we use the limiting absorption principle and define G(·, y) for y ∈ Ω as the limit when ǫ
tends to 0+ of Gǫ (·, y), unique solution in L2 (Ω) of
(
−(△ + (k2 + ıǫ)n2p )Gǫ (·; y) = δy in Ω
(2)
∂ν Gǫ (·; y) = 0
on ∂Ω
Using the Floquet modes of the periodic medium,
we are able to give a semi-analytic expression of the
”outgoing” Green function. We investigate then the
asymptotic behaviour of the Green function, i.e. the
radiation condition when x1 tends to ±∞ . We finally
show the uniqueness of the ”outgoing” solution of
the Helmholtz equation set on a periodic waveguide,
satisfying this radiation condition.
1

Limiting absorption principle
Using the Floquet Bloch Transform in the x1 direction and the well posedness in L2 (Ω) of problem
(2), it is easy to show that ∀(x, y) ∈ C, ∀(p, q) ∈ Z,
Gǫ (x1 + p, x2 ; y1 + q, y2 ) =
Z
1 X π ϕn (x; ξ)ϕn (y; ξ)
2π

n∈N −π

λn (ξ) − (k2 + ıǫ)

where, for all ξ ∈ (−π, π), λn (ξ) is the n-th eigenvalue and ϕn (·; ξ) an associated eigenvector of the
self-adjoint and positive operator
1
△
n2p
D(A(ξ)) = {u ∈ H 2 (C), such that ∂ν u|∂C∩∂Ω = 0

A(ξ) = −

and

u(1/2, x2 ) = eıξ u(−1/2, x2 )
}.
∂x1 u(1/2, x2 ) = eıξ ∂x1 u(−1/2, x2 )

We can easily show that for all n ∈ N and ξ ∈ (−π, π)
λn (ξ) = λn (−ξ).

(4)

Let us define the finite sets
I(k) = {n ∈ N, ∃ ξ ∈ (−π, π), λn (ξ) = k2 }
and for n ∈ I(k)

Ξn (k) = {ξ ∈ (−π, π), λn (ξ) = k2 }.

Note that if ξ is in Ξn (k), −ξ is too.
Using the abstract result of [3], or the more
explicit result of [2], the limiting absorption principle can be shown except for a countable set of
frequencies
n
o
σ0 = k ∈ R+ , ∃ n ∈ I(k), ∃ ξ ∈ Ξn (k), λ′n (ξ) = 0

Theorem 1 For all k ∈
/ σ0 , y ∈ Ω and p ∈ Z
lim kG(·; y) − Gǫ (·; y)kL2 (C+(p,0)) = 0

ǫ→0

where G(·; y) is a solution of (1) and defined by
∀(x, y) ∈ C, ∀(p, q) ∈ Z,
G(x1 + p, x2 ; y1 + q, y2 ) =
Z π
ϕn (x; ξ)ϕn (y; ξ)
1 X
2π

−π
n∈I(k)
/

λn (ξ) − k2

eı(p−q)ξ dξ

Z π
1 X h
ϕn (x; ξ)ϕn (y; ξ) ı(p−q)ξ
+
p.v.
e
dξ
2π
λn (ξ) − k2
−π
n∈I(k)

eı(p−q)ξ dξ (3)

+ ıπ

i
X ϕn (x; ξ)ϕn (y; ξ)
ı(p−q)ξ
. (5)
e
|λ′n (ξ)|

ξ∈Ξn (k)
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Asymptotic behaviour of the Green function
In the following k ∈
/ σ0 , y ∈ C and q ∈ Z. To prove
the asymptotic behaviour of the Green function, the
main property is the C ∞ -regularity of the eigenvalues
ξ 7→ λn (ξ) and of the eigenvectors ξ 7→ ϕn (ξ) with
respect to ξ for n ∈ I(k). Using [4], such property
holds except for a countable set of frequencies

Definition 3 We say that u satisfies the outgoing
radiation condition if and only if there exist (u±
n )n
such that ∀x ∈ C, p ∈ N, N ∈ N

σ̃0 = {k ∈ R+ , ∃n, m ∈ I(k), ∃ξ, λn (ξ) = λm (ξ)}.

Theorem 4 Suppose k ∈
/ σ0 . Let u be a solution of
(
−(△ + k2 n2p ) u = 0 in Ω
∂ν u = 0
on ∂Ω

Then the proof relies on
•

•

analyticity arguments to deal with the first sum,
denoted Ĝ, in the right hand side of (5). More
precisely, one shows that for all x ∈ C, p ∈ Z
and N ∈ N

Ĝ(x1 + p, x2 ; y1 + q, y2 ) = OL2 p−N ;

non stationary phase theorem to deal with each
principal value, denoted G(n) , of the second sum
in the right hand side of (5). More precisely, one
shows that for all n ∈ I(k), x ∈ C, p ∈ Z and
N ∈N

G(n) (x1 + p, x2 ; y1 + q, y2 ) = OL2 p−N +
X ϕn (x; ξ)ϕn (y; ξ)
eı(p−q)ξ
+ ıπsign(p)
λ′n (ξ)
ξ∈Ξn (k)

Theorem 2 Suppose in the following k ∈
/ σ0 ∪ σ̃0 ,
y ∈ C and q ∈ Z. For all x ∈ C, p ∈ N and N ∈ N

G(x1 ± p, x2 ; y1 + q, y2 ) = OL2 p−N +
X
X ϕn (x; ξ)ϕn (y; ξ)
eı(p−q)ξ
+ı
|λ′n (ξ)|
n∈I(k)

ξ∈Ξn (k)

±λ′n (ξ)>0

For a given y, the Green function G(x, y) behaves
when x → +∞ (resp. x → −∞) as a linear combination of the Floquet modes ϕn (x, ξ) which propagate
to the right (resp. to the left) as λ′n (ξ) > 0 (resp.
λ′n (ξ) < 0).
3

Radiation condition and uniqueness of the
solution
We use the last result to define a radiation condition and establish, thanks to arguments used in [5],
the well-posedness of the Helmholtz equation set in
a periodic waveguide.


u(x1 ± p, x2 ) = OL2 p−N +
X
X
+
n∈I(k)

ıpξ
u±
n ϕn (x; ξ)e

ξ∈Ξn (k)

±λ′n (ξ)>0

which satisfies the outgoing radiation condition.
Then u = 0.
4

Conclusions
This analysis is one of the main tool to solve
inverse problems in locally perturbed periodic
waveguide when the data are far field measurements
of scattering problems (see [1]).
One challenging perspective of this work is to
extend these results to periodic problems in free
space.
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Introduction
In this paper, we consider the factorization method
to solve the inverse medium problem in a 2D periodic
waveguide. Our objective differs from [1] in the following sense: the aim of [1] is to recover the unknown
periodic boundary of the waveguide from scattering
data, while in the present paper the periodic waveguide is known and our aim is, from the same data,
to recover a defect within such periodic waveguide.
Our paper can be considered as an extension of [2],
in which a homogeneous waveguide is considered. It
is based on the analysis conducted in [4] of the far
field of the Green function in a periodic waveguide.
Such analysis enables us to derive a modal formulation of Kirsch’s factorization method [5], in which
the incident fields are formed by the Floquet modes.
1

Setting of the problem
In the framework of 2D acoustics, let us consider a
periodic waveguide Ω = R × (0, 1) of boundary Γ =
∂Ω and for j ∈ Z, Cj := Ω ∩ {x = (x1 , x2 ), j − 1/2 <
x1 < j +1/2}. The background medium is characterized by a real refractive index np (x) ∈ L∞ (Ω) which
satisfies np (x) ≥ c > 0 and np (x1 +1, x2 ) = np (x1 , x2 )
for all (x1 , x2 ) ∈ Ω. The Green function of the periodic waveguide, denoted G(·, y) for y ∈ Ω, is the
solution of the system

in
Ω
 −(∆ + k 2 n2p )G(·, y) = δy
∂ν G(·, y) = 0
on
Γ

G(·, y) satisfies RC
for |x1 | → +∞,

where ν is the outward unit normal to Ω and RC is
the radiation condition, which is specified in [4] and is
well defined except for k ∈ σ0 , where the countable
set σ0 is defined by (4). Now let us consider the
forward scattering problem. Assume that a defect
lies within the periodic waveguide, in the cell C0 := C
without loss of generality, so that the effective real
refractive index n ∈ L∞ (Ω) differs from np . More
precisely, there exists an open domain D such that
D ⊂ C coincides with the support of the contrast
q = n2 − n2p . For sake of simplicity we assume that
q(x) ≥ c > 0.

For a given incident wave ui in Ω, that is a field
solving ∆ui + k 2 n2p ui = 0 in Ω and ∂ν ui = 0 on
Γ, the scattered field us is the solution in Ω of the
problem

in
Ω
 −(∆ + k 2 n2 )(us + ui ) = 0
∂ν us = 0
on
Γ

s
u satisfies RC
for |x1 | → +∞.
(1)
It results from [3] that the problem (1) is well-posed,
except for at most a countable set of k. In order to introduce the inverse problem, for all ξ ∈
(−π, π) we denote by ϕn (·; ξ) and λn (ξ) the eigenfunctions and eigenvalues of the self-adjoint and positive operator A(ξ) = −∆ · /n2p in L2 (C, n2p dx1 dx2 )
of domain D(A(ξ)) formed by the H 2 (C) functions
u that satisfy ∂ν u = 0 on Γ and the pseudoperiodicity conditions u(1/2, x2 ) = eiξ u(−1/2, x2 )
and ∂x1 u(1/2, x2 ) = eiξ ∂x1 u(−1/2, x2 ) for x2 ∈ (0, 1).
With a correct choice of the ϕn , we have:
λn (−ξ) = λn (ξ),

ϕn (·; −ξ) = ϕn (·; ξ).

(2)

Defining the (finite) sets
I(k) = {n ∈ N, ∃ξ ∈ (−π, π),

λn (ξ) = k 2 }

and for n ∈ I(k),
Ξn (k) = {ξ ∈ (−π, π),

λn (ξ) = k 2 },

which is symmetric with respect to ξ = 0, the Floquet
modes un (·; ξ) are given for n ∈ I(k), ξ ∈ Ξn (k),
x ∈ C and p ∈ Z by
un (x1 + p, x2 ; ξ) = ϕn (x1 , x2 ; ξ)eipξ ,
which are particular incident waves. Let us consider the transverse sections S+ and S− defined by
x1 = 1/2 + N and x1 = −1/2 − M for M, N ∈ N,
respectively. The inverse problem is as follows.
The inverse problem (IP). Assume that we measure on Ŝ := S− ∪ S+ the scattered fields usn (·, ξ) associated with the incident fields ui = un (·, ξ) for all
n ∈ I(k) and all ξ ∈ Ξn (k). The objective is to find
the support D of the defect from those measurements.
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The factorization method
In view to solve the inverse problem (IP), we define an intermediate scattering problem based on the
scattered fields us (·, y) solving (1) for the incident
fields ui = G(·, y) for y ∈ Ŝ. Introducing the near
field operator N : L2 (Ŝ) → L2 (Ŝ) as
Z
us (x, y)h(y) ds(y), x ∈ L2 (Ŝ),
(N h)(x) =

We hence remark that the operator Ñ only depends
on the data of our inverse problem (IP). Our method
1/2
consists in solving equation Ñ] h = G̃(·, z)|Ŝ for all
z in a sampling grid of Ω and plotting the function
ψ(z) = 1/||h(z)||L2 (Ŝ) , which vanishes only outside
D. From the practical point of view such equation is
projected on a basis of the transverse sections S± .
With the help of the numerical tools developed in [3],
we produce artificial data for the periodic waveguide
below, for which the number of Floquet modes is 4.
The identification result with our sampling method
based on the scattered fields due to those Floquet
modes for (M, N ) = (64, 61) and without noise is
given in the figure below.

Ŝ

by adapting the arguments of [5] to our problem, we
obtain that for every z ∈ Ω, we have
1

z∈D

⇔

G(·, z)|Ŝ ∈ R(N]2 ),

(3)

where N] is the self-adjoint and positive operator
|ReN | + |ImN |.
From the analysis of [4] and assuming k ∈
/ σ0 , where
σ0 = {k, ∃n ∈ I(k), ∃ξ ∈ Ξn (k), λ0n (ξ) = 0},

(4)

we obtain the following asymptotic behaviour of the
Green function G: ∀x, y ∈ C, ∀q ∈ Z, G(x1 ±
p, x2 , y1 + q, y2 ) is approximated for large p ∈ N, up
to any power of p, by
G̃(x1 ± p, x2 , y1 + q, y2 ) = i
X
X
u± (x1 ± p, x2 ; ξ)u∓ (y1 + q, y2 ; ξ)
n

n∈I(k) ξ∈Ξn (k)λ0n (ξ)>0

n

λ0n (ξ)

,

where u+
n (·; ξ) denote the Floquet modes un (·, ξ) with
0
λn (ξ) > 0 (they propagate from the left to the
right) while by using (2) u−
n (·; ξ) := un (·, −ξ) =
+
un (·, ξ) denote the corresponding Floquet modes
with λ0n (−ξ) < 0 (they propagate from the right to
the left). The scattered field us (·, y) is approximated
for large p ∈ N by the scattered field ũs (·, y) produced
by the incident wave ui = G̃(·, y). By linearity,
ũs (x1 ± p, x2 , y1 + q, y2 ) = −i
±
X
X
us∓
n (x1 ± p, x2 ; ξ)un (y1 + q, y2 ; ξ)
,
λ0n (ξ)
0
n∈I(k) ξ∈Ξn (k)λn (ξ)>0

where us±
n is the scattered field associated with the
incident field u±
n.
The idea of the modal formulation of the factorization method consists in replacing, in the characterization (3), the test function G(·, z)|Ŝ by its approximation G̃(·, z)|Ŝ and the operator N by the operator
Ñ the kernel of which is the scattering field ũs (·, y).
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Abstract
This paper proposes to use observers to solve an inverse problem for the one-dimensional wave equation
where the source is unknown. The problem is first
discretized and then an adaptive observer is applied
to estimate both the states and the source. Results
of simulation are presented.
Introduction
The theory of observers is known since a long time
in systems theory for the estimation of the state of
dynamical systems from some measurements. However it is recently that the observers have been considered for systems governed by partial differential
equations [1]. Observers have been used to solve
some inverse problems for PDE [2], [3], [4] [5], including inverse problems for the wave equation to
estimate some unknowns. In Ramdani et al [2], the
initial state of a distributed parameter system has
been estimated using two observers, one for the forward time and the second for the backward time.
Similarly, Chapouly and Mirrahimi [3] estimated the
unknown source term using observers in the minimal observation time. Their observer converged to
the real parameter thanks to forth and back iterations approach. Chapelle et al [4] sought to estimate the initial conditions using observer based on
measurements of the solution in a subset of the domain. Moireau et al [5] estimated the states and the
parameters using an observer depending on a space
discretization for a mechanical system. In addition,
they considered partial measurements of the derivative of the solution.
One advantage of using observers to solve inverse
problems is that it requires solving only direct problems which are in general well-posed and well studied. Moreover, unlike optimization based methods
(including regularization), observers operate recursively which implies their implementation ease and
low computational cost especially when it comes to
high order systems. We propose in this paper to
start with fully discretized version of a one diminsional wave equation and then to apply the adaptive
observer presented in [6] for the joint estimation of

the states and the source term from partial measurements of the field. Adaptive observers are widely
used in control theory for parameter estimation in
adaptive control or fault estimation in fault detection and isolation [6].
1 Method
1.1 Problem
We consider the one dimensional wave equation
given by,

 utt (x, t) − c2 uxx (x, t) = f (x)
u(0, t) = g1 (t), u(L, t) = g2 (t)
,

u(x, 0) = r1 (x), ut (x, 0) = r2 (x)

(1)

where x ∈ [0, L] is the space and t ∈ [0, T ] is the time.
g1 (t) and g2 (t) are the Dirichlet boundary conditions,
and f (x) is the source function that we assume for
simplicity independent on time.
We seek to solve the inverse source problem of (1)
using an adaptive observer with partial measurements of the field u available. We first propose to
rewrite the system in an appropriate form by introducing two auxiliary variables v(x, t) = u(x, t) and
w(x, t) = ut (x, t) and let
ξ(x, t) =



v(x, t), w(x, t)

T

.

(2)

Therefore, system (1) can be written as follows,

∂ξ(x, t)


= Aξ(x, t) + F,


∂t
v(0, t) = g1 (t), v(L, t) = g2 (t),



 v(x, 0) = r1 (x), vt (x, 0) = r2 (x),
Y = Hξ(x, t),


(3)




I
0
where A =
, F =
, Y is the
∂2
f
c2 ∂x
0
2
output, and H is the observation
operator

 such that
0 ··· 0

..  and d refers
H = (Hd 0) where H =  ... I
. 
0

d

0 ··· 0
to the number of measurements. Id is the identity
matrix of dimension d.
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System (3) is discretized using implicit Euler scheme
in time and central finite difference discretization for
space; thus, it can be written as,
 j+1
ξ
= Gξ j + Bf j + b,
(4)
Y j = Hξ j ,
j = 1, 2, · · · , Nk
such that
G=



kE + I kI
E
I



−2 1

.
2
c k  1 −2 . .
E= 2 
.. ..
h 

.
. 1
1 −2
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4
3
2
1
0
−1

;


 2 

;B = k I ;

kI


b is a term that includes the boundary conditions,
and Nk is the time grid size. Here h and k refer to
space step and time step respectively.
1.2 Observer design
As known in control theory, a state observer is a system that provides an estimate of its internal state,
given measurements of the input and the output of
the real system. We propose to use an adaptive observer for the joint estimation of the states v and w
and the source f . This observer has been proposed in
[6], and it has been developed for joint estimation of
the state and the parameters for a class of systems.
However, we propose to generalize the idea behind
this observer to estimate the input considering each
spatial sample of the input as an independent parameter. The adaptive observer is given by the following
system of equations,

T

ξˆj+1 = Gξˆj + B Fˆj + b + (K + σ j Z j Z j H T )(Y − Ŷ ),


 j+1
T
F̂
= F̂ j + σ j Z j H T (Y − Ŷ )

Z j+1 = (G − KH)Z j + B,



ˆ t),
Ŷ = H ξ(x,
(5)
where K is the observer gain matrix, σ j a scalar gain,
and j = 1, 2, · · · , Nk . We point out that it has been
shown in [6] that for discrete finite dimensional systems, this observer converges exponentially. The discretization affects the convergence and we are currently studying this effect.
2 Numerical Results
Figure. 1 illustrates the efficiency of this observer
to estimate the source where Nk = 10000, and the
space grid size is Nh = 199. Moreover, the state is
estimated with relative error 0.09398.

f
fˆ

−2
−3

0

0.5

1

1.5

2

x

Figure 1: Real source (blue) and Estimated source
(red) using partial measurements (74% of the state
components taken from the end of the interval)
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Modeling of Imaging Method to Localize Targets Inside Buildings
B. Boudamouz, N. Maaref, P. Millot and X. Ferrieres
In this paper, we are interested in a MIMO radar system to localize targets inside buildings. We describe the
principle of the method. Then, we show the advantages of
a MIMO architecture to localize targets in realistic conditions.
Introduction
TTW (Through The Wall) surveillance is of great interest for first-aid workers and security guards in situations
like rescue operations or hostages taking. This research
topic has been investigated since the last past decade [1].
Today, imaging methods to find targets inside buildings
are an important field of theorical research and technological developments [2], [3]. In this application, the key
factor is the wall as propagation through it, induces attenuation and distortion on the wave front. Thus, it should
be very efficient to take it into account in the modeling
process. However, in practice, it is very difficult to introduce real wall effects in the inversion process, because
it is not generally well-known, specially for non homogeneous walls as brick or cinder block wall. Another way to
mitigate wall effects, is to use spatial diversity by using
MIMO concept. This concept in radar consists in using
information obtained from several transmitters and several receivers located at differents positions. By this way,
propagation effects are averaged all through the set of antennas. The goal of this paper is to show the interest of a
MIMO approach to localize targets into a room bounded
by concrete brick walls. The paper is split into 3 sections where we present, first, the principle of the imaging
methods used and in particular the MIMO approach [4].
Secondly, we present the test case studies and in a third
section we give the results obtained and in particular the
advantage of applying MIMO approach.

is given by E(f, x) = RE0 e−j2πf kx−xi k/c e−j2πf kx−xj k/c .
Then, for a set of nf frequencies fl , the inverse problem
consists in evaluating the NΩ coefficients Rk at the mesh
points of Ω verifying :
min

1

2

Principle of the radar imaging method
Basically, the radar imaging method consists in making
an image of the dielectric contrasts existing in a given domain Ω. To obtain this image we take some points source
and some points of measurements of the scattered fields induced by the targets localized in the domain Ω considered.
The domain Ω is meshed by a set of NΩ points where signal
processings allow to test the existence of a target. Considering a source Si localized at a point xi , we assume that
the electric fields at a point x for a frequency f is given
by E(f, x) = E0 e−j2πf kx−xi k/c where E0 is the incident
amplitude field and c the speed of the light in the domain
Ω. When the incident field hits a target, a part of the incident field is backscattered. We assume that this scattered
part is represented by a reflectivity R. Then, the received
scattered field at a point located at xj from a source located at xi and backscattered by a target located at x

Rk

nf ns nr NΩ
X
XXX

l=1 i=1 j=1 k=1

(Emes (fl , xj ) − Gk,l,i,j )2

with
Gk,l,i,j = Rk E0 e−j2πfl kxk −xi k/c e−j2πfl kxk −xj k/c
In these expressions, ni , nj and Emes define respectively
the number of source points, the number of receivers and
the electric fields measured at the receivers. This inverse
problem can be solved with maximun likelyhood techniques which consists in a linear inversion to obtain the
coefficients Rk [5]. Potential targets are localized at the
points where the coefficient Rk are non-zero. In terms
of source and receiving points spatial distribution, there
are different strategies. SISO radars are single transceive
and single receive systems. In this case, there is no spatial diversity. Then, SIMO radars generally employs one
transmitting antenna and a set of receiving ones. In this
approach, spatial diversity is on reception. Finally, MIMO
approach consists on having a multitude of transceivers
and receivers. And, thus diversity is in this case both
on transmission an reception. Transmitting spatial diversity gives robustness againts complex propagation through
walls and improves indoor probability detection.
3

Configuration of our test case
The configuration studied here implements a dielectric
cylinder (σ = 0.01, εr = 50), located inside a room
bounded by walls constituted of concrete slabs with holes
(see figure 1). In this example, we also define the joint of
cement between the concrete elements. The room heights
h = 2m and the dimension of its sides is L = 4.28m. The
dimensions of the concrete element are 0.5m × 0.2m.2m.
It is constituted of 6 holes (see figure 2). The height of
the cement joint is taken equal to 2cm. Concerning the dielectric cylinder, its height is equal to 1.8m and its radius
to 0.15m. Its location in the x − y axis is (1.29m, 1.29m).
Thirty one sensors (receivers and emitters) are located
on a cross of center (x = 2.29m,y = −1m,z = 1m).
These sensors are located at a distance of 1m from the
wall. The pulse injected on each sensor is given by
2
Ez (t) = E0 e−((t−t0 )/T0 ) cos(2π f0 t) with E0 = 377v/m,
t0 = 2.6e − 9s, T0 = 1.e − 9s and f0 = 2.e9Hz. This waveform presents a 2GHz bandwidth. The simulated data
used in the inverse problem are obtained by FDTD.
1
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Conclusion
In this paper, we described a radar imaging method to
detect targets located inside a room with realistic walls.
We have studied the advantage of using a MIMO method
for this problem, to avoid the perturbations induced by
the particular shape of the concrete bricks which constitute the wall. A comparison made with a SIMO approach
shows these advantages.
2
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Abstract
Local helioseismology aims at recovering the motions (flow velocities) in the solar interior from observations of solar oscillations on the surface of the
Sun. In time-distance helioseismology, the basic input data are travel times of waves between pairs of
points on the surface. These quantities are linked to
the internal properties of the Sun via an integral operator. In previous publications the reconstruction
of flow velocities from travel times has been studied
by solving an inverse problem. The aim of this paper
is to recover directly the Reynolds stresses instead
of first recovering the velocities then computing the
correlations. This paper is a first attempt in this direction and all the necessary ingredients to perform
directly the inversion are presented.
Introduction
Time-distance helioseismology [1] aims at recovering subsurface structure and dynamics of the Sun
by the measurement and analysis of travel-times for
wave packets moving between two points on the solar surface. Travel-times are obtained thanks to highresolution Doppler images of the Sun surface given by
space and ground-based networks. Once these quantities are known, a forward model has to be derived
to link them to internal properties of the Sun. In the
upper layers of the Sun, the convective motions are
described by a flow field with velocity v(x), x ∈ R3 ,
which we would like to image using helioseismology.
The relation between the travel time τ a (between two
surface points r1 and r2 ) and the flow velocity v(x)
can be expressed as:
Z
Ka (r − r1 ,r2 , z) · v(r, z)d2 rdz
τa (r1 , r2 ) =
V

+ na (r1 , r2 )

(1)

where the integration is performed over a volume
V = S × [0, zmin ] formed by the product of a surface
S in the (x, y)−plane (supposed planar) by a small
depth interval [0, zmin ] under the Sun’s surface. The

superscript a denotes the type of travel time, Ka is
the sensitivity kernel and na the noise generated by
the stochastic excitation of the waves by the smallest scales of convection (granulation). The position
vector x is written as x = (r, z) where r = (x, y) are
the horizontal coordinates and z points up.
To recover internal properties of the Sun, the inverse problem corresponding to (1) has to be solved.
A good knowledge of the sensitivity kernel and of
the noise model is required to perform the inversion
reliably. A methodology to construct the kernels is
presented in [2], [3] and in [4] for the noise model.
If one wants to recover another quantity related to
velocities like the Reynolds stresses one could first
compute the velocities and then deduce the Reynolds
stresses. However, this method is time-consuming
and not very accurate. This paper presents a first attempt to compute directly the Reynolds stresses from
the travel times spatial correlations. In a first part,
inversion methods for travel times are presented, then
we show that the velocity correlations can also be
linked to travel times via an integral operator and so
deduced by inversion methods.
1

Inversion for velocities
Two methods are traditionally used to invert (1):
the Regularized Least Square (RLS) method (equivalent to the Tikhonov method in the mathematical literature) and the Optimally Localized Averages
(OLA) (equivalent to the approximate inverse). A
modified version of the latter has been recently used
[5] in order to invert (1) in the Fourier space instead
of the real space. It is of great interest as the different modes are not correlated in the Fourier space
so a lot of small matrices (≈ 300 × 300) have to be
inverted instead of a large one. The small size of the
matrices makes possible the calculation of its singular
value and thus, to perform the inversion by singular
value decomposition (SVD). This method is particularly efficient for our problem. As the problem is
severely ill-posed, a lot of eigenvalues are close to 0
so only few ones are kept for most of the modes.
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2

Inversion for velocity correlations
Using Reynolds’s decomposition, the ith composant of the flow velocity vector can be written as
vi = Vi + vi′ where Vi is the deterministic mean part
of the flow velocity and vi′ the small scale (random)
part. The Reynolds stresses Rij are then defined as:
Rij (x, x′ ) = hvi′ (x), vj′ (x′ )i

(2)

If we assume that the correlations of the fluctuating
part of the flow are horizontally homogeneous, Rij
depends only on the distance δ = r′ − r, z and z ′ :
Rij (δ, z, z ′ ) = hvi′ (r, z), vj′ (r + δ, z ′ )i

(3)

Multiplying τ a (r1 , r2 ) and τ b (r1 ′ , r2 ′ ) (using (1)) and
supposing for the sake of clarity that Vi = 0, one can
link Reynolds stresses and measured travel times:
hτ a (r1 , r2 ), τ b (r1 ′ , r2 ′ )i = Λab (x1 , x2 , x1 ′ , x2 ′ )+
Z Z
ab ′
Kij
(r , z, z ′ ; r1 , r2 , r1 ′ , r2 ′ )×
⊙′

z

Rij (r′ , z, z ′ )dzd2 r′ dz ′

(4)

ab ′
where Kij
(r , z, z ′ ; r1 , r2 , r1 ′ , r2 ′ ) =
Z
Kai (r − r1 , r2 , z)Kbj (r + r′ − r1 ′ , r2 ′ , z ′ )d2 r (5)
r

with Kai the ith component of Ka and Λab defined in
[4] the noise covariance matrix for travel times.
Eq. (4) gives a relation between the Reynolds
stresses and the travel times correlations via an integral operator. It turns out that the kernels are
known as they are a correlation between two kernels
for travel times. They can even be computed efficiently by Fast Fourier Transform (FFT):
n
  o
ab
Kij
= F −1 F Kai F Kbj
(6)

where Kai (r) = Kai (−r), F and F −1 represent the
Fourier and inverse Fourier transform.
A 2D case used for kernel computations is presented in Figure 1. The kernels are computed between a one-way wave packet traveling west-east from
the point (−10Mm, 0) to (10Mm, 0) and a southnorth one traveling from (0, −10Mm) to (0, 10Mm).
The kernel representing the cross-correlation for the
Reynolds stresses is shown in Figure 1. Once the kernels are known, a noise model for Reynolds stresses
is required. This can be done following the ideas of

Figure 1: Test case for kernels computations
aa (x, y, r , r , r′ , r ′ ), a refers to a f-mode
(left); Kxy
1 2 1 2
measure between pairs separated by 20Mm (right)
[4]. Computations are unfortunately way more complicated. In [4] it was necessary to compute the expected value of a product of four complex random
Gaussian variables. Here, the moments of order six
and eight are required which lead to about one hundred terms to estimate. However an exact formula
can be derived for this purpose. Knowing the kernels
and a noise model, (4) can be inverted for example
by using a singular value decomposition.
This approach is significantly more efficient both
concerning memory storage and computation time.
In this direct approach, computations are made with
mean values instead of maps on the whole domain if
one wants to first compute the velocities then deduce
the Reynolds stresses. So the size of the matrix to invert is much smaller. This approach will be validated
using a model for flow velocities and travel times.
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Abstract
This paper outlines an approach to reconstructing
an initial tsunami waveform in a tsunami source area
based on the inversion of remote measurements of
water-level data. Tsunami wave propagation is considered within the scope of the linear shallow-water
theory. Numerical simulation is based on the finite
difference algorithm and the method of splitting. The
ill-posed inverse problem at hand is regularized by
means of the least square inversion using the truncated SV D approach. In this method the inverse
operator is replaced by its restriction to a subspace
spanned by a finite number of the first right singular
vectors [1]. The so-called r-solution [2] is produced
by a numerical process. One of the main advantages
of this method is that it does not require a priori assumption on the fault plane solution, actually, this
method is completely independent of any particular
source model. By analyzing characteristics of a given
tide gauges network, the proposed method allows one
to control numerical instability of the solution and
therefore to obtain an acceptable result in spite of the
ill-posedness of the problem. The algorithm was verified by numerical simulating with real bathymetry
of the Peru subduction zone and synthetic data.
Introduction
Recently, devastating tsunamis have acutely put
forward the problem for their timely warning. In case
of near field tsunamis that are generated by sources
located at short distances of less than 300 km and
that are the most devastating, the disaster management has a little time for decision-making. Mathematical modeling of tsunamis is to provide tsunamiresilient communities with reliable information of inundation heights and arrival times for the purpose to
immediate protective measures. There are two important aspects of the assessment of tsunami risk in
the coastal areas: the initial waves generated at the
source area and provided further distractive strength
of tsunami impact and the subsequent propagation.
It is known that only after a certain time after the
event, having analyzed the various seismic, tidal and
other data, it appears possible to estimate basic char-

acteristics of triggering mechanisms and simulating
them in more realistic level. The sea level data inversion could be used to make appropriate conclusions
about the static deformation in the source area, i.e.
about the initial condition for real-time tsunami simulation.
1

Methods
The inverse problem in question is treated as an illposed problem of the hydrodynamic inversion with
tsunami tide gauge records, so it imposes some restrictions on the use of mathematical techniques. Another words, any attempt to solve this inverse problem numerically must be followed by a regularization procedure. The proposed method is based on
singular value decomposition ( SV D) and r-solution
technique. The unknown function of water surface
displacement ϕ(x, y) in the source area (rectangular
[l1 × l2 ]) can be represented as a series of spatial harmonics
ϕ(x, y) =

M X
N
X

cmn sin

m=1 n=1

nπ
mπ
x · sin
y
l1
l2

for x ∈ [0, l1 ], y ∈ [0, l2 ], with unknown coefficients ~c = {cmn }. In our case the inverse problem data are water level oscillations (marigrams)
~η = (η11 , η12 , . . . , η1Nt , η21 , . . . , η2Nt , ηP 1 , . . . , ηP Nt )T ,
ηpj = η(xp , yp , tj ) at the set of points (xp , yp ), p =
1, . . . , P and time moments tj , j = 1, . . . , Nt . Then
~η can be expressed as follows:
~η = A~c,

(1)

where to obtain the matrix A, one has to solve
numerically a series of direct problems with every
spatial harmonics used as a source. Coefficients
αk of decomposition of ~c into right singular vectors
P N
(~
η ,~
u )
~c = M
vj are expressed as follows αj = sj j ,
j=1 αj ~
where ~uj and ~vj are left and right singular vectors of the matrix A and sj are its singular values.
r
P
Then the r-solution is ~c[r] =
αj ~vj and, finally,
our solution ϕ[r] (x, y) =

r
P

j=1

αj

j=1
M P
N
P

m=1 n=1

j
βmn
ϕmn (x, y)
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j
j
j
T
where ~vj = (β11
, β12
. . . , βM
N ) . The obtained solution is stable for any fixed r with respect to perturbations of the right-hand side and operator itself (see [2]). The dependance of r and the condition number cond of matrix A can be expressed as
r = max{k : sk /s1 ≥ 1/cond }. The value of r is
determined by the singular spectrum of the matrix
A and noise level of the signals observed. A sharp
decrease in the singular values, when their number
increases, is typical for all calculations, due to the
ill-posedness of the problem. In Figure 1.(a) typical
graphs of singular values of matrix A on a common
log scale with respect to their numbers are presented.
The parameter r should be taken only from the first
interval, where the common logarithms of singular
values are slightly sloping. As one can notice, increasing of r leads to increasing of cond and, therefore, to the lower stability. On the other hand, r
should be large enough to provide a suitable spatial
approximation of ϕ(x, y). In our numerical experiments the most reasonable choice is r ≥ 70. It is clear
that properties of the matrix A and, consequently,
the quality of the obtained solution are determined
by the location and extent of the tsunamigenic area,
configuration of the observation system and temporal extent of the signal. A series of calculations with
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cess. First, the purpose was to obtain acceptable
results of the recovering using the minimum number of marigrams. As a model of initial water displacement the function ϕ(x, y) represented in Figure
1.(b) was used. Two variants of the reconstructed
tsunami waveforms are presented in Figure 2.(a)-(b).
The values in parentheses are extreme values of the
reconstructed waveforms after smoothing, err is the
relative error (in the L2 -norm).

a)

b)

Figure 2: a) Tsunami source reconstructed with
three marigrams: ϕmax = 1.213m; ϕmin =
−0.738m; r = 41; err. = 0.717; b) Tsunami source
reconstructed with seven marigrams: ϕmax =
1.835(1.5138)m; ϕmin = −0.7016(−0.5484)m; err =
0.262; r = 103; lg(cond) = 6.
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Abstract
This research is motivated by the real problem
to predict short-crested waves in the ocean from sequences of radar images, i.e. prediction of waves from
inaccurate wave input. Avoiding the commonly used
3DFFT-method, improved radar images will be used
as sequential input for the dynamic model. Errors in
the radar images, mainly caused by the shadowing
effect, lead to errors in the prediction. We propose
methods to reconstruct the missing information and
to average several inputs in order to improve the accuracy. A nonlinear dynamic model with exact dispersion will be used to calculate the waves at downstream positions. Instead of using real radar images,
we use long-crested synthetic data to construct shadowed images and to qualify the performance of the
reconstruction and averaging methods.

1

Inaccurate Input and Reconstruction
Starting with elevation profiles from the synthetic
data, the shadowing effect is taken into account to
produce inaccurate input that resembles somewhat
real radar images (although a physical attenuation
by distance from the radar is absent). The shadowing effect results when waves are hidden by higher
waves closer to the radar that prevent them to be
detectable by the radar. As an illustration, the shadowed areas are indicated by the characteristic function (zero elevation when shadowed) in Figure 1 for
a typical irregular wave profile with significant wave
height of 3m as observed by an ideal radar of height
30m at position x = 2500.

Introduction
With ever increasing human activities in the
coastal zone, seas and oceans, research to predict
properties of waves travelling towards a ship or offshore structure has been initiated in the past years,
see for instance ([1], [2], [3]). Using radar observations and 3DFFT- analysis tools, statistical wave
properties such as period, wave directionality and
(with more problems) significant wave height are calculated. For various operational activities, the main
challenge remains to use the inaccurate radar images
to predict the incoming waves in real time, i.e. a
deterministic, phase-resolved, prediction of the wave
field.
Instead of trying to adjust the 3DFFT-methods,
we proposed in [4] the use of a deterministic dynamic
model and to apply an averaging method for the inaccurate images to improve the prediction. In this
contribution we will report about the method for initial value problems. To that end, we will improve
radar information to more accurate input data. Synthetic data are used as obtained by evolving a signal
from measurements of experiments in a wave tank at
Maritime Research Institute Netherlands (Marin).

Figure 1: The full profile (dashed blue) and the
shadow (solid red line) for the situation that the
radar with height 30 m is located at x = 2500 m.
Analysis of radar images is a difficult subject.
Young et al [5] proposed a 3D-FFT method to get
the directional wave component. This method is still
the common tool; see for instance Naaijen and Blondel [6] who applied the method to filter the radar
images and force the frequency components to satisfy the exact dispersion relation.
We propose another approach to avoid the cumbersome justification of such methods and the requirement to have temporal information over a substantial
time interval. The new approach consists of two main
ingredients. One is to reconstruct as good as possible
the original profile from the information given by the
shadowed wave by ’filling the holes’. Since a reconstruction of irregular waves may still have substantial
errors, the second ingredient is to reduce the input

A NDREAS P W IJAYA AND E. VAN G ROESEN

errors, for which we apply an averaging method that
is discussed in the next section.
2

Averaging Methods

Consider a spatial domain x ∈ [0, A] in which two
or more reconstructed profiles f0 (x) and f1 (x) of the
shadowed waves f0sha (x) and f1sha (x) at time t0 and
t1 respectively are available. Let B, with B > A,
be the position of the radar where we want to calculate the elevation resulting from f0 or f1 . Since the
profiles will contain (substantial) errors, to obtain a
reduced error at B, we proposed a new averaging
method in [4]. A somewhat improved averaging process can be described, for 2 profiles for simplicity, as
follows. Starting at time t0 , the profile f0 is evolved
until time t1 . At that time, we calculate the averaged profile as follows. We average the two profiles,
i.e. the evolution of f0 (denoted as E(f0 )) and the
profile f1 , with the same factor only at the shadowed
areas of f1sha and we simply keep the full profile of f1
at the visible areas. Therefore, the averaged profile
can be written as
av(x) =



E(f0 )(x) + f1 (x)
2



(1 − χ(x)) + f1 (x)χ(x)

(1)
where χ is the characteristic function which describes
the visible areas of the shadowed profile f1sha . Using
such averaged profiles as sequential updates, we will
show by comparison with the exact synthetic data
that the wave prediction at the radar position B is
improved considerably.
3

Governing Equation

For uni-directional wave propagation to the right
(positive x-axis direction), we use the so-called
second-order AB equation [7]. This equation with
Hamiltonian structure, has exact dispersion properties in first and second order, and is given by
h
g
g
∂t η = −C∂x η + (C −1 η)2 + C −1 (ηC −1 η)
4
2

1
1
2
− (C∂x η) + C∂x (ηC∂x η)
(2)
4g
2g
where C is the phase velocity (pseudo-differential) operator related to the exact dispersion relation. A
pseudo-spectral implementation is used for the wave
advancing.
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Abstract
Eddy current testing (ECT) is widely practiced in
the inspection of steam generators (SG) in nuclear
power plants. In this talk, we consider the deposit
shape reconstruction problem using ECT signals. For
an axisymmetric case, we build a PDE-based direct model with appropriate Dirichlet-to-Neumann
boundary operators in order to truncate the computational domain. Then we propose and numerically
validate a regularized shape optimization method for
the deposit reconstruction.
Industrial background
Conductive magnetic deposits on the shell side of
SG tubes can affect the power production and the
structure safety. In ECT, we introduce in the tube
a probe composed by two coils, each one connected
to a current generator and a voltmeter. The generator coil creates an electromagnetic field which in
turn induces a current flow in the conductive material nearby. The deposits distort the flow and change
the current in the receiver coil, which is measured as
ECT signals ([1]), from which we will estimate the
shape of deposits with known physical parameters.

coordinate system (see Figure 1):




 − div 1 ∇(ru) − iωσu = iωJ
µr

 u|
r=0 = 0,

m
X√
X
√
ν0j Q0j +
νk Qk .
T± =
j=1

z

(2)

k>n

{ν0j , νk }, {Q0j , Qk } are eigenvalues and eigenprojections of a perturbed self-adjoint boundary operator
from the problem (1) (see [2]). The variational probradiation c. at
infinity

“Neumann”
B.C. on r = r0

z

z

D-t-N operators
T± on Γ±
z

Γ+

→

→
r

unbounded
domain R2+

Axisymmetric eddy current model

(1)

with the condition that u is bounded at infinity. In
order to bound the compuational domain, we introduce first a domain truncation in the r direction by
imposing a Neumann condition at r = r0 . Then,
for the z direction, we explicitly express the D-t-N
operators on Γ± (see Figure 2), in the form

1

2

in R2+ ,

r0

infinite band
Br0

r0

r

r

Γ−

bounded Br0 ,z0

Figure 2: : Domain truncation

T ube
Coil 1
Coil 2

Deposit

r

Figure 1: : 3-D and 2-D geometrical representations
Maxwell’s equations with the Eddy current hypothesis ǫ ≪ σ/ω yield the second order equation for
the azimuthal part of the electric field u in a cylindric

lem for the truncated domain can be written as


Z
1
∇(ru) · ∇(rv̄) − iωσuv̄r dr dz
µr
Br0 ,z0
Z
Z
1
iωJ v̄r dr dz (3)
T± (u|Γ± )v̄r ds =
+
Br0 ,z0
Γ± µ
√
√
for all v ∈ H := {v :
rv, √1r ∂r (rv), r∂z v ∈
L2 (Br0 ,z0 )}. This problem is well posed and we shall
discuss in the talk some issues related to approximations using standard Lagrange finite elements as well
as the efficiency of the domain truncation startegy in
increasing the speed of the numerical resolution. This
is an important issue for our inversion algorithm.
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Inverse problem
From [3, (10a)], a deposit with permeability µ, conductivity σ and the shape ΩD leads to a change of
impedance measurements for the coil k in the electromagnetic field induced by the coil l:
Z 
2π
△Zkl = △Zl (uk ) = − 2
(σ − σ 0 )uk u0l r
I ΩD

1 µ − µ0
0
(4)
∇(ruk ) · ∇(rul ) dr dz,
+
iω µµ0 r
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3

where u0l is the electric field induced by the coil l in
the deposit free case with µ0 , σ 0 for vacuum. The
ECT signal Z on a probe position ζ is a linear combination of △Zkl (k, l = 1, 2), depending on the measurement mode. We set Z = Z(ΩD ; ζ). To approximate the real deposit shape Ω∗D using ECT signals
on ζ ∈ [zmin , zmax ] is to minimize the cost functional
Z zmax
|Z(ΩD ; ζ) − Z(Ω∗D ; ζ)|2 dζ.
J (ΩD ) =

(a) initialization with small
semi-disc

(b)
without
regularization:
algorithm
diverges

(c) with regularization

Figure 3: : Reconstruct a rectangle

(a) initial.

(b) reconstr.

(c) initial.

(d) reconstr.

Figure 4: : Reconstruction of a semi-disc

zmin

We shall use a steepest descent method based on evaluation of the derivative of the cost functional using
the adjoint state technique. More precisely, if the
original deposit domain Ω0D is deformed by a shape
perturbation θ: ΩD = (Id + θ)Ω0D , then we prove
(see [4]) that J (ΩD ) is differentiable at θ = 0 and
the derivative, denoted by J ′ (Ω0D )(θ), writes
Z
′
0
g(u, p)(θ · n) ds,
J (ΩD )(θ) =
∂Ω0D

where g is a functional of the solution u to the direct problem (3) and p is the adjoint state. Then
θ such that θ|∂Ω0 = g(u, p)n is a descent direction.
D
For the numerical algoritm we regularize θ using H 1
boundary regularization by solving for λ
λ − α△∂Ω0 λ = θ
D

on

∂Ω0D ,

(5)

where △∂Ω0 is the Laplace-Beltrami operator, α > 0
D
is a regularization parameter. λ is also a descent
direction and is more regular than θ.
4

Numerical results
We consider deposits with low conductivity (σ =
1 × 104 S/m) and constant permeability (µr = 1). In
Figure 3 the real deposit shape is a rectangle. The
inversion algorithm without boundary regularization
is blocked due to singularities (Figure 3b). The regularized algorithm ends after 60 steps with a good

estimate (Figure 3c). In Figure 4 we show the reconstruction of a semi-disc issued from different initial
shapes (Figures 4a and 4c). The corresponding results shown in Figure 4b (52 steps) and in Figure 4d
(39 steps) are satisfying.
References
[1] A. Trillon, A. Girard, J. Idier, Y. Goussard, F.
Sirois, S. Dubost, N. Paul, Eddy Current Tomography Based on a Finite Difference Forward
Model with Additive Regularization, AIP Conference Proceedings, 1211 (2010), pp. 782–789.
[2] T. Kato, Perturbation theory for linear operators,
Springer-Verlag Berlin, 1995.
[3] B. A. Auld, J. C. Moulder, Review of Advances in
Quantitative Eddy Current Nondestructive Evaluation, Journal of Nondestructive Evaluation, 18,
Issue 1, (1999), pp. 3–36.
[4] M. El-Guedri, H. Haddar, Z. Jiang, A. Lechleiter,
Identification of magnetit deposits on steam generator tubes, in preparation.

161

WAVES 2013

Inverse scattering problem in perturbed half-plane

1,2

L. Chorfi1,∗ , B. Berhail2
LMA, Badji Mokhtar University, Annaba, Algeria.
∗ Email: l chorfi@hotmail.com

Abstract
We consider in this work an inverse problem in
scattering theory. We construct an arc γ of the
boundary from the far field pattern u∞ of the scattered wave at fixed energy. This leads to the direct scattering problem for the Helmholtz equation
in a perturbed half-plane with Dirichlet condition on
the boundary. We first show that the direct problem
is well posed and characterize the forward operator
F : γ → u∞ which act between two Hilbert spaces.
The aim of this article is to solve the ill-posed non
linear equation F(γ) = uδ∞ (δ is a noise in data), .
For this we use Newton method developed by Kress
[3] with a strategy of regularization. We also show
some numerical results to illustrate the method.
Introduction
Regularized Newton iteration methods have been
analyzed and successfully applied for the approximate solution of inverse obstacle scattering problems
for time-harmonic waves in the case of smooth closed
boundary curves in R2 [3], in the case of smooth
open arcs (see [5]) and recently for locally perturbed
half- plane in [4]. In the previous paper [4] the authors consider a particular perturbation such that the
problem is reformulated as an exterior obstacle problem for a symmetric domain. Our aim is to generalize
this article for perturbation where it is not possible
to use the symmetry.
1

Direct scattering problem
A perturbed half-plane is the open set Ω = {x =
(x1 , x2 ) ∈ R2 ; x2 > f (x1 )} where f is C 2 function
such that f (t) = 0 for |t| > a > 0. The boundary
split into Γ = Γ− ∪γ∪Γ+ with Γ± = {(x1 , 0); (±)x1 >
a} and γ = {(x1 , f (x1 )); −a < x1 < a}. We consider the following direct scattering problem: given
an incident field ui = eikd·x , find the total field
u = ui + ur + us as a solution of the Helmholtz equation:
∆u + k 2 u = 0
in Ω
u
=
0
on
Γ


√ ∂us
lim r
− ikus = 0, r = |x|
r→∞
∂r

(1)

To construct the solution we use the double layer
potential
s

u (x) =

Z

γ

∂G(x, y)
ϕ(y)ds(y), x ∈ Ω
∂n(y)

(2)

where the density ϕ satisfy a boundary integral equation on γ. We prove that there exists a unique so1 (Ω) which depend continuously on
lution us ∈ Hloc
0
g = ui + ur , ur = −eikd ·x , d0 = (d1 , −d2 ). The
Green function is G(x, y) = φ(x, y) − φ(x, y 0 ) with
(1)
φ(x, y) = 4i H0 (k|x − y|). The scattered field us has
the asymptotic behavior
eikr
us (x) = √
r




1
u∞ (x̂) + O( ) , r = |x| → ∞ (3)
r

uniformly in all directions x̂ = xr = (cos φ, sin φ) with
the far field pattern defined on the interval [0, π] by
Z

∂G∞ (φ, y)
eiπ/4
ϕ(y)ds(y), (c = √
)
∂n(y)
8πk
γ
(4)
0
with G∞ (φ, y) = eikx̂·y − eikx̂·y and ϕ is the density,
solution of a Fredholm integral equation of type ϕ +
Kϕ = −2g on γ.
u∞ (φ) = c

2

Inverse problem
The inverse scattering problem we consider is:
given the far-field pattern u∞ for one incident wave
ui determine the arc γ. A sound-soft crack in two
dimensions is uniquely determined from the knowledge of the far field pattern for all (θ, φ) ∈ [0, 2π]
with fixed wave number k, see [1]. Using the point
source technique we prove the same uniqueness result
for γ. For the construction, we fix an incident wave
and formulate the inverse problem into a nonlinear
and ill posed integral equation F(f ) = uδ∞ where
F : D(F) → L2 (0, π), f ∈ D(F) = H01 (−a, a) ∩
H 2 (−a, a) is the parametrization of γ and uδ∞ is the
measured far-field data, which is solved by a Newton
method. This approach was developed by Kress ([4],
[3]) for an obstacle inverse problem.

L AHCÈNE C HORFI AND B ESMA B ERHAIL

2.1 Algorithm
We suggest an iterative method fn+1 = fn + hn
where h solves the linearized equation
F 0 (fn )hn = uδ∞ − F(fn ) (⇔ Ax = b)

2.2 Numerical examples
For the first example, we consider the parabolic arc
given by f (t) = 1 − t2 , t ∈ [−1, 1]. In the direct problem we solve integral equation by Nyström method.
We simulate the forward problem with the following
parameters: k = 1, angle of incidence θ = π6 , n = 32
points for t ∈ [−1, 1], p = 18 points for φ ∈ [0, π].
In the inversion we use M = 4 basic functions in the
parametrization. For initial guess f0 = 0.1f and after 4 iterations we obtain the profile in figure 1.
In the second example we consider the arc with the
equation f (t) = sin(πt)+0.5 cos(0.5∗πt), t ∈ [−1, 1].
For the reconstruction we use the basic functions
q1 (t) = 1 −
q2 (t) = 1 −
qi (t) = cos((i − 2)t) ∗ sin(t), i = 3, 4

2.3

Illustrations and References

(5)

The computation of the the derivative F 0 (f ; h) is not
obvious as F is a composition of several operators.
F(f ) is a compact, then equation (5) is ill posed.
Therefore we look for the least square solution by
solving the normal equation A∗ Ax = A∗ b. This is
done with conjugate gradient method as a regularizer
(see [2]). In practice we chose a parametrization of
f with basic functions as polynomials, trigonometric
polynomials or Gaussian’s. The iteration is stopped
according to the discrepancy principle: at the first
n = n(δ) for which the residue kF(fn ) − uδ∞ k ≤ δ, δ
is the noise of the data.

2
2 πt + πt 2
(π−t)2
2 π−t
π + π2
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(6)

After 4 iterations we obtain the profile in the figure
2. This algorithm suffer from two defaults. Once, f0
is chosen proportional to f , indeed if we set f0 = 0
the algorithm diverges. Two, we remark that the
reconstruction is good for grazing incident wave (
θinc ≤ π6 ), but is bad for normal incidence.
Remark: In the paper [4] we avoid the case
when the perturbation is tangential to the line
at the end points (±a, 0), since the symmetric
domain becames singular (with cuspidal point).
This difficulty is due to the method. But in our case
if f is C 2 the solution of (1) has no singularity near
the corners as in the tip of a crack ([5]).

Figure 1:

Figure 2:

reconstruction of γ with θi = π6 , after 4
iterations

reconstruction of γ after 4 iterations
with θi = π6
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Abstract
We consider an inverse scattering problem to extract information about unknown obstacles from
scattering wave ﬁeld. For this problem, we apply
the enclosure method proposed by Ikehata, speciﬁcally, reconstruction formula for vertexes of polygonal obstacle using the logarithmic diﬀerential of the
indicator function. Since the formula is based on
the asymptotic behaviour of the indicator function,
it is diﬃcult to implement this formula directly as a
numerical procedure. To avoid this diﬃculty, we propose a method to approximate the formula without
computing the asymptotic behaviour directly. Our
numerical method is examined by some numerical experiments.
1

Introduction
An inverse scattering problem is a mathematical
model of many problems in science and engineering, e.g. nondestructive evaluation in mechanical
engineering, and acoustic diagnostics in medical science[1]. In this paper, we consider a problem to
extract information of unknown obstacles from observations of scattering wave ﬁeld governed by the
Helmholtz equation.
Let D ⊂ R2 be an unknown polygonal domain,
and u(x) = ui (x) + us (x) denotes the total wave ﬁeld
that satisﬁes
∆u + k 2 u = 0 in R2 \D,
∂u
= 0 on ∂D,
∂ν
(
)
√ ∂us
lim r
− ikus = 0,
r→∞
∂r

(1)

Let BR be an open disc with radius R centered at
the origin satisfying D ⊂ BR , and we assume that
the total ﬁeld u and its normal derivative ∂u
∂ν are observed on ∂BR . Then, our problem becomes to extract information about the unknown domain D from
observations u and ∂u
∂ν on ∂BR .
For ω ∈ S 1 , let us deﬁne the support function of D
by hD (ω) = supx∈ D x · ω. We say that ω is regular
with respect to D if the set ∂D ∩ {x ∈ R2 | x · ω =
hD (ω)} consists of only one point.
For τ > 0, let
( (
))
√
vτ (x; ω, k) = exp x · τ ω + i τ 2 + k 2 ω ⊥ , (4)
where ω ⊥ ∈ S 1 is perpendicular to ω, and deﬁne the
indicator function by
(
)
∫
∂u
∂vτ
vτ −
u dS. (5)
I(τ ; ω, d, k) =
∂ν
∂ν
∂BR

Using the indicator function I(τ ; ω, d, k), Ikehata established the following formula that extracts information about the locations of vertexes of the convex
hull of the polygon D [2]:
Theorem 1 Let ω be regular with respect to D. Let
x0 ∈ ∂D be the point with x0 ·ω = hD (ω). Then, there
exists τ0 > 0 such that |I(τ ; ω, d, k)| > 0 for all τ ≥
τ0 , and the logarithmic diﬀerential of the indicator
function I(τ ; ω, d, k) satisﬁes
I ′ (τ ; ω, d, k)
= hD (ω) + ix0 · ω ⊥ .
τ →∞ I(τ ; ω, d, k)

(2)
(3)

where ui (x) = eikx·d denotes the incident plain wave,
k > 0 the wave number, d ∈ S 1 the direction of the
incident wave, ν the outward unit normal relative
to R2 \D, and r = |x|. The boundary condition (2)
describes the sound-hard scattering on the boundary
of D, and the condition (3) shows that the scattering
wave us satisﬁes the Sommerfeld radiation condition.

lim

(6)

In this paper, we propose a numerical method to extract information about unknown obstacles based on
the reconstruction formula (6). We also discuss the
eﬀectiveness of the method by some numerical experiments.
2

Numerical Method
Since the reconstruction formula (6) is based on
the asymptotic behaviour of the indicator function
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From Figure 2, one can see that the vertexes of unknown obstacle are identiﬁed well for case (a), and
the identiﬁcation result becomes rather bad for case
(b). However, we may consider that the shape of unknown obstacle is reconstructed successfully in both
cases.
1

0.5

Y

as τ → ∞, it is diﬃcult to implement this formula
directly as a numerical procedure . Therefore, we discuss a method to approximate the formula (6) with
some numerical experiments.
Figure 1 shows a typical behaviour of numerical estimates of the logarithmic diﬀerential of I(τ ; ω, d, k).
The logarithmic diﬀerential of I(τ ; ω, d, k) behaves
as a constant in a ﬁnite interval (in Figure 1, 10 ≤
τ ≤ 25), and varies violently for large τ caused by
the error in the numerical evaluation of the indicator
function. From this numerical result, we propose the
following procedure to approximate the formula (6):
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Figure 1: A typical behaviour of numerical
estimates of I ′ (e
τ ; ω, d, k)/I(e
τ ; ω, d, k).
3

Numerical Experiments
We present numerical experiments for our proposed method. We consider the case where a kiteshape obstacle is placed in B1 as shown in Figure 2,
and we set k = 5.0 and d = (cos π/5, sin π/5). Observations of u and ∂u
∂ν are given at 64 points on ∂B1 . To
consider the eﬀect of noises in observations, we use
observations without noise (case (a)), and with 0.5%
noise (case (b)). For the approximation formula (7),
we choose τe = 22.0 for case (a), and τe = 7.0 for case
(b). The points hD (ω) + ix0 · ω ⊥ are estimated for
32 directions of ω.
Small circles in Figure 2 show the identiﬁed results of the points hD (ω) + ix0 · ω ⊥ for various ω.
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Abstract
This paper deals with an inverse source problem
for a fractional advection-dispersion equation on a
finite domain where the unknown source term is to
be determined from a final observation. The problem is first discretized using finite difference scheme
based on the shifted Grunwald formula. Then, the
Tikhonov regularization is used to determine the
source term in presence of noise.
Introduction
Fractional derivatives have proven their efficiency
and accuracy in modeling and solving equations in
many scientific fields [1], such as physics, chemistry, biology, mechanical engineering, signal processing and systems identification, control theory and finance,etc... [1],[3]. Thanks to their memory effect
and non-locality properties [1],[4], fractional derivatives are very useful in describing anomalous diffusion, such as contaminants transport in the soil, oil
flow in porous media, groundwater flow and turbulence [5],[6]. Recently, many studies have been interested in modeling with fractional partial differential
equations and their analysis. However, few studies
considered the inverse problem for such equations
[3],[7]. In this paper, we are interested in an inverse problem for the fractional advection-dispersion
equation that can be used for example for modeling
groundwater transport in heterogeneous porous media [6].
Recently, the inverse problem of the space fractional advection-dispersion equation have been considered by Chi et al [7] where they have solved the
inverse problem numerically in presence and in absence of a noise using an optimal perturbation regularization algorithm. However, the stability of the
proposed method depends on the initial guess and the
choice of some base functions. Moreover, Zhang and
Li et al [8] have solved this inverse problem using
the same optimal perturbation regularization algorithm when the fractional order, the diffusion coefficient and the average velocity are unknown . In this
paper, we propose to analyze this inverse problem.

We propose first to discretize the problem. Then,
because of the ill-posedness of the problem, a regularization strategy is needed. For this purpose, we
use a Tikhonov regularization to recover the source
term from a final observation, when the velocity and
the dispersion coefficient are known.
1 Methods
We consider a space fractional advection-dispersion
equation with the following initial and Dirichlet
boundary conditions:





∂u(x,t)
∂t

= −v ∂u(x,t)
+ d∂
∂x
u(x, 0) = u0 (x),

u(0, t) = h1 (t),


u(L, t) = h2 (t),

α u(x,t)

∂xα

+ f (x),
(1)

where t ≥ 0, 0 ≤ x ≤ L. v is the velocity, u is the
concentration, d is the dispersion coefficient, and α is
the derivative order with 1 < α ≤ 2. Moreover, the
fractional derivative is a left-sided Riemann-Liouville
fractional derivative over the x domain.
For the direct problem, we will use a finite difference
scheme based on the shifted Grunwald formula [2],
[5]. Then, the discretization form of equation (1) is
given by:
∆t
(1 − d∆tδα,x )uj+1
= − ∆x
v(uji+1 − uji ) + fi ∆t,
i
i = 1, . . . , N − 1 and j = 1, 2, . . .

where
δα,x uji

(2)

i+1
1 X
=
gk uji−k+1 ,
(∆x)α
k=0

and
gk =

Γ(k − α)
,
Γ(−α)Γ(k + 1)

with tj = j∆t, xi = i∆x, uji = u(xi , tj ), fi = f (xi ),
uj0 = h1 (tj ), and ujN = h2 (tj ).
Thus, the matrix form of the implicit finite difference
scheme is given by:
(I − M )U j+1 = CU j + F,

(3)
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F(x)

for n = 1, 2, ....N + 1 and m = 1, 2, ...., N + 1,
10
Exact Solution
3%
8

1%
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d(∆t)
gm−n+1 n ≤ m − 1, 2 ≤ m ≤ N
4
Mm×n =
,
g
n
=
m,
2
≤
m
≤
N
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−vd(∆t)
−6
1
m
=
n
−
1,
n
=
6
N
+
1
,
Cm×n =
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7
x
(5)
F = ∆t × [f0 , f1 , ......, fN −1 , fN ]T ,
Figure 1: The exact and the regularized solution
j+1
j+1
j+1
when f (x) = 5 sin(x), with different noise levels.
U j+1 = [u , u , ...., u ]T .
0

1

N

If we assume that the final observation is known then,
we can rewrite (3) in the following form: Y = KF ,
where K(N +1)×(N +1) = A(I − A)−1 (I − AN +1 ) and
Y = U N +1 − (AC)N +1 U 0 with A = (I − M )−1 , and
U N +1 the final observation.
In order to estimate the unknown source, we propose to minimize the following cost function with a
Tikhonov regularization:
J =k d − KF k22 +λ k F k22 ,

(6)

where d denotes the observation of Y . The solution of
argminF J is given by: F̂ = (K ∗ K + λI)−1 KY . The
regularization parameter λ is determined using the
L-curve. Results of simulation are shown in Figure 1
for different levels of noise.
2 Conclusion
In this paper, we have discussed the inverse source
problem of a space fractional advection-dispersion
equation on a finite domain. The problem is ill-posed
then, the Tikhonov regularization has been used. It
produces slightly larger errors than the perturbation
regularization algorithm introduced by Chi et al [7].
However, in the latter, the stability and the accuracy
of the perturbation regularization algorithm depends
on the choice of the initial guess and the basis functions. It is not obvious if the properties of the source
term are unknown.
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Abstract
In this talk, we consider the propagation of electromagnetic waves in an anisotropic medium. An important case is when the medium is non-scattering.
Through testing by plane waves, we derive an equation characterizing corresponding permitivities and
permeabilities. We construct some specific cases of
non-scattering media from this characterization.
1

Introduction
We consider a solution pair (E, H) to the inhomogeneous Maxwell Equations
∇ × E − ikµH = 0,
∇ × H + ikεE = 0.

(1)

Here k denotes the circular frequency and ε and µ
the space dependent permitivity and permeability,
respectively, with values in C3×3 . We will assume
that both ε and µ are equal to the identity matrix
outside some ball B and that they are symmetric in
B.
It is the goal in this paper to characterize families of such ε, µ, so that no scattered field arises.
The subject has recently obtained considerable attention in the context of cloaking, i.e. the hiding of
scattering objects behind a non-scattering coat. It
is well-known that non-scattering ε, µ can be constructed from appropriate coordinate transforms. It
is an open question whether there are other possibilities to explicitely construct suitable cloaks and how
to do this.
We will consider the problem under the assumption of weak scattering, i.e. the Born approximation.
We will explicitely derive conditions on the Fourier
transforms of ε, µ that lead to non-scattering. From
these we will be able to construct such media.
2

A Characterizing Equation
In addition to (E, H), consider a pair (E 0 , H 0 ) of
entire solutions to the homogeneous Maxwell system
0

0

0

0

∇ × E − ikH = 0,
∇ × H + ikE = 0.

(2)

We multiply the equations in (1) by E 0 and H 0 , respectively, add them and integrate over B. After a
after partial integration, we obtain
Z
1
(E × H 0 + H × E 0 ) · ν ds(x)
i k ∂B
Z
 0

E · δε E − H 0 · δµ H dx . (3)
=
B

Here ν denotes the outward drawn unit normal to
∂B and we have set δε = ε − I3 , δµ = µ − I3 .
Assume now, that (E, H) is the total field of a
scattering problem
E = E20 + E2s ,

H = H20 + H2s ,

where (E20 , H20 ) is an entire solution to (2) (the incident field) and (E2s , H2s ) is the corresponding scattered field satisfying the Silver-Müller radiation condition. Note that (3) remains valid for (E, H) replaced by (E20 , H20 ) and δε = δµ = I3 , so that we
conclude
Z
(E20 × H 0 + H20 × E 0 ) · ν ds(x) = 0 .
∂B

A careful asymptotic analysis yields the following
lemma:
Lemma 1 Suppose that the far field asymptotics of
(E2s , H2s ) are given by

 
1
eik|x| s
s
l2 (x̂) + O
,
E2 (x) =
|x|
|x|

 
eik|x|
1
s
s
H2 (x) =
x̂ × l2 (x̂) + O
,
|x|
|x|
for |x| → ∞ and that (E 0 , H 0 ) denotes the plane
wave given by
E 0 (x) = l0 eik θ̂·x ,

H 0 (x) = θ̂ × l0 eik θ̂·x .

Then for BR (0) = {x ∈ R3 : |x| < R} there holds
Z
lim
(E2s × H 0 + H2s × E 0 ) · ν ds(x)
R→∞ ∂BR (0)

=−

4π i s
l (−θ̂)> l0 .
k 2
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Applying Lemma 1 to equation (3) for some R large
enough so that B ⊆ BR (0), we obtain
4π
− 2 l2s (−θ̂)> l0 =
k

Z

 0
E · δε (E20 + E2s )

B

− H 0 · δµ (H20 + H2s ) dx . (4)

We now use the Born approximation that
E20 + E2s ≈ E20 ,

H20 + H2s ≈ H20

in B, and also assume that (E20 , H20 ) is a plane wave,
E20 (x) = l20 eik ψ̂·x ,
H20 (x) = ψ̂ × l20 eik ψ̂·x .
Denote by Bψ̂ the linear operator mapping l20 (where
>

l20 ψ̂ = 0) onto the far field pattern of the corresponding scattered field in Born approximation.
Then from (4), we conclude
−

4π 0 >
l B(θ̂, ψ̂) l20 =
k2

Z

B

 0
E · δε E20


− H 0 · δµ H20 dx . (5)

Suppose now that ε, µ are non scattering. Then the
left hand side of (5) vanishes. The right hand side can
easily be rewritten as a Fourier transform. Denoting
b and δµ
c denoted the Fourier transform of δε
by δε
and δµ evaluated at ψ̂ + θ̂, respectively, we obtain
the characterizing equation
>b 0
c (ψ̂ × l0 )
0 = l0 δε
l2 − (θ̂ × l0 )> δµ
2

(6)
>

for all θ̂, ψ̂ ∈ S2 and l0 , l20 ∈ C3 such that l0 θ̂ = 0,
>
l20 ψ̂ = 0.
b
c and ConseRepresentations of δε,
δµ
quences
b + δµ,
c dˆ = δε
b − δµ.
c These matrices have
Set ŝ = δε
particular representations.
3

Theorem 2 If θ̂ and ψ̂ are linearly independent,
then there exists an orthogonal matrix M and numbers s1 , s2 , s3 , d ∈ C such that


s1 s2
s3
0 
M > ŝM = s2 −s1
s3
0
−s1

and


 2

r+
0
0
ˆ = d I +  0 −r2
0  .
M > dM
+
2
0
0
−r+
Here r+ = |θ̂ + ψ̂|/2.
An immediate consequence is the following proposition that a non-scattering medium cannot be obtained by perturbing either only ε or only µ:
Corollary 3 There holds δε = 0 iff δµ = 0.
It also possible to use the representations of ŝ and dˆ
to construct specific examples of non-scattering media. For example, the case dˆ = 0 leads to the representation
b
δε(ξ)
= ŵ(ξ) ξ > + ξ ŵ(ξ)> − tr(ξ ŵ(ξ)> ) I

(7)

for ξ ∈ R3 , 0 < |ξ| < 2 and some vector field ŵ. This
representation can be seen to hold whenever scattering by a non-scattering inhomogeneity obtained by a
diffeomorphism which is a local perturbation of the
identity is studied in Born approximation. Thus the
case dˆ = 0 corresponds to the non-scattering media
obtained in transformation optics. Other cases will
be discussed in the conference presentation.
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Abstract
In [1] is proved theoretically the existence of small
perturbations of the rigid boundary of a 2D acoustic waveguide which are invisible at some given frequencies, in the sense that they do not perturb propagative modes in the far field. This communication
concerns the numerical computations of such deformations.
Introduction
The practical realization of invisibility cloaks is a
topic which gives currently rise to a very intensive
research activity in optics. Here we want to achieve
invisibility only at one given frequency (or at a finite number of given frequencies). The specificity
is that we consider propagation in a waveguide, and
not in the free space. Following [1] (where the approach of [2] is used) the deformation of the boundary is searched as a linear combination of known
(compactly supported) functions. The coefficients of
the linear combination are solution of a contractant
fixed point equation, expressed thanks to the scattering coefficients of the deformation. These scattering
coefficients can be computed numerically. To avoid
remeshing at each iteration of the fixed point algorithm, we use a multimodal method written in the
straight waveguide as in [3].
1

Setting of the problem
We consider a 2D acoustic waveguide defined as
follows:
Bhε = {(x, y) such that 0 < y < 1 + εh(x)}
where ε is a small positive parameter and h a
smooth function compactly supported in [−1, 1]. The
time harmonic pressure field u satisfies the following
boundary value problem:

 ∆u + k 2 u = 0 (Bhε ),
(1)
 ∂u = 0
(∂Bhε ),
∂n

where k > 0 is the wavenumber.
For the sake of simplicity, we consider here the
monomode case where k < 1 so that the only propagative mode is the plane mode e±ikx . Suppose this
plane mode is incident from the left, then the diffraction problem consists in finding u solution of (1) such
that
u(x, y) =
√
X
n2 π 2 −k2 x
eikx + Re−ikx +
u−
e
cos(nπy) x < −1,
n
Te

ikx

+

X

n≥1
√
+ − n2 π 2 −k2 x
un e
cos(nπy)

x > 1,

n≥1

where R, T and the u±
n are complex coefficients. We
look for a non-trivial perturbation h such that the
reflection coefficient R vanishes. Then, we deduce
from
|R|2 + |T |2 = 1
that |T | = 1. If this occurs, it means that the field
reflected by the perturbation is purely evanescent,
so that the presence of the perturbation is not observable in the far-field. Concerning the transmitted
field, a phase shift can be observed (since we ensure
|T | = 1 but not necessarily T = 1). Moreover, it is
easy to check that the same conclusion holds for an
incident wave coming from the right.
2

The theoretical results
We look for a deformation h of the form
h = h0 + τ1 h1 + τ2 h2

where τ1 and τ2 are real parameters to be determined,
and h0 , h1 and h2 are given functions satisfying the
following requirements:
Z 1
Z 1
sin(2kx)hj (x) = δj2 .
cos(2kx)hj (x) = δj1 and
−1

−1

Then it can be proved by an asymptotic analysis that
T = 1 + ε2 Teε (τ )
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and

eε (τ )
R = ikετ + ε2 R

where τ = τ1 + iτ2 , with the estimates:
eε (τ )| ≤ C
|Teε (τ )| + |R
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and T is the Dirichlet-to-Neumann operator defined
by:
hT(±1)U, V i =
Xp
ikU0 (±1)V0 (±1) −
n2 π 2 − k 2 Un (±1)Vn (±1)
n>0

for some constant C independent of ε and τ , for τ
bounded. Finally the invisibility condition R = 0 is
written as a fixed point equation in τ :

where

Un (X) =

τ = Fε (τ )
where

iε e
Rε (τ ).
k
This fixed-point equation is proved to be contractant
for small ε.
Fε (τ ) =

3

The numerical algorithm
For the numerical computations, we solve for a
given ε the above fixed point equation by the classical
fixed point algorithm

R1
0

U (X, Y ) cos(nπY )dY
.
R1
2 dY
cos(nπY
)
0

Finally, the problem is discretized by using a
Galerkin approximation, replacing H 1 (B) by the
finite-dimensional space of functions of the form
X X
U (X, Y ) =
wp (X) cos(nπY )
0≤n≤N 0≤p≤P

where the wp (X) form a finite element basis. In other
words, we use a modal decomposition in Y and finite
elements in X.
4

τ (n+1) = Fε (τ n ).
For the evaluation of Fε (τ ), we use the multimodal
method presented in section 3.3 of [3], which has already been used for optimum design purposes. Contrary to a 2D finite elements method, the multimodal
approach avoids remeshing at each iteration (remember that the deformation h(x) depends on the parameter τ ).
On the one hand, we use the change of variables


y
ε
H : (x, y) ∈ Bh → X = x, Y =
∈ B,
1 + εh(x)

Extensions
The proposed algorithm can be directly extended
to other cases described in [1]. For instance, one
can find a deformation which is invisible at several
frequencies k1 , k2 · · · kM below the cut-off π, using
2M + 1 design functions hj . Also invisibility in the
first interval of the spectrum ]π, 2π[ can be investigated.
References
[1] A.-S. Bonnet-Ben Dhia and S. Nazarov, Obstacles in acoustic waveguides becoming “invisible”
at given frenquencies, Preprint.

to set the initial problem in a straight waveguide
B =] − 1, 1[×]0, 1[. On the other hand, exact transparent boundary conditions are imposed on the artificial boundaries x = ±1. This leads finally to the
following variational problem :

[2] S. Nazarov, Asymptotic expansions of eigenvalues in the continuous spectrum of a regularly perturbed quantum waveguide, Theoretical
and Mathematical Physics, 167 (2), pp. 606–627,
2011.

Find U ∈ H 1 (B) such that ∀V ∈ H 1 (B)
Z
(H∇U ) · ∇V − k 2 (1 + εh(x))U V
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B

− hT(−1)U, V i − hT(1)U, V i = V (−1)

where H is the matrix

1 + εh(X)

H=
−Y εh′ (X)

−Y εh′ (X)




1 + ε2 Y 2 h′ (X)2 
1 + εh(X)
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Abstract
An Ultrawideband (UWB) planar monopole antenna is designed using the material distribution approach to topology optimization. The design variables
are the local conductivity values in a 75 × 75 mm area
where the radiating element can be located. The
antenna is optimized for maximum reception, in an
attached coaxial cable, of incoming plane waves. The
wave propagation is modeled using the time domain
3D Maxwell equations discretized using FDTD, and
the optimization is carried out using a gradient-based
optimization method, in which the derivatives are
supplied through solving corresponding adjoint equations. The outer dimensions of the optimized antenna
is 75 × 60 mm, and its reflection coefficient |S11 |,
with respect to a feeding signal in the coaxial cable,
stays below −10 dB throughout the frequency band
1.2–9.7 GHz.
Introduction
A well established method for computational design optimization of load-carrying elastic structures
is the material distribution approach to topology optimization, in which a function indicating local density
of material is the decision variable subject to optimization [1]. The method has been generalized to
the design of devices that interact with acoustic as
well as electromagnetic waves. However, the method
has not much been used to design metallic antennas
through optimization of the local conductivity. To
the best of our knowledge, the only contribution that
uses a large design space is by Erentok & Sigmund [2].
These authors, who have an extensive experience from
applying topology optimization to a wide class of problems, report that this problem is unusually sensitive
to various parameters in the optimization.
There are no ohmic losses in a material with vanishing or infinite values of the conductivity, but any inbetween value leads to energy losses. A gradient-based
optimization algorithm, however, needs to operate on
the continuum between insulator and conductor, and
cannot avoid intermediate lossy values. Thus, when
such an algorithm is used to maximize transmission,
any intermediate conductivity value will quickly be

forced to one of the extreme values in order to minimize energy losses: the problem is “self penalizing” to
extreme values of the conductivity. Moreover, it will
be difficult to change a vanishing or very large (infinite) conductivity value to its opposite, since it needs
to pass through a “barrier” of intermediate lossy values. Thus, a gradient-based optimization algorithm
for transmission optimization of metallic antennas
will quickly be trapped in a local optimum with bad
performance if no precaution is taken. Among material distribution problems for devices in the context of
wave propagation, this complication is rather unique
and does not occur when optimizing, for instance,
the distribution of sound-hard material for acoustics
problems [5] or the distribution of material for dielectric resonator antennas [3]. We believe that the
difficulty of handling lossy intermediate values of the
conductivity is the reason for the lack of progress up
to recently in the application of topology optimization
techniques to the design of metallic antennas.
Problem statement
As a reference configuration, we consider a rectangular monopole antenna, occupying area Γm , mounted
perpendicularly and close to an infinite ground plane.
For the optimization, we consider the antenna in its
receiving mode. The objective function is the energy
picked up in a coaxial cable mounted in the middle
of the edge facing the ground plane,
Ec (σ) =

1
2Zc

Z

0

T

(V − Zc I)2 dt,

(1)

where V and I are the voltage and the current at a
point in the cable, Zc its characteristic impedance,
and V − Zc I is the characteristic variable associated with the receiving signal. The optimization
problem is to maximize Ec over all σ ∈ L∞ (Γm ),
0 ≤ σ(x) ≤ σmax . The state equation is the 3D
Maxwell equations with a variable conductivity in
Γm . No feeding signal is provided through the coaxial
cable, which means that the associated characteristic
variable vanishes: V (t) + Zc I(t) = 0. The coupling
between the voltage and current in the coaxial cable
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Results
The aim is to design an Ultrawideband (UWB) antenna in the GHz region. The 3D Maxwell equations
are numerically solved in time domain using the classical Yee scheme (FDTD) with a Perfectly Matched
Layer (PML) to absorb outgoing waves and with an
attached 50 Ω coaxial cable. The potential antenna
area Γm is 75 × 75 mm and is discretized by 100 × 100
Yee cell faces. The conductivity at each edge in Γm
is subject to design, which yields a total of 20200
design variables. The Method of Moving Asymptotes
(MMA) [4] is used to solve the optimization problem,
and the required gradients are computed using the
associated adjoint equations, derived in the fully discrete case. In order to create a rich source of waves for
the antenna, we expose it to circularly polarized waves
from all 4 sides. The wave amplitude is a truncated
sinc pulse covering the frequency band 1–10 GHz.
We address the issue of self penalization discussed
above by a continuation approach and enforce intermediate values of the conductivity, and therefore a
certain amount of losses, from the start of the optimization iterations. We then successively reduce the
losses as the iterations proceed. To enforce intermediate values, the conductivity σ used in the Maxwell
equations is obtained by a local averaging (filtering)
of the design variables σ̃ that are actually updated by
the optimization algorithm: σ = KR ∗ σ̃, where the
kernel of the integral operator KR has support in a
disk of radius R. (Such a filter is commonly used also
for topology optimization of elastic structures, but
for other reasons, namely to regularize an ill-posed
problem [1].) The filter leads to a “blurring” of the
design variables σ̃, which imposes a certain amount
of ohmic losses.
We start with an initial filter radius R0 and successively reduce the radius by setting Rn+1 = γRn ,
where γ < 1, while performing a number of iterations
of the optimization algorithm for each filter radius.
In the numerical experiments, R0 = 1.5 cm, γ = 0.7,
and, for each filter radius, we iterate until a selected
convergence criterion based on the first-order necessary conditions is met, which typically requires 10–20
iterations. The algorithm thus progresses through
a succession of less and less lossy designs until, for
small values of the filter radius, the radiating element

Reference square monopole 0
Optimized antenna
−10

|S11 | (dB)

and the electromagnetic fields in the domain is accomplished through boundary conditions on the annular,
dielectric cross section Γcoax of the cable.
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Figure 1: The reference and optimized antenna and their
reflection coefficients |S11 |.

will almost entirely consist of elements with σ being
either 0 or σmax , due to the self-penalizing nature of
the problem.
The MMA algorithm required a total of 126 iterations to converge to the final design shown in figure 1. Performance is measured, by reciprocity, in
terms of the reflection coefficient S11 with the antenna as a transmitter. Overall, the performance of
the optimized antenna is superior to the reference,
and the reflection coefficient, |S11 |, of the optimized
antenna stays below −10 dB for the frequency band
1.2–9.7 GHz.
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Abstract
A homogeneous sphere is excited by a point source
lying inside the sphere. Analytical inversion algorithms are established concerning the determination
of the physical characteristics of the sphere as well
as the location and strength of the source. The basic
quantity utilized in these algorithms is the total ﬁeld
on the sphere which is assumed to be known. The
investigation of the above described problem is motivated by various applications in medical imaging.

Introduction
A point source inside a homogeneous spherical conductor constitutes a simpliﬁed yet realistic model for
investigating a variety of applications in brain imaging [1], [2]. Locating point sources using surface measurements is an example of an inverse source problem [3].
We consider the basic static problem consisting of
Laplace’s equation in a ball Vi with boundary ∂V .
The goal is to identify a point source lying in Vi from
Cauchy data on ∂V . There are ﬁelds both inside and
outside the sphere, with appropriate interface conditions on the sphere. The inverse problem is to determine the location and strength of the source knowing
the total ﬁeld on the sphere. The internal conductivity is also to be found.
We obtain exact and complete results by developing analytical inversion algorithms utilizing the moments obtained by integrating the product of the total ﬁeld on the spherical interface with spherical harmonic functions. All the information about the primary source and the ball’s physical characteristics is
encoded in these moments. The presented method is
simple, explicit and exact (given exact data). Other
analytic inversion algorithms for determining static
point dipoles as well as acoustic point sources inside
a homogeneous sphere are presented in [4].

1

Mathematical Formulation
Consider a homogeneous spherical object of radius
a, surrounded by an inﬁnite homogeneous medium.
Denote the exterior by Ve and the interior by Vi . A
point source lies inside the sphere at an unknown
location r1 ∈ Vi . We will determine the source, using
information on the spherical interface.
Denote the ﬁeld outside the sphere by ue and the
total ﬁeld inside by ui . Then, ui = upr + usec , where
upr is the primary ﬁeld due to the source (upr is singular at r1 ) and usec is the secondary (regular) ﬁeld.
The ﬁeld ue is regular and satisﬁes an appropriate
far-ﬁeld condition. The ﬁelds ue and ui are related
by transmission conditions on the sphere.
For the primary ﬁeld, we choose a point source,
upr (r; r1 ) =

A
,
|r − r1 |

r ∈ R3 \{r1 },

(1)

where A is a real constant.
Introduce spherical polar coordinates (r, θ, ϕ) for
the point at r so that the source is at (r1 , θ1 , ϕ1 ) with
r1 = |r1 | < a. Then, the transmission conditions are
ue = ui

and

1 ∂ui
1 ∂ue
=
ρe ∂r
ρi ∂r

at r = a,

(2)

where ρe and ρi are constants.
Since we deal with a static problem, both ue and
usec are governed by Laplace’s equation. The ﬁeld ue
decays to zero at inﬁnity. In the context of electrostatics, ρe and ρi are inverse conductivities.
2

Inverse Source Problem
A static point source lies at r1 and generates the
ﬁeld upr . Near the sphere (r1 < r < a), separation of
variables gives the expansion
upr (r; r1 ) =

∞ ∑
n
∑

fnm (r1 )(a/r)n+1 Ynm (r̂),

n=0 m=−n

where r̂ = r/|r| and Ynm (r̂) = Ynm (θ, ϕ) is a spherical harmonic (see [5, §3.2]), and the quantities fnm
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characterizing the source, are given by
fnm (r1 ) =

4πA (−1)m
(r1 /a)n Yn−m (r̂1 ) .
a 2n + 1

(3)

M00 = Ã/ϱ.

The secondary ﬁeld inside the sphere is
usec (r) =

∞ ∑
n
∑

n=0 m=−n

αn fnm (r1 )(r/a)n Ynm (r̂), 0 ≤ r < a

whereas the ﬁeld outside is given by
ue (r) =

∞ ∑
n
∑

βn fnm (r1 )(a/r)n+1 Ynm (r̂),

r>a

n=0 m=−n

The transmission conditions at r = a, (2), give
(1 − ϱ)(n + 1)
,
αn =
n + ϱ(n + 1)

2n + 1
βn =
,
n + ϱ(n + 1)

(4)

where ϱ = ρi /ρe . Note that αn and βn do not depend
on any characteristics of the source.
The ﬁeld on the sphere is
usurf (θ, ϕ) =

∞ ∑
n
∑

n=0

2n + 1
fnm (r1 )Ynm (θ, ϕ).
n
+
ϱ(n
+
1)
m=−n

It is this quantity that we shall use to ﬁnd the source.
The spherical harmonics are orthonormal,
∫
Ynm Yνµ dΩ =
∫Ωπ ∫ π
Ynm (θ, ϕ)Yνµ (θ, ϕ) sin θ dϕ dθ = δnν δmµ ,
0

with Ã = Aa and r̃1 = ra1 . Thus, there are ﬁve unknowns, Ã, ϱ, r̃1 , θ1 and ϕ1 .
As Y00 = (4π)−1/2 , we obtain

−π

where Ω is the unit sphere and the overbar denotes
complex conjugation. Hence, the moments
∫
1
m
Mn ≡ √
usurf Ynm dΩ
4π Ω
2n + 1
1
fnm (r1 ),
(5)
=√
4π n + ϱ(n + 1)
are known, in principle, if u is known on r = a; the
double integral over Ω could be approximated using
a suitable quadrature rule and corresponding point
evaluations of usurf . The problem now is to determine properties of the source and the interior material (namely, ρi = ρe ϱ) from Mnm .
For a point source, (3) and (5) give
√
n
m
m Ãr̃1 4π
Mn = (−1)
Y −m (θ1 , ϕ1 ),
(6)
n + ϱ(n + 1) n

This ratio is all that can be recovered if the source
is at the sphere’s centre (r1 = r̃1 = 0). So, let us
assume now that r̃1 ̸= 0.
For n = 1, we can use the expressions of Y10 , Y11 ,
and Y1−1 (see e.g. [5, eqn (8.28)]) to obtain
√
r̃1 3
0
cos θ1 ,
M1 = Ã
1 + 2ϱ
√
r̃1 3/2 ∓iϕ1
±1
M1 = ∓Ã
e
sin θ1 .
1 + 2ϱ

If M1±1 = 0, then θ1 = 0 or π (the source is on
the z-axis and so ϕ1 is irrelevant); to decide which,
note that the sign of M00 M10 is the sign of cos θ1 .
If M1±1 ̸= 0, ϕ1 is determined by noting that the
complex number M00 M1−1 has argument ϕ1 .
0
If M10 ̸= 0,
1 = 0, then θ1 = π/2.
√ If M
2 M1−1 /M10 = eiϕ1 tan θ1 determines θ1 . Also
(1 + 2ϱ)2 {(M10 )2 − 2M11 M1−1 } = 3(Ãr̃1 )2 .

(7)

To conclude, we take a measurement with n = 2
√
ϱ(2 + 3ϱ)M00 M2m = (Ãr̃1 )2 (−1)m 4πY2−m (θ1 , ϕ1 ).
(8)
Choosing m such that Y2−m (θ1 , ϕ1 ) ̸= 0 (namely take
m = 0 unless P2 (cos θ1 ) = 0), we eliminate (Ãr̃1 )2
between (7) and (8) to give a quadratic equation for ϱ
(which is real and positive). Then, Ã = A/a = M00 ϱ
and r̃1 = r1 /a follows from M1m or from (7).
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Abstract
We discuss uniqueness properties for the inverse current source recovery problem of electroencephalography, from boundary values of the associated electrical potential.

and in the innermost layer (the brain), modelled by
a ball, say Ω0 = B, it satisfies the Poisson equation
(in the distributional sense):

Introduction
The inverse EEG (electroencephalography) problem consists in recovering a current distribution
within the brain from measurements of the generated electric potential taken by electrodes on the
scalp. From Maxwell’s equation in their quasi-static
approximation, it is modelled by a conductivity elliptic partial differential equations (PDE).
Physical applications come from medical imaging
and engineering, neurosciences, for both therapeutic and functional brain analysis, but are related to
many other non-destructive testing issues.
Such inverse source problems from partial boundary data are severely ill-posed when they concern elliptic PDE (this in known since Hadamard), due to
the lack of uniqueness of solutions or of their stability properties. One of these strong ill-posedness phenomena is the case of silent sources, that correspond
to non-unique solutions.
We look for a caracterization of silent electrical
sources within a volume Ω of R3 : what are the electrical currents localized inside Ω that generate an
electrical potential vanishing identically outside Ω?

where the transmission conditions at interfaces imply
that, for i = 1, 2,

1

Problem, model
A classical EEG setup is that of a spherical head Ω
(a ball) composed of 3 nested spherical layers, each
of constant conductivity value, for the brain Ω0 , the
skull Ω1 and the scalp Ω2 , see [3]: Ω = Ω0 ∪ Ω1 ∪ Ω2 .
The (real-valued) electrical potential u satisfies
∇ . (σ∇u) = ∇ . J p in Ω ,
where the current source (primary cerebral current)
J p is supported in Ω0 (as a distribution on R3 , thus
with compact support). Hence, u is harmonic in Ω1 ,
Ω2 :
∆u = 0 in Ω1 , Ω2 ,
(1)

∆u = ∇ . J p in B ,

u , σ ∂n u are continuous on ∂Ωi−1 ∩ ∂Ωi .

(2)

(3)

The inverse EEG problem then consists in the following Cauchy-type issue:
being given (partial, overdetermined) boundary
data, namely a set of measured pointwise values of
the potential u on a subset of the boundary ∂Ω,
together with the assumption that the current flux
∂n u = 0 on ∂Ω, find the current source J p associated
to these data through (1), (2), (3).
It is a typical ill-posed problem (in view of
Hadamard), whose solution may not be unique and,
even in situations where uniqueness holds, may possess an unstable behaviour with respect to the boundary data (practically furnished by electrodes measurements). Well-posedness however can be granted
provided suitable assumptions are satisfied by the
current source J p . Namely, a classical model in EEG
consists in modelling J p by a finite number of pointwise dipolar sources within B:
Jp =

K
X

pk δCk ,

k=1

with an integer K, moments pk ∈ R3 , sources locations Ck ∈ B. For such (unknown) pointwise dipolar
source J p , uniqueness properties hold [5] from values
of u on an open subset of ∂Ω (which can be built
from the given pointwise measures, in a robust manner). In particular, pointwise dipolar sources are
never silent. In such situations, efficient source localization scheme are furnished by constructive best
quadratic rational approximation techniques in planar sections [2]. Figure 1 provides an illustration
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of this recovery procedure, using the software FindSources3D [6] (matlab); there, pointwise data are
(numerically) given at 128 electrodes locations on the
outermost upper hemisphere of ∂Ω2 , from which the
quantity K = 2, the sources locations Ck and associated moments pk are estimated.
It raises however the uniqueness issue, for other
important models of sources, like those distributed
on surfaces, and motivates the (inverse) silent source
problem:
find those source distributions J p with support in
(the closed ball) B̄ such that the associated potential
u through (2) has its support contained in B̄.
2

Solutions
A characterization of such silent sources will be explained, which is obtained using a Helmholtz-Hodge
decomposition formula, Green formula, together with
properties of the Poisson kernel of the ball and of harmonic functions there. It asserts that silent sources
J p coincides with gradients of functions that belong
to the Sobolev space W01,2 (B) of functions with vanishing trace on the boundary and L2 (B) derivative
(or of their distributional derivatives), up to the addition of a divergence free term. In particular, W 1,2 (B)
functions with support strictly contained in B belong
to W01,2 (B). A sketch of the proof will be proposed.
Examples of such silent sources will be provided as
well, some of which being also magnetically silent
(generating a magnetic field that vanishes outside
B), which are of practical interest for magnetoencephalography (MEG) experiments.
Note that similar uniqueness issues are in order
for inverse magnetization problems [1], where the
magnetization of some material (like martian rocks)
is to be recovered from magnetic measurements (by
SQUID microscopy). They also appear to be raised
by many physical issues modelled by Maxwell’s or
Newton’s equations (geophysics).
3 Illustrations and References
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Introduction
We address the Factorization Method (FM) as introduced in [1] applied to the Continuous Model of
Electrical Impedance Tomography (EIT). Most of
the works on the FM in the literature treat the case
of homogeneous background. Our works [2], [3] are
mostly related to numerical issues associated with
EIT in inhomogeneous and uncertain background.
To begin with, we propose a numerical scheme to
solve the dipole-like Neumann boundary-value problem when the background conductivity coefficient
is inhomogeneous and deterministic, and use this
scheme to design an efficient implementation of the
FM algorithm for inhomogeneous but deterministic
background.
We then discuss the case where the background
conductivity coefficient is piecewise constant with
known spatial distribution but unknown parameter
values. We propose three variants of the FM to cope
with this configuration. In the first algorithm we
simultaneously recover the background parameters
and the location of the inclusion, by means of an optimization scheme motivated by the structure of the
sampling operator and the outcome of the FM. This
algorithm is well suited for low dimensional configurations of the parameter space. In addition, a second
approach is proposed, where the optimization scheme
is replaced by a weighting of the FM indicator function with a misfit indicator for the background. This
procedure requires an extensive sampling of the parameter space which would be very expensive. However, in the case where many independent realizations of the measurement operator are available, we
describe how this strategy can be made efficient. The
third algorithm deals with the case where paired measurements are available, namely measurements for
the inclusion free background and measurements for
the medium with inclusion. In this case, a uniform
weight for the FM associated with random sampling
of the parameter spaces provides an effective indicator function.

Overview of the results
We consider backgrounds that are piecewise constant
in r regions {Ri }ri=1 thatSare a partition of the computational domain B = ri=1 Ri , see e.g. Fig. 1. Denote by m the r-dimensional vector of positive numbers that specifies the coefficient value in each region
Ri of the domain B. The background conductivity
coefficient σB is defined as
σB (x) =

r
X

mi IRi (x),

i=1

x ∈ B,

(1)

where IX (x) denotes the indicator function of the
subdomain X ⊆ B. If m = (1, 1, . . . , 1)> then we
obtain a homogeneous deterministic coefficient, and
Fig. 2 shows the reconstructions obtained with the
geometries shown in Fig. 1. Fig. 3 shows the reconstructions obtained when the background coefficient
σB is given by (1), with the vector m chosen such
that the coefficient jumps by two orders of magnitude across different regions.
More general deterministic inhomogeneous coefficients σB , nonlinearly depending on x, have been
analysed in [2]. The effect of artificial noise has
been analysed in [2] as well. In Fig. 4-left we report
(from [2]) the reconstruction of ten small obstacles,
obtained with the following background conductivity
coefficient, with ±50% variation,


σB (x) = 1 + 0.25 sin(5x1 ) + cos(5x2 ) . (2)
In Fig. 4-right the reconstruction is obtained after
the measurements have been contaminated by noise.
To model the background in the uncertain case, we
parametrize σB with the exponential model
σB (x, y) =

r
X
i=1

10yi IRi (x),

x ∈ B,

y ∈ Γ,

(3)

where Γ = [−1, 1]r . The parameter y is a realization of the random variable Y ∼ U(Γ) uniformly distributed over Γ. Again, the coefficient jumps up to
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two orders of magnitude in each one of the r regions.
The corresponding reconstructions are reported in
Fig. 5-left, in the case of arbitrary measurements,
and Fig. 5-right in the case of paired measurements.
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inhomogeneous but deterministic background, with
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Figure 1:

Two geometries of the background and of
the inclusions (displayed in dashed lines). Left: six
regions and one circular inclusion. Right: three regions
and four small circular inclusions. Notice: the inclusion
can fall on the interface between different regions.
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Abstract
We are concerned with the inverse problem of identiﬁcation of an unknown piecewise constant Robin
parameter arising in the corrosion detection by electrostatic boundary measurements in both two and
three dimensional cases.
Introduction
In this paper, we are interested in the reconstruction of an unknown piecewise constant Robin parameter q by boundary measurements.
Several numerical methods have been proposed for
the identiﬁcation of the Robin inverse problem in
some admissible sets of regular functions [2], [4], [6].
These methods do not apply in the reconstruction of
discontinuous parameters.
In the case of piecewise constant Robin parameter,
a new variational formulation using a regularization
technique based on Modica-Mortola functional, has
been recently proposed by B. Jin and J. Zou [5]. This
method has the advantage of being robust to noise as
it was shown through the numerical tests presented
in [5]. However, the regularization of the class of
admissible parameters by H 1 functions naturally involves a large number of parameters especially when
the unknown Robin parameter has a limited number
of singularities surfaces.
We present in this paper a numerical method for
the identiﬁcation of a singular piecewise Robin parameter q by making use of the Kohn-Vogelius cost
function J. We prove diﬀerentiability of J with respect to the singularities surfaces of the Robin parameter in two or three dimensional cases.
1

The Kohn-Vogelius function
Let Ω be a simply connected bounded domain
of R2 or R3 with C 1,α boundary ∂Ω; α ∈]0, 1[. We
designate by Γu and Γd two C 1,α nonempty connected
disjoint open parts of ∂Ω such that ∂Ω = Γu ∪ Γd .
Let n ∈ N∗ and m > 0. We denote by T the
set of all nonempty connected open subsets of Γu
n the set of admissible
with Lipschitz boundary, by Vad

singularities surfaces:
{
}
(ϑi )i=0,...,n / ϑi ∈ T ; ϑi ∩ ϑj = ∅ if i ̸= j
n
∪
Vad =
,
n
and
i=0 ϑi = Γu
and by Qnad the set of admissible Robin parameters:

n
∑

 q=
n
ci χϑi /(ϑi ) ∈ Vad
, / ci > 0, and
Qnad =
i=0


|ci − cj | ≥ m /if (i ̸= j and ϑi ∩ ϑj ̸= ∅)

Let Φ ∈ L2 (Γd ) denotes the imposed current ﬂux;
ϕ ̸≡ 0 and f be the potential measurement.
For q ∈ Qnad , we denote by uq,N the solution of the
following Neumann-Robin problem (N .R):

in Ω,
 △u = 0
∂n u = Φ
on Γd ,
(N .R)

∂n u + qu = 0 on Γu ,
and by uq,D the solution of the following problem:

in Ω,
 △u = 0
u=f
on Γd ,
(D.R)

∂n u + q u = 0 on Γu .







The inverse problem, subject of our present study is
the following:
{
Given (ϕ, f ) on Γd ,
(I.P)
recover q ∈ Qnad , such that uq,N = f on Γd .
Referring to [1], [3], the inverse problem (I.P) has
only one solution denoted by q which is the unique
minimum of the Kohn-Vogelius cost function J:
∫
∫
J(q) =
|∇uq,N − ∇uq,D |2 +
q|uq,N − uq,D |2 .
Ω

Γu

Moreover, the derivative of J w.r.t. ci is given by:
∫
∂ci J(q) =
(u2q,D − u2q,N ).
ϑi

2

Diﬀerentiability of J with respect to the
singularities surfaces of q
In this section, we prove the diﬀerentiability of J
with respect to the singularities surfaces of q in both
two and three dimensional cases despite the fact that
the states uq,N and uq,D are not diﬀerentiable.

,
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2.1 Derivative in the two-dimensional case
In this part, we suppose that the curve Γu is parameterized by a C 1,α function ψ : [0, 1] 7−→ R2 .
n
∑
Let q =
ci χϑi ∈ Qnad , where ϑi = ψ([ αi , αi+1 [)

0.5

1

1.5

2

2.5

3

3.5

0.5

1

1.5

2

2.5

3

3.5

i=0

and mi = ψ(αi ). Then we have:
(
)
∂mi J(q) = (ci−1 −ci ) u2q,D (mi ) − u2q,N (mi ) |ψ ′ (αi )|.

2.2 Derivative in the three-dimensional case
In this section, Γu is assumed to be a surface parameterized by a C 1,α function Ψ : [0, 1]×[0, 1] −→ R3
for some α ∈]0, 1[ and F be the set of C 1,α functions
φ : [0, 1] → [0, 1].
For every φ ∈ F, we denote by Cφ the graph of φ
and by:
D1φ = {(x, y) ∈ [0, 1] × [0, 1] / y ≤ φ(x)}
D2φ = {(x, y) ∈ [0, 1] × [0, 1] / y ≥ φ(x)}.

For i = 1, 2, we denote by: Viφ = ψ(Diφ ). and we
suppose that the set of admissible Robin parameter
Qad is deﬁned by:
{
}
Qad = q = c1 χV1φ + c2 χV2φ ; φ ∈ F; c1 ̸= c2 ; q > 0 .

Let h > 0, g ∈ F and D1,h = {(x, y) ∈ [0, 1]2 ; φ(x) ≤
y ≤ φ(x) + h.g(x)}. For q ∈ Qad , we denote by:
{
c1
if X ∈ V1,h := Ψ(D1,h )
qh = qh (X) =
q(X) else.
a small perturbation of q. Then, we have:
∫ 1
J(qh ) − J(q)
lim
= (c1 − c2 ) g(x)η(x)dx, where
h
h→0+
0
∂Ψ
η(x) = ( ∂Ψ
∂x ∧ ∂y )(x, φ(x))

3

[

]
(u2q,D − u2q,N )(Ψ(x, φ(x)) .

Numerical results
In this section, we present some numerical results
in two or three dimensional cases using an algorithm
of gradient type. The potential measurements have
been simulated by synthetic data obtained by means
of numerical computations solving the forward problem (N .R).
Figures 1 and 2 represent the curves of q (in red),
the initialization q0 (in green) and the reconstructed
parameter q (in blue) where Ω is the unit disk and
Γu = {eiθ ; 0 ≤ θ ≤ π} in the case of 2D and Ω is
the unit cube where Γu = [0, 1 × [0, 1] × {1} in 3D.

0% of noise
Figure 1:

5% of noise
Reconstruction of q in 2D.
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Abstract
We are interested in the numerical simulation of wave
propagation phenomena modeled by Friedrichs hyperbolic systems of the form (1) on unbounded domains containing heterogeneities. To do so we propose a hybrid algorithm based on the retarded potential method combined with a discontinuous Galerkin
(DG) approximation with upwind fluxes and finite
differences in time. The numerical procedure is stable by construction when the CFL in the interior domain is satisfied.
1 Symmetric hyperbolic Friedrichs systems
Our goal is to numerically solve the following PDE
that, for our purposes, it is useful to write as a
transmission problem between two non-overlapping
subdomains Ωe (unbounded and homogeneous) and
Ωi (bounded and eventually heterogeneous) with the
common boundary Γ
d
X
∂ui
∂ui
Aj
+
M
∂t
∂xj

= f i,

d
X
∂ue
∂ue
Aj
+
M
∂t
∂xj

= 0,

in Ωe ,

ue (t = 0) = 0,

in Ωe ,

[[A(n)u]]Γ = 0,

on Γ.

Ωe but also in Ωi even if we use the same notation)
d
X
∂uϕ
∂uϕ
Aj
+
M
∂t
∂xj
j=1

= 0, in Ωi ∪ Ωe ,

uϕ (t = 0) = 0, in Ωi ∪ Ωe ,

[[A(n) uϕ ]]Γ = A(n) ϕ, on Γ,
where the datum ϕ is a function defined in Γ × [0, T ].
We define the integral operator XΓ (·) by

1
A(n)(uϕ )e + A(n)(uϕ )i . (3)
XΓ ϕ =
2
Defining the function w as the extension by 0 of
exterior solution ue we realize that w = uϕ for
ϕ = PImA(n) (ue ) (where PY (·) is the projection
from Rn into Y ). In consequence we have (the function γ is supposed to be strictly positive)
XΓ ϕ + γ PKerA(n) ϕ =

in Ωi ,

j=1

(2)

1
A(n) ϕ.
2

(4)

Multiplying by a test function and integrating in Γ ×
[0, T ] we get the following variational formulation

ui (t = 0) = u0 , in Ωi ,
(1)

j=1

In the previous system Aj , j ∈ {1, . . . , d} and M
are n × n symmetric matrices (the latter is also positive definite). Additionally n is the
Pd normal unit
vector outward to Ωi , A(n) =
j=1 nj Aj and
[[A(n)u]]Γ = A(n)ue − A(n)ui .
2 The integral equation in Ωe
To derive an integral equation equivalent to the equations in Ωe we start by introducing the following auxiliary problem (for which we assume that the coefficients in the equations are homogeneous not only in

z
Z

0

bT (ϕ,ψ)

T

}|
{
Z 

XΓ ϕ + γ PKerA(n) ϕ · ψ dγ dt =
Γ
Z Z
1 T
A(n) ui · ψ dγ dt,
2 0 Γ

(5)

where we have used the transmission condition to
couple with the interior. It can be shown that
Z
1
M uϕ (T ) · uϕ (T ) dx +
bT (ϕ, ϕ) =
2 Ωi ∪Ωe
Z TZ
γ |PKerA(n) ϕ|2 dγ dt > 0,
0

Γ

which provides the positivity of the bT (·, ·) (a weak
coercivity property for short time can be also shown).
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3 A DG variational formulation in Ωi
To derive a DG formulation of the interior equations
we introduce Th a mesh of Ωi . Let Fh be the set of
internal faces of the mesh. Standard techniques [2]
provide the following variational formulation
X d Z
M ui · w dx
dt K
K∈Th
d Z 

X X
∂ui
∂w
Aj
+
· w − Aj
· ui dx
∂xj
∂xj
K∈Th j=1 K
Z


1 X
+
[[A(n) ui ]] · [[w]] − [[A(n) w]] · [[ui ]] dγ
4
F ∈Fh F
Z
1 X
α|A(n)| [[ui ]] · [[w]] dγ
+
2
F ∈Fh Z F
1 X
−
div A ui · w dx
2
K
K∈Th
Z
X Z
1
+
A(n) ϕ · w dγ =
f i · w dx,
2 Γ
K

ii) all the terms in (6) not involved in the coupling
are discretized with a DG standard approximation
in space combined with explicit finite differences in
time (an extension of the leap frog scheme allowing
to include dissipative terms), iii) following the ideas
introduced in [1], the coupling terms are specially design to satisfy a discrete energy estimate. This leads
to the following matrix formulation of the discrete
problem
M

uK + uKe
α
+ |A(n)|(uK −uKe ).
FK (uK , uKe ) = A(n)
2
2

The bilinear forms involved in (6) have the following
properties: i) the one in the first line is symmetric
and positive definite, ii) the one composed by the
second and third lines is skew, iii) those in the fourth
and fifth lines (including the minus sign) are symmetric and positive, v) the one in the sixth line accounts
for the coupling.
In consequence the coupled problem is given by equations (5) and (6). From both equations we can get the
following energy decay (in absence of volume forces)
Z
X 1Z
1
M u0 · u0 dx
M ul (T ) · ul (T ) dx −
2 Ωl
2 Ωi
l∈{i,e}
Z Z X
d
∂Aj
1 T
ui · ui dx dt.
=
2 0 Ωi
∂xj
j=1

4 Discretization for the coupled problem
The discretization of the coupled problem is based
on the following ideas: i) the left hand side of (5)
is approximated through a space-time Galerkin procedure (see [1] for the details in the acoustic case),

n− 21

n+ 32

− Ui
2∆t

Ui

D
n
X

+ Ui
2

m+ 21

Bn−m U e

m=0

n+ 23

Ui

Ct

n+ 12

+ A Ui
n− 21

n+ 23

Ui

K∈Th

(6)
Pd
where the matrix div A =
∂A
/∂x
is
asj
j
j=1
sumed to be positive and where we have selected the
following numerical fluxes for the internal boundaries
of the element K (α ∈ [0, 1])
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n− 21

+ Sα U i
n+ 21

n+ 21

+ C Ue
n+ 21

+ Pγ U e

−

= Fi

,

∆t −

n− 12

+ Ui
2

∆t = 0.
(7)

n+ 1
Fi 2

Assuming
= 0, the discrete solution can be
shown to satisfy the following discrete energy decay
(the matrix Sα − D is symmetric and positive)
n +
Ei,α

∆t
∆t

n
X

}|

Bn−m U e

Pγ U e

· Ue

m=0
n−1
X
l=1

>0

z
n X
n
X

l=0 m=0
m+ 21

(D − Sα )

m+ 12

m+ 12

l+ 32

Ui

{

l+ 21

· Ue

0
= Ei,α
−

+
l− 21

+ Ui
2

l+ 23

·

Ui

l− 12

+ Ui
2

,

where (Mα = M − ∆t Sα )
1h
n+ 1
n+ 1
n− 1
n− 1
n
Mα U i 2 · U i 2 + Mα U i 2 · U i 2
Ei,α
=
4
i
n− 1
n+ 1
− 2∆t AU i 2 · U i 2 ,

is a positive discrete energy when the usual CFL condition on the interior domain is satisfied. This provides a robust BEM-FEM transient coupling.
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Abstract
Starting from a recently developed energetic spacetime weak formulation of boundary integral equations related to wave propagation problems defined
on single and multi domains, a coupling algorithm is
presented, which allows a flexible use of finite and
boundary element methods as local discretization
techniques, in order to efficiently treat unbounded
media. Partial differential equations associated to
boundary integral equations will be weakly reformulated by the energetic approach too, and a particular
emphasis will be given to the stability analysis of the
proposed method. Several numerical results on wave
propagation model problems will be presented and
discussed.
Introduction
Even if the Finite Element Method (FEM) has obviously a dominant status in the field of computational techniques in physics and engineering, mostly
because of its great flexibility and wide range of applicability, discretization approaches based on integral
equations are superior for certain classes of problems. For instance, the numerical study of wave
propagation in unbounded media in two or three dimension still represents a challenging issue for domain methods. In this context, time-dependent problems modeled by hyperbolic partial differential equations (PDEs) can be dealt with the boundary integral equations (BIEs) method. For the discretization
phase, Boundary Element Methods (BEMs) are successfully applied in seismology, in particular for the
study of the soil-structure interaction, in acoustics
and in the analysis of the electromagnetic scattering,
taking advantage of dimensionality reduction and of
the implicit enforcement of radiation conditions at
infinity.
When one deals with regions having different material properties (e.g. layered soils) or even different physics (e.g. in solid-fluid coupling or wavesoil-structure interaction) domain decomposition is
needed. In this framework, there are advantages in
combining finite and boundary element techniques.

BEM, also when formulated directly in the spacetime domain, has attracted particular interest for its
high accuracy, the simplicity of imposing the interface conditions in problems defined on multi domains,
the implicit fulfillment of radiation conditions at infinity, the low cost of discretization when problems
are defined over unbounded domains. The use of
BIEs and BEMs, however, is complex and not particularly efficient in presence of non-linearities localized
in small parts of the domain. In this case, the classical differential models and related numerical techniques, such as the finite difference method (FDM)
and FEM, help to efficiently deal with the nonlinear
part of the problem, but require, in general, a fine
discretization of the entire domain with a significant
increase in computational cost.
To summarize, BEM and FEM methods for the approximation of systems of BIEs and PDEs are nowadays understood to be complementary rather than
concurrent and a suitable coupling of these two techniques can take advantage of what both offer.
In the last decades, contributions to BEM-FEM coupling, in the context of hyperbolic problems, started
to appear, especially analyzing stability issues (see
e.g. [1]). In this work, we propose an energetic
BEM-FEM coupling procedure, based on recently obtained results [2]-[5]. In particular, taking advantage
of the theoretical stability analysis of the coupling
technique proposed in [6], where simple one dimensional benchmarks were discussed, here the focus is
the extension of the energetic BEM-FEM procedure
for the approximate resolution of wave propagation
model problems in higher dimension.
1

Model problem
Let Ω be an open bounded set in IRn , n = 2, 3 with
sufficiently smooth boundary ΓN . Let us consider the
decomposition IRn \Ω = Ω1 ∪ Ω2 , with Ω1 ∩ Ω2 = ∅
and Ω̄1 ∩ Ω̄2 = Γ. The two non-overlapping subdomains can be constituted by different materials with
typical constants µ1 , µ2 , and Ω1 , differently from Ω2 ,
is unbounded, as depicted in Figure 1.
Having set ci the propagation velocity of a perturba-

A LESSANDRA A IMI , M AURO D ILIGENTI , ATTILIO F RANGI AND C HIARA G UARDASONI

Figure 1:

Space domain of the model problem.

tion in the i-th subdomain, the model problem which
will be taken into account is the following: for i = 1, 2

1
 ∆ui (x, t) − c2 üi (x, t) = fi (x, t), x ∈ Ωi , t ∈ [0, T ]
i

 ui (x, 0) = u̇i (x, 0) = 0,

x ∈ Ωi

with Neumann boundary condition p2 (x, t) :=
∂u2
µ2 ∂n
(x, t) = p̄(x, t) on ΣN := ΓN × [0, T ] and with
x
standard continuity and equilibrium conditions between the two materials, i.e. u1 (x, t) = u2 (x, t),
p1 (x, t) = −p2 (x, t) on Σ := Γ × [0, T ]. The forcing term f1 is trivial and suitably connected to f2 .
After a boundary integral reformulation of the differential problem in the subdomain Ω1 which involves the classical boundary integral operator quartet V, K, K ∗ , D depending on the fundamental solution of the wave operator, the energetic weak formulation of the coupled problem reads:
 1
1
˙
˙

µ1 < (V p1 ), q1 > − < (Ku2|Γ ), q1 > − 2 < u̇2|Γ , q1 >= 0








− 12 < p1 , v̇2|Γ > − < K ∗ p1 , v̇2|Γ > +µ1 < Du2|Γ , v̇2|Γ >

−µ2 A(v2 , u2 ) = µ2 F(v2 )− << v̇2|ΓN , p̄ >> ,

with < ·, · >=< ·, · >L2 (Σ) , << ·, · >=< ·, · >>L2 (ΣN ) ,
i
RT R h
A(v2 , u2 ) := 0 Ω2 ∇v̇2 · ∇u2 + c12 v̇2 ü2 dx dt and
2
RT R
F(v2 ) := 0 Ω2 v̇2 f2 dx dt .
2

Space-time Galerkin discretization
For time discretization we consider a uniform decomposition of the time interval [0, T ] with time
step ∆ t = T /N∆t , N∆t ∈ N+ , generated by the
N∆t + 1 time-knots tk = k ∆ t, k = 0, · · · , N∆t ,
and we choose temporally piecewise constant shape
functions for the approximation of p1 and piecewise
linear shape functions for the approximation of u2 ,
although higher degree shape functions can be used.
Double integrals in time have been performed analytically.
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For the space discretization, we consider the bounded
subdomain Ω2 (suitably approximated by a domain) of polygonal/polyhedral type and a mesh
Th = {e1 , · · · , eMh }, constituted by Mh triangles/tetrahedra with diam(ei ) ≤ h, ei ∩ ej = ∅ if
S h
i 6= j and such that M
i=1 ei = Ω2 . The mesh TΓ,h on
the interface will be the restriction of Th to Γ. We
choose piece-wise constant basis functions related to
TΓ,h for the approximation of p1 over the interface
and piece-wise linear continuous functions related to
Th for the approximation of u2 in Ω2 . Double integrals over the interface Γ have been performed as
described in [4].
Several results coming from the related energetic
time-marching procedure will be presented and discussed.
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Abstract
The numerical study of electromagnetic wave propagation in nanophotonic devices requires among others the integration of various types of dispersion models, such as the Drude one, in numerical methodologies. Appropriate approaches have been extensively
developed in the context of the Finite Differences
Time-Domain (FDTD) method, such as in [1] for example. For the discontinuous Galerkin time-domain
(DGTD), stability and convergence studies have been
recently realized for some dispersion models, such as
the Debye model [2]. The present study focuses on
a DGTD formulation for the solution of Maxwell’s
equations coupled to (i) a Drude model and (ii) a
generalized dispersive model. Stability and convergence have been proved in case (i), and are under
study in case (ii). Numerical experiments have been
made on classical situations, such as (i) plane wave
diffraction by a gold sphere and (ii) plane wave reflection by a silver slab.
1

Drude model
The Drude model describes the response of certain
dispersive media to an electromagnetic wave propagating in a certain range of frequencies. The considered model permits to establish a dependency between the permittivity of the material and the angular frequency of the electromagnetic wave in the
following form:
εr,d (ω) = ε∞ −

ωd2
,
ω 2 + iωγd

where ωd , γd and ω are respectively the plasma frequency and the damping constant of the medium,
and the angular frequency. Adding a Drude dispersion model therefore implies a coupling, in the time
domain, between the electric field E and an additional field, the dipolar current (Jp ), through an ODE
whose solution we choose is here approximated in a
DG framework. A centered fluxes DG method has
been chosen to develop a numerical approximation
of the problem, given the geometry and the inhomogeneous media to be considered. It is associated

with a second-order Leap-Frog scheme in time, therefore inducing a non-dissipative scheme. A theoretical
study of the latter has been made, demonstrating
an

min(s,p)
2
error convergence in O h
+ ∆t , where p is
the spatial order of approximation, and s is related
to the regularity assumptions made on the electromagnetic field.
2

Generalized dispersive model
Recently, several arbitrary dispersive models have
been proposed, such as the Critical Points (CP)
[3] and the Complex-Conjugate Pole-Residue Pairs
(CCPRP) [1]. Here, another formulation is considered: in accordance with the fundamental theorem
of algebra, the permittivity function is written as
a decomposition of a constant, one zero-order pole
(ZOP), a set of first-order generalized poles (FOGP),
and a set of second-order generalized poles (SOGP).
This leads to the following expression in the frequency domain:
εr,g (ω) = ε∞ −

X
σ X
al
cl − jωdl
−
−
.
2
jω
jω − bl
ω − el + jωfl
l∈L1

l∈L2

This general writing allows an important flexibility
for two reasons: (i) it unifies most of the common
dispersion models in a single formulation (such as
Drude, Drude-Lorentz and Debye media for example), and (ii) it permits to fit any experimental data
set in a reasonable number of poles (and thus a reasonable number of coefficients). The stability and
convergence properties of the resulting DG formulation seem at first glance to be a feasible extension
of the Drude case, and are currently under investigation.
3

Numerical validations
First, a simple validation case has been set up in
order to verify that the orders of convergence theoretically obtained for the Drude model based DGTD
method were achieved. A unitary PEC cavity with
dispersive properties defined by a Drude model is defined. A forced source current has been added to the
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set of equations in order to obtain an analytical solution to compare with. The calculated convergence
orders match the theoretical prediction, as presented
in table 1.
Then, a more physical case is considered: a gold
nanosphere of radius 20 nm, whose properties are described by a Drude model, is illuminated by a plane
wave, the latter being modulated in time by a gaussian function. The discrete Fourier transform of the
field is processed along the computation, and is in the
end compared with the Mie solution1 of the problem,
which is taken as a reference solution. A good adequation has been found between the reference and
the numerical solution, which is displayed on figure
1. Further accuracy and performance assessment will
be performed on this fondamental case, then paving
the way to situations of high interest in the nanophotonic domain.
References
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Table 1: Convergence orders with P1 and P2
approximations for the PEC cavity case.
(a) Convergence rate, P1
Refinement

Convergence rate

1
50

–

1
75

1.2575

1
100

1.1197

1
125

1.1000

1
150

1.0614

(b) Convergence rate, P2
Refinement

Convergence rate

1
25

–

1
50

2.2004

1
75

2.0826

1
100

2.0366

1
125

2.0432
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time domain Maxwell’s equations in dispersive
media. IMA Journal of Numerical Analysis, 2012.
[3] A. Vial, T. Laroche, M. Dridi, and L. Le Cunff.
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103:849 – 853, 2011.

Figure 1: E field magnitude in the frequency
domain calculated by the DGTD method in
the vicinity of the gold nanosphere. The view
is a z = 0 slice.
1

The Mie theory provides an analytical solution to diffraction
problems in the case of spherical obstacles.
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Abstract
We propose explicit local time-stepping (LTS)
schemes of high order based either on classical or
low-storage Runge-Kutta schemes for the simulation
of wave phenomena. By using smaller time steps precisely where smaller elements in the mesh are located,
these methods overcome the bottleneck caused by local mesh refinement in explicit time integrators.
FE Discretization of damped wave equations
As a model problem we consider the (damped)
wave equation
utt + σut − ∇ · (c2 ∇u) = f in Ω × (0, T ) ,

u(·, t) = 0 on ∂Ω × (0, T ) ,

(1)

u(·, 0) = u0 , ut (·, 0) = v0 in Ω ,

where Ω is a bounded domain in Rd . Here, f ∈
L2 (0, T ; L2 (Ω)) is a (known) source term, while u0 ∈
H01 (Ω) and v0 ∈ L2 (Ω) are prescribed initial conditions. At the boundary, ∂Ω, we impose a homogeneous Dirichlet boundary condition, for simplicity.
The damping coefficient, σ = σ(x), is assumed nonnegative (σ ≥ 0) whereas the speed of propagation,
c = c(x), is piecewise smooth and strictly positive
(c(x) ≥ c0 > 0). Spatial discretization of (1) with
continuous finite elements (with mass lumping [1])
or a nodal discontinuous Galerkin (DG) method [2]
leads to a system of ordinary differential equations
M

d2 U
dU
(t) + Mσ
(t) + K U(t) = R(t) ,
dt2
dt

(2)

or

dQ
(t) + Mσ Q(t) + C Q(t) = R(t) ,
(3)
dt
respectively, with an essentially diagonal mass matrix
M. Thus, when combined with explicit time integration, the resulting fully discrete scheme of (1) will be
truly explicit.
M

Runge-Kutta based LTS
Locally refined meshes impose severe stability constraints on explicit time-stepping methods for the

numerical solution of (1). LTS methods overcome
that bottleneck by using smaller time-steps precisely
where the smallest elements in the mesh are located.
In [3], [4], explicit second-order LTS integrators for
transient wave motion were developed, which are
based on the standard leap-frog scheme. In the absence of damping, i.e. σ = 0, these time-stepping
schemes, when combined with the modified equation
approach, yield methods of arbitrarily high (even) order. To achieve arbitrarily high accuracy in the presence of damping, while remaining fully explicit, explicit LTS methods for the scalar damped wave equation based on Adams-Bashforth multi-step schemes
were derived in [5].
Here we propose explicit LTS methods of high
accuracy based either on explicit classical or lowstorage Runge-Kutta (RK) schemes. In contrast to
Adams-Bashforth methods, RK methods are onestep methods; hence, they do not require a starting
procedure and easily accommodate adaptive timestep selection. Although RK methods do require several further evaluations per time-step, that additional
work is compensated by a less stringent CFL stability
condition.
In order to derive RK based LTS methods, we
rewrite both (2) and (3) as a first-order system
y0 (t) = By(t) + F(t)

(4)

and split the vectors
y(t) = (I − P)y(t) + Py(t) = y[c] (t) + y[f] (t),

F(t) = (I − P)F(t) + PF(t) = F[c] (t) + F[f] (t),

(5)

where the entries of the diagonal matrix P, equal to
zero or one, identify the unknowns associated with
the locally refined regions, y[f] . Hence the exact solution of (4) is
Z tn +ξ∆t
y(tn + ξ∆t) = y(tn )+
By[c] (t) + F[c] (t) dt
tn
tn +ξ∆t

+

Z

By[f] (t) + F[f] (t) dt .

tn

(6)
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To derive LTS methods that overcome the stringent
stability conditions dictated by the smallest elements
in the mesh, y[f] , we shall treat those elements differently from the remaining coarser elements, y[c] .
In doing so, we approximate the first integral in (6)
by a sufficiently accurate quadrature formula, where
the (unknown) values of y[c] at the quadrature points
are approximated by Taylor expansion. Differentiation of the resulting expression then leads to a modified differential equation, which is solved numerically from tn to tn + ∆t by using a RK method with
∆τ = ∆t/p in the locally refined region; here p denotes the coarse to fine aspect ratio. The resulting
LTS-RK schemes have the same high rate of convergence as the original classical or low-storage RK
methods.
Numerical Experiments
To illustrate the versatility of our approach, we
consider the scalar damped wave equation
utt + σut − ∇ · (c2 ∇u) = f
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Figure 1: The initial triangular mesh (top); zoom
on the “fine” mesh indicated by the darker (green)
triangles (bottom).

in Ω × (0, T ) , (7)

in a rectangular domain of size [0, 2] × [0, 1] with
two rectangular barriers inside forming a narrow gap.
Here f (x, t) is a (known) source term, whereas the
damping coefficient σ(x) ≥ 0 and the speed of propagation c(x) > 0 are piecewise smooth. We use continuous P 2 elements on a triangular mesh, which is
highly refined in the vicinity of the gap, as shown
in Fig. 1. For the time discretization, we choose
an LTS method based on an explicit third-order lowstorage Runge-Kutta scheme. Since the typical mesh
size inside the refined region is about p = 7 times
smaller than that in the surrounding coarser region,
we take p local time steps of size ∆τ = ∆t/p for every
time step ∆t. Thus, the numerical method is thirdorder accurate both in space and time with respect
to the L2 -norm. In Fig. 2, a vertical Gaussian pulse
initiates two plane waves (with Gaussian amplitude)
propagating in opposite directions. The right-moving
wave proceeds until it impinges on the obstacle.

Figure 2:

The solution at times t =0.6 and 0.7.

equations, SIAM J. Sci. Comput., 31 (2009), pp.
1985–2014.
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A Time-domain BIEM for Wave Equation accelerated by Fast Multipole Method using Interpolation
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Abstract
This study proposes a fast time-domain boundary integral equation method (TDBIEM) for wave equation. The
present method resorts to interpolate the fundamental solution to construct a fast algorithm in the fashion of the
fast multipole method (FMM) [1].
1 Introduction
The application of the FMM to the TDBIEM has
not been investigated well in contrast to the frequencydomain BIEM [2]. As of now, the plane wave time domain (PWTD) algorithm, which is a time-domain version
of the FMM, is promising for wave problems in acoustics,
electromagnetics [3], and elastodynamics [4].
Meanwhile, Tausch developed an FMM-like algorithm for the heat equation [5].
He exploited
Lagrange/Chebyshev interpolation to represent the
time-dependent fundamental solution in the form of
separation-of-variables, which enables to formulate
an FMM. It is to be noted that such interpolationbased FMMs were studied in other problems, e.g., the
black-box FMM [6] and the references therein.
Being motivated by Tausch’s paper [5], the present
study aims at establishing an interpolation-based fast
multipole TDBIEM for the scalar wave equation in three
dimensions, as an alternative of the PWTD algorithm.
2 Formulation
2.1 TDBIEM for wave equation
We solve u(x, t) (x ∈ D ⊂ IR3 , t > 0) from the wave
equation c2 ∆u(x, t) = ü(x, t) subject to given initial and
boundary conditions, where c denotes the wave velocity.
This problem is reduced to solve the following BIE:
∫ t∫ (
∂u
1
u(x, t) =
Γ(x − y, t − s)
(y, s)
2
∂n
y
0 ∂D
)
∂Γ
−
(x, y, t − s)u(y, s) dsdSy x ∈ ∂D, t > 0, (1)
∂ny
where Γ(r, t) := δ(t−|r|/c)
is the fundamental solution.
4π|r|
We apply the collocation method to solve the BIE
(1). The boundary ∂D is discretised with Ns piecewiseconstant elements Ei (i = 1, . . . , Ns ) and their centres
are chosen as the spacial collocation points, denoted by

xi . Meanwhile, we use the piecewise-linear basis for time
and let tα := α∆t (α = 0, ..., Nt ) be the temporal collocation points, with ∆t being a time step length.
Owing to the expensive computation of the layer potential in (1), the computational complexity of the naı̈ve
TDBIEM results in O(Ns2 Nt ).
Hence, it is necessary to construct a fast method to
evaluate the layer potential in (1). To show the main idea
of the method, we now focus on the interaction between
two ’well-separated’ clusters in space-time, say a source
cluster S × J and observation cluster O × I (Fig. 1). For
these clusters, the layer potential is represented as
( ∫
∑ ∑
1
σjβ W (xi , y, tα , tβ−1 ) · n(y) dSy
4πc∆t
Ej
tβ ∈J Ej ∈S
)
∫
− τjβ

U (xi , y, tα , tβ−1 ) dSy

Ej

xi ∈ O, tα ∈ I, (2)

where the time integral was already performed analytically. Also, σjβ and τjβ represent the boundary values
that are already known at the passed time tβ on Ej . The
single- and double-layer kernels U and W are defined as
(c(t − s) − |x − y|)+
,
|x − y|
c(t − s)(x − y)
W (x, y, t, s) :=
H(c(t − s) − |x − y|).
|x − y|3
U (x, y, t, s) :=

2.2 Approximation of U and W with interpolation
Following the papers [5][6], we approximate the kernels U and W with certain interpolation functions. We
denote the approximated
function of a given function
∑
f (x) on [−1, 1] by i<p f (ωip )`i (x), where `i (x) are interpolants and ωip are nodes where f is sampled. To apply this interpolation scheme to U and W in (2), we let
O and S be cubes with the edge length 2hs and centres
of Ō and S̄, respectively. Similarly, we let I and J be
¯ retime-intervals of length 2ht and centres of I¯ and J,
spectively. Then, with the given numbers ps and pt , we
can expand U as
∑ ∑ ∑ ∑
U (x, y, t, s) ≈
Ua,b,m,n (O, S, I, J)
×`a

(

a<ps b<ps m<pt n<pt

) (
) (
) (
)
x − Ō
y − S̄
t − I¯
s − J¯
`b
`m
`n
,
hs
hs
ht
ht
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where ωvps := (ωvp1s , ωvp2s , ωvp3s ), Ua,b,m,n (O, S, I, J) :=
pt ¯
, J + ht ωnpt ), and
U (Ō + hs ωaps , S̄ + hs ωbps , I¯ + ht ωm
∑ ∑ ∑
∑
`v (z) :=
`v1 (z1 )`v2 (z2 )`v3 (z3 )
v1 <ps v2 <ps v3 <ps

v<ps

for v = a, b and z := (z1 , z2 , z3 ) ∈ [−1, 1]3 . Meanwhile, we can approximate W by differentiating `b because W = ∇y U holds. Note that the discontinuity of
W on the sphere |x − y| = c(t − s) in IR3 (or wavefront) causes a certain approximation error.

2h t

2h t

Observation
cluster ( xi , t α)
I

Source
cluster
(E j , t β)

J

(S, J)
1. Creation of
multipole exp.S
2h s

(O, I)

3. Evaluation with
local exp.

Numerical validation (in progress)
The present FMM code was tested through an external scattering analysis, where a hard sphere is irradiated
with a plane pulse. The sphere is discretised with 5120
elements and 400 time steps were calculated. The cubic
Hermite interpolation was used with ps = pt = 8.
Fig. 2 compares the fast TDBIEM with the conventional one for u at the front (irradiated) and back sides of
the sphere. The fast TDBIEM exhibits over/under shoots
as well as a larger diffraction (around t = 2.7 for the front
side) but the discrepancy from the conventional method is
not enormous. In this tentative result, the fast and conventional TDBIEMs took 1269 and 2134 sec., respectively.
2.0

2. Translation of multipole exp.
to local exp.
O

Conventional TDBIEM (front)
Present TDBIEM (front)
Conventional TDBIEM (back)
Present TDBIEM (back)

1.5

Space

1.0

2h s

Front side
(x1=6.27e-4)

c=1

Plane
pulse

0.5

u

Time

3

Figure 1: Schematic illustration to evaluate Eq.(2)
through the three FMM-steps formulated in Section 2.3.

Back side
(x1=9.99e-1)

0.5

x1

0

0.0

2.3 FMM-expression of layer potential in Eq.(2)
With the help of the interpolated kernels, we can express (2) in the following FMM-like fashion:
∑ ∑ ( xi − Ō ) ( tα − I¯)
`m
La,m (O, I).
≈
`a
h
h
s
t
a<p m<p
s

t

(3)

Here, La,m is the local expansion computed from the socalled M2L formula:
∑ ∑
La,m (O, I) :=
Ua,b,m,n (O, S, I, J)Mb,n (S, J),
b<ps n<pt

where Mb,n denotes the multipole expansion:
∑ ∑ ( tβ−1 − J¯)
1
`n
Mb,n (S, J) :=
4πc∆t
ht
Ej ∈S tβ ∈J
)
))
(
(
∫ (
y − S̄
y − S̄
β
β
· n(y) − τj `b
dSy .
×
σj ∇`b
hs
hs
Ej
As in ordinary FMM, the so-called M2M and L2L formulae can be obtained with the help of interpolation [5].

2.4 Algorithm and computational complexity
Using the previous formulae, we can construct a fast
algorithm to solve the BIE (1) in the similar fashion
to the multi-level PWTD algorithm [3]. We can show
that computational complexity of the present FMM is
4/3
O(Ns Nt ). Here, pt and ps are to be constants, meaning
we basically consider low frequency regime.

-0.5
0.0

0.5

1.0

1.5

2.0
Time

2.5

3.0

3.5

4.0

Figure 2: Comparison of the numerical solutions.
4

Conclusion
An FMM-accelerated TDBIEM for wave equation was
presented together with the tentative numerical result.
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Abstract
The one-dimensional Klein-Gordon equation defined on a bi-domain will be numerically solved by
a BEM-FEM coupling procedure. Stability and convergence of the proposed technique, based on energy
arguments, will be presented, together with several
numerical results, including the extension to the dissipative case.
Introduction
We present a BEM-FEM numerical scheme for the
approximation of solutions u = u(x, t) to the onedimensional linear Klein-Gordon equation in a halfline x > 0:


∂2u
∂
2 ∂u
−
c(x)
+ m(x)2 u = f (x, t),
(1)
∂t2
∂x
∂x
with Neumann boundary condition at the endpoint
x = 0 and vanishing initial conditions u(x, 0) =
ut (x, 0) = 0, x > 0. The functions c(x) > 0 and
m(x) ≥ 0 take the constant values ci , i = 1, 2 and mi ,
i = 1, 2, in the two sub-intervals (0, L) and (L, +∞)
respectively. The source term f (x, t) is assumed to
vanish for x > L.
Equivalently, the problem can be set as a coupled bi-doman initial-boundary value problem with
transmission conditions at the interface point x = L:
u(L− , t) = u(L+ , t), c21 ux (L− , t) = c22 ux (L+ , t).
Equation (1) arises in mathematical physics in
several different contexts: in relativistic quantum
mechanics as a model for a free particle, in which
case it is actually known as Klein-Gordon equation;
in continuum mechanics as a linear model for either transversal or longitudinal vibrations of a onedimensional string/bar subject to a restoring force
m(x) per unit length; in propagation of electric
waves in wire lines where it is known as the Telegraph equation (actually in this case, an additional
dissipative term ut appears in the equation).
In addition to the interest that the equation (1)
has in applications, it is also important from the
mathematical point of view, being the simplest hyperbolic equation with a non trivial dispersion re-

lation. This fact makes the problem stimulating to
be studied and, at the same time, simple enough to
make possible a complete mathematical justification
of the BEM-FEM numerical approximation.
1

Analysis and discretization
The continuous problem is set in a space-time weak
formulation which couples the initial-boundary value
problem for the PDE in the bounded interval (0, L)
with two retarded integro-differential equations at
the interface point x = L, whose unknowns are
uL (t) = u(L, t) and pL (t) = −c22 ux (L, t):
uL (t) = (V pL )(t),

pL (t) = (−DuL )(t).

(2)

The integro-differential operators V and D are defined as follows (in the following J0 and J1 are the
Bessel functions of order 0 and 1 respectively):
Z t
1
L
(V p )(t) :=
J0 (m2 (t − τ ))pL (τ ) dτ,
c2 0
Z t
J1 (m2 (t − τ )) L
−(DuL )(t) := c2 u̇L (t)+m2 c2
u (τ )dτ.
t−τ
0

The basic idea underlying the proposed numerical
scheme is to preserve the symmetry properties and
the energy estimates valid for the continuous weak
formulation. The essential elements of our numerical
scheme are: 1) finite elements for space discretization
and an implicit Newmark finite differences scheme
for time discretization in the FEM interval (0, L); 2)
collocation technique for the first equation in (2) and
time-Galerkin method for the second one (which in
this case plays the role of the hyper-singular equation).
We will show stability and convergence of the
method essentially by discrete energy estimates (see
[1], [4], [7], [8] for related results), the crucial remark
being the well-known relation:
Z t
Z t
EBEM (t, u) =
pL (τ )u̇L (τ ) dτ = (V ṗL )(τ )pL (τ ) dτ
0
0
Z t
= − (DuL )(τ )u̇L (τ ) dτ ≥ 0.
(3)
0
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m1 = m2 = 1

Here EBEM (t, u) represents the energy in the BEM
sub-interval.
In the present work we actually
strengthen the simple inequality (3), and as a consequence, we prove optimal stability estimates for the
BEM unknowns pL and u̇L and convergence of the
BEM-FEM approximations in energy norm (see [2],
[3] and the seminal papers [5], [6] for related results).
2

Numerical results
Let us consider the spatial domain Ω = (0, +∞)
decomposed in Ω1 = (0, L) and Ω2 = (L, +∞), with
c1 = c2 = 1 and trivial forcing term f (x, t) = 0.
The Neumann condition in x = 0 is the rectangular
impulse H(t−0.5)−H(t−1). In Figures 1-3 we show
the obtained numerical results in x = 0 and x =
L compared with the analytical solution, which is
known for this simple benchmark, for different values
of m1 , m2 . The agreement is very good.
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Abstract
A linear wave equation on a moving surface is discretized in space by evolving surface finite elements
and in time by the implicit midpoint rule. We study
stability and convergence of the fully discrete scheme
in the natural time-dependent norms. Under suitable
assumptions we prove optimal-order error estimates.
Keywords. Wave equation, evolving surface finite
elements, implicit midpoint rule, error analysis.

∇Γ u = ∇u − ∇u · ν ν. The Laplace-Beltrami operator
is the tangential divergence
of the tangential gradient
P
∆Γ u = ∇Γ · ∇Γ u = d+1
(∇
Γ )j (∇Γ )j u.
j=1

1

2.2 The evolving surface finite element method
Following [2], the smooth surface Γ(t) is interpolated at nodes ai (t) ∈ Γ(t) (i = 1, . . . , m) by a
discrete polygonal surface Γh (t), where h denotes
the grid size. These nodes move with velocity
dai (t)/dt = v(ai (t), t). The discrete surface Γh (t) =
S
E(t)∈Th (t) E(t) is the union of d-dimensional simplices E(t) that is assumed to form an admissible
triangulation Th (t); see [2] for details. We define for
each t ∈ [0, T ] the finite element space Sh (t) = {φh ∈
C 0 (Γh (t)) : φh |E linear affine for each E ∈ Th (t)}.
The moving nodal basis {χi }m
i=1 of Sh (t) are determined by χi (aj (t), t) = δij for all j, so we have

Introduction
The numerical study of partial differential equations on moving surfaces has attracted considerable
attention over the last years.
In [1], the authors considered a wave equation
on a moving surface, which is derived from Hamilton’s principle, and presented a fully discrete variational integrator that is stable under a CFL condition. To overcome the time step restriction due
to the CFL condition, we investigate in this paper
the implicit midpoint rule for the time discretization.
We prove the unconditional stability of the fully discrete scheme. Furthermore, under suitable regularity
conditions, we show second order of the error measured in the L2 norm over the time-dependent surface
for displacements and their material derivatives, and
first order for the L2 norm of the error in the surface
gradient of the displacements, uniformly on bounded
time intervals.
2

The wave equation on evolving surfaces
Let Γ(t), t ∈ [0, T ], be a smoothly evolving family
of smooth m-dimensional compact closed hypersurfaces in Rm+1 without boundary, with unit outward
pointing normal ν. We let v(x(t), t) denote the given
velocity of the surface Γ(t), i.e., ẋ(t) = v(x(t), t).
We consider the linear wave equation on evolving
surfaces (c.f [1])
∂ • ∂ • u + ∂ • u ∇Γ · v − ∆Γ u = 0

(1)

with given initial data u(0) ∈ H 2 (Γ0 ) and ∂ • u(0) ∈
H 1 (Γ0 ).
We let ∂ • u denote the material derivative ∂ • u =
∂u
∂t + v · ∇u. The tangential gradient is given by

2.1 Weak formulation
A weak form of (1) reads:
Z
Z
Z
d
∂ • uϕ + ∇Γ u · ∇Γ ϕ =
∂ • u∂ • ϕ
dt Γ
Γ
Γ
S
for all smooth ϕ : t∈[0,T ] Γ(t) × {t} → R.

(2)

Sh (t) = span{χ1 (·, t), . . . , χm (·, t)}.
The discrete velocity Vh of the discrete surface Γh (t)
is
the piecewise linear interpolant of v: Vh (x, t) =
PN
x ∈ Γh (t). Then the disj=1 v(aj (t), t)χj (x, t),
crete material derivative on Γh (t) is given by ∂h• φh =
∂φh
∂t + Vh · ∇φh . The construction is such that
∂h• χj = 0.

(3)

The discrete surface gradient is defined piecewise as
∇Γh g = ∇g − ∇g · νh νh , where νh denotes the normal
to the discrete surface.
2.3 The spatial semi-discretization
The spatial semi-discretization of the wave equation reads as follows: Find uh (·, t) ∈ Sh (t) such that
for all temporally smooth φh with φh (·, t) ∈ Sh (t)
and for all t ∈ [0, T ],
Z
Z
Z
d
•
∂ Uh φh +
∇Γh Uh ·∇Γh φh =
∂h• Uh ∂h• φh .
dt Γh h
Γh
Γh
(4)
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2.4 The Hamiltonian ODE system
denote the discrete solution Uh (·, t) =
PWe
m
m as
q
j=1 j (t)χj (·, t) ∈ Sh (t) and define q(t) ∈ R
the nodal vector with entries qj (t) = Uh (aj (t), t).
Then by the
P transport property (3), we have
∂h• Uh (·, t) = m
j=1 q̇j (t)χj (·, t) ∈ Sh (t). The evolving mass matrix M (t) and
R the stiffness matrix A(t)
are defined by M (t)ij = Γh (t) χi (t)χj (t), A(t)ij =
R
Γh (t) ∇Γh (t) χi (t) · ∇Γh (t) χj (t). The mass matrix is
symmetric and positive definite. The stiffness matrix
is symmetric and only positive semidefinite. Then (4)
can be written as
d
(M (t)q̇(t)) + A(t)q(t) = 0.
dt

(5)

By introducing the conjugate momenta p(t) =
M (t)q̇(t), we reformulate (5) in the variable y(t) =
d
(p(t), q(t))T as Hamilton’s equations (˙ = dt
)
ẏ(t) = J −1 H(t)y(t),
with
J=



0 I
−I 0



,

H(t) =



(6)

M (t)−1
0
0
A(t)



.

3

The implicit midpoint rule
For the numerical integration of the above Hamilton’s equations (6) we consider the implicit midpoint
rule with time step size τ > 0 given by
τ
Yn+ 1 = yn + J −1 Hn+ 1 Yn+ 1
(7a)
2
2
2
2
yn+1 = yn + τ J −1 Hn+ 1 Yn+ 1
(7b)
2

2

3.1 Defects and errors
Let yen and Yen+ 1 be reference values that we want
2
to compare with yn and Yn+ 1 respectively. Inserted
2
into (7) they yield defects in
τ
Yen+ 1 = yen + J −1 Hn+ 1 Yen+ 1 + ∆n+ 1
2
2
2
2
2
−1
e
yen+1 = yen + τ J Hn+ 1 Yn+ 1 + δn+1

(8a)

Lemma 3.1 The error is bounded for 0 ≤ tn ≤ T by
kyn − yen ktn ≤ C ∆ 1

t0
n−1
X
2

+C

j=1

+ C δn − ∆n− 1
2

tn

δj + ∆j+ 1 − ∆j− 1
2

2

tj

.

The constant C is independent of h, τ and n.
4

Error bound for the full discretization
For Uh : Γh → R we define the extension or the
lift onto Γ by Uhl (a(x)) = Uh (x), where a(x) ∈ Γ
is the orthogonal projection of x ∈ Γh . We consider the lifts of the fully discrete numerical solution and its numerical
derivative given by
Pm nmaterial
• n l
l
• n
l
n
n
uh := (Uh ) =
j=1 qj χj (tn ), ∂h uh := (∂h Uh ) =

Pm
−1
l
j=1 M (tn ) pn j χj (tn ), which are lifted finite element functions defined on the surface Γ(tn ). This
will be compared with the solution u(tn ) of the wave
equation (1) and its material derivative ∂ • u(tn ).
We rewrite the error by subtracting and adding the
Ritz map applied to the exact solution,
unh − u(tn ) = unh − Ph (tn )u(tn ) + Ph (tn )u(tn ) − u(tn ),
where Ph (t) is the Ritz map defined in [1]. Then we
are able to prove our main result:
Theorem 4.1 Let u be a sufficiently smooth solution
of the wave equation (1) and assume that the discrete
initial data satisfy
u0h − (Ph u)(0)

+ ∇Γ0 u0h − ∇Γ0 (Ph u)(0)

L2 (Γ0 )
+ ∂h• u0h

− ∂h• (Ph u)(0)

L2 (Γ0 )

≤

L2 (Γ0 )
C0 h2 .

Then, there exist h0 > 0 and τ0 > 0 such that for
h ≤ h0 and τ ≤ τ0 , the following error bound holds
for 0 ≤ tn = nτ ≤ T :
kunh − u(tn )kL2 (Γn ) + h k∇Γn unh − ∇Γn u(tn )kL2 (Γn )

+ k∂h• unh − ∂ • u(tn )kL2 (Γn ) ≤ C h2 + τ 2 .

(8b)

The constant C is independent of h, τ , and n subject
to the stated conditions.

3.2 Stability
We define the symmetric positive definite matrix
Ĥ(t) as


M (t)−1
0
Ĥ(t) =
,
0
A(t) + M (t)
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Abstract
A stable and systematic procedure for numerical
treatment of elastic waves in layered media is presented. We discretize in space using high order finite difference schemes that satisfy the summation by
parts (SBP) rule. Conditions at layer interfaces are
imposed weakly using penalties. By deriving lower
bounds of the penalty strength and constructing discrete energy estimates we prove strict stability. Numerical experiments in discontinuous media are presented confirming high order accuracy and strict stability.
1

Introduction
Elastic media are in general heterogeneous or discontinuous. For example applications arising in geophysics, ultrasonics and geological prospecting can
be composed of layers of rock, air, water and possibly oil. To enable efficient treatments, numerical
schemes must be designed to couple discontinuous
material interfaces in a stable and accurate manner.
Consider elastic waves propagating in two isotropic
half-planes [1]. The half-planes are in welded contact
at y = 0. The displacement field u = (u1 , u2 )T in the
half-plane y > 0 and v = (v1 , v2 )T in the half-plane
y < 0 are governed by:




∂2u
∂u
∂u
∂
∂u
∂
T ∂u
ρ 2 =
A
+C
+
B
+C
∂t
∂x
∂x
∂y
∂y
∂y
∂x




2
∂
∂
0∂ v
0 ∂v
0 ∂v
0 ∂v
0T ∂v
ρ 2 =
A
+C
+
B
+C
∂t
∂x
∂x
∂y
∂y
∂y
∂x
(1)
where






2µ + λ 0
µ
0
0 λ
A=
,B =
,C =
.
0
µ
0 2µ + λ
µ 0
Here ρ, µ, λ > 0, ρ0 , µ0 , λ0 > 0 are densities and Lame
parameters of the upper (y > 0) and lower (y < 0)
half-planes respectively. Note that by replacing µ, λ
with µ0 , λ0 in the matrices above we obtain expressions for A0 , B 0 , C 0 . At the interface y = 0, we enforce

the continuity of normal stresses and displacements,
B

∂u
∂u
∂v
∂v
+ CT
= B0
+ C 0T
,
∂y
∂x
∂y
∂x

u = v.

(2)

We will discretize each half-plane problem in (1) independently using high order accurate SBP operators,
see [2]. The two discrete half-planes problems are
then patched together by (2) to the global domain
using penalties. The crucial step in the scheme is
choosing penalties and ensuring numerical stability.
It is important to mention that a similar approach
has been suggested for the scalar wave equation [3].
However, the penalties derived in [3] can not be used
for general systems such as the elastic wave equation.
2

Numerical approximation
We discretize in space using a uniform spatial step
h in both x and y axes. Introduce the 2-D difference
operators
Dxx = Iy ⊗D2x ,

Dyy = D2y ⊗Ix ,

Dyx = D1y ⊗D1x ,

P = A ⊗ Dxx + B ⊗ Dyy + C ⊗ Dyx + C T ⊗ Dyx ,

where ⊗ denotes the Kronecker product and D2x , D2y
D1x , D1y are one dimensional SBP operators with
the corresponding norms Hx , Hy , see [2] for more details. In advance we define the following: ERy =
diag(0, 0, . . . , 1), ELy = diag(1, 0, . . . , 0), Sy a onesided difference operator approximating the first
derivative, identity matrices I2 , Ix , Iy and

Ty = (B ⊗ (ERy − ELy ) Sy ⊗ Ix ) + C T ⊗ Iy ⊗ D1x ,


Hxy
0
e
Hxy = I2 ⊗ Hy ⊗ Hx , H =
,
0
Hxy

Sb = (B ⊗ Sy ⊗ Ix ) , Dc = C T ⊗ Iy ⊗ D1x ,




0
0
1 −1
e
e


e
B = I2 ⊗
⊗ Ix , P =
,
P
−1 1
0
0




 
0
0
P
0
u
b
e


b
P=
, B = I2 ⊗
⊗Ix , w =
,
P
0
0 P
v
0
0
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1
1
Sb 0
Dc 0
, SBy =
, DCy =
. and refracted compressional and shear waves,
−1 −1
0 Sb0
0 Dc0
(refr)
(refr)
v = uP
+ uS , x
A semi-discrete approximation of the system (1) with
 ∈ (−∞, ∞), y ∈ (−∞, 0],
γ
ξ
(refr)
a weak enforcement of the interface condition (2) is
uP
= Arefr 1 1 ei(γ1 ξ1 x−γ3 η3 y−ωt) ,
γ3 η3 
d2 w
−γ4 η4 i(γ1 ξ1 x−γ4 η4 y−ωt)
(refr)
e −1 S T B
e −1 B
e T̃x w − γN H
bT w
e − τN H
= Pw
uS
= Brefr
e
,
By
dt2
γ 1 ξ1
(3)
γ
e −1 DT B
e −1 Bw.
e
b T w − τ (p) H
η3 = cos(θ3 ), sin(θ3 ) = γ13 ξ1 , γ3 = √λ0ω+2µ0 ,
− γN H
Cy
0
η4 = cos(θ4 ), sin(θ4 ) = γγ14 ξ1 , γ4 = √ωµ0 .
(p)
Here τN , τ0 , γN are penalties, and the superscript
(p) denotes the order of accuracy of the SBP operaThe constants Arefl , Brefl , Arefr , Brefr are obtained by
tor. The second term in the RHS of (3) enforces the
inserting u and v into the conditions (2) and solvcontinuity of the stress field while the last three terms
ing the resulting linear system. For a more detailed
enforce the continuity of the displacement field. We
discussion see [4]. We choose θ1 = π4 , ω = 2π,
can rewrite the semi-discrete problem (3) as
λ = µ = 1, λ0 = 0.3, µ0 = 0.1 and computational
domain (x, y) ∈ [−2 γ2π
, 2 γ2π
] × [−2 γ2π
, 2 γ2π
]. Ini1 ξ1
1 ξ1
3 η3
4 η4
d2 w
−1
e Dw,
e
(4)
=
−
H
tial
data
for
the
numerical
scheme
is
taken
as
the
real
dt2
part of the analytic solution at time t = 0 and exact
e is symmetric. In addition we can choose
data is imposed at the outer boundaries. The soluwhere D
(p)
e
tion is computed for 10 periods until T = 10 and the
penalties τN , τ0 , γN such that D is positive semidiscrete l2 error is measured. We use 2N × N grid
definite. Consider λ̄ = max(λ, λ0 ), µ̄ = max(µ, µ0 ).
(p)
points. In Table 1 we display accuracy and converWe can prove that if τN = 21 , γN = − 12 and τ0 ≥
p

gence results obtained with using 4th and 6th order
(p)
(2)
(4)
(p)
(α02 µ̄λ̄ + α01 2µ̄ + λ̄ )/h (with α01 = 2, α01 =
SBP operators.
(6)
(2)
(4)
(6)
4.5, α01 = 5.6 and α02 = 1, α02 = 1.4, α02 = 1.6)
e=D
e T ≥ 0 and we have Ew (t) = Ew (0) where
N
log10 (e4 ) p4
log10 (e6 ) p6
then D
21
-0.99
-1.73
dw 2
T e
41
-2.18
3.96 -3.64
6.33
(5)
Ew (t) =
+ w Dw.
dt He
81
-3.38
3.99 -5.53
6.29
161 -5.59
4.00 -7.33
5.98
3 Numerical experiment: Reflection and reTable 1: l2 error and the rate of convergence.
fraction of a plane wave
Consider a compressional plane wave of unit amplitude propagating with angle θ1 and temporal freω
quency 2π
in the negative y-direction, with displaceReferences
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Abstract
In this paper we consider 3D exterior wave propagation Neumann problems reformulated in terms of
a space-time hypersingular boundary integral equation with retarded potential. This latter is set in
the so-called energetic weak form and then approximated by Galerkin Boundary Element Method. We
illustrate a technique for exploiting (partial) symmetry in the time-marching procedure used to solve the
ﬁnal discretization linear system, if the problem is invariant under a ﬁnite group G of congruences of IR3 .
The proposed procedure is based on the construction
of suitable restriction matrices recently introduced in
the context of symmetric wave propagation problems.
Introduction
Time-dependent problems that are frequently
modeled by hyperbolic partial diﬀerential equations
can be dealt with the boundary integral equations
(BIEs) method. The transformation of the problem
to a BIE follows the same well-known method for
elliptic boundary value problems. For the discretization phase Boundary Element Methods (BEMs) are
successfully applied for instance in seismology, in particular for the study of the soil-structure interaction,
in acoustics and in the analysis of the electromagnetic scattering, taking advantage of dimensionality
reduction and of the implicit enforcement of radiation conditions at inﬁnity.
Recently, a direct space-time Galerkin BEM for the
discretization of retarded potential boundary integral
equations related to 3D wave propagation problems
has been introduced [2] and compared with the classical space-time discretization approach due to Bamberger and Ha-Duong ([3], [4]).
The main drawback is that in the adopted timemarching scheme we have to solve at every time step
a discretization linear system with symmetric, nonsingular and fully populated matrix. The aim of
this paper is to illustrate a technique to reduce the
computational cost and memory storage of this timemarching procedure, in terms of both generation and
numerical solution of the linear system. This tech-

nique can be applied if the problem and its discretization present complete or partial invariance with respect to a ﬁnite group G of congruences of IR3 . At
every time step the global solution is obtained from
superposition of the partial results.
Here we consider three dimensional geometries which
are invariant under ﬁnite groups of distance preserving transformations, i.e. rotations and reﬂections.
For instance, the so called Platonic solids provide
nice examples of this kind of symmetry. In order to
exploit the symmetry in a structured way, we can use
information of the underlying transformations group
acting on the physical as well as on the discretized
geometry.
There is, of course, a strong connection between symmetry and group theory, and a main purpose of this
paper is to present a technique for exploiting symmetry in the numerical treatment of boundary value
problems, based upon suitable restriction matrices
strictly related to a system of irreducible matrix representations of a ﬁnite group of congruences of IR3
and to the mesh deﬁned in the problem domain. Restriction matrices have a block structure and any
block can be obtained from an elementary restriction
matrix. Using these restriction matrices we can decompose an invariant discrete problem into independent problems with reduced dimension with respect
to the original one. In fact, for the discretization
with Galerkin BEM, one has to construct suitable
basis functions for each problem. This can be done
with restriction matrices which, applied to the vector
of basis functions for the discrete complete problem,
generate a basis for each ﬁnite-dimensional subproblem. This decomposition can also be obtained using
Generalized Fourier Transform generated by an arbitrary ﬁnite group of permutations [6] . In literature, restriction matrices have been widely used in
the context of parallel multigrid algorithms and domain decomposition reduction methods for the numerical solution of elliptic boundary value problems
[5].
Also in the discrete case the geometry of the mesh,
in addition to its shape, may further limit the group
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of symmetries. In fact, we note that an important
prerequisite to be satisﬁed in the mesh generation is
that the mesh should be symmetry respecting. This
property can also be used to reduce the storage of the
mesh. Note, however, that meshes of this kind can
always be constructed and this requirement does not
limit the application of this technique to any continuous symmetries.
Further, restriction matrices can also be applied under the weaker assumption of partial geometrical
symmetry, where the domain boundary has disconnected components, one of which at least is invariant.
In fact, in many applications the operator equation
presents approximate symmetries in the geometrical
shape. In this case equivariant preconditioners for iterative solvers can be constructed to drastically improve convergence, in particular for equations with
bad conditioning.
Various numerical simulations using restriction matrices in 3D Energetic Galerkin BEM will be presented and discussed.
1

Main result
The time-marching procedure of the Energetic
Galerkin BEM is equivalent to the solution, at every discretization time step tℓ = (ℓ + 1) ∆t, ℓ =
0, · · · , N∆t − 1, of a linear system of order N (N
is related to the discretization of the spatial domain)
of the type:
A(0) α(ℓ) = β̃ (ℓ)
(1)
(ℓ) (0)
where β̃((ℓ) =)β (ℓ) − (A(1)(α(ℓ−1)
) + · · · + A α ) and
(ℓ)
(ℓ)
α(ℓ) = αk , β (ℓ) = βk , k = 1, · · · , N are,
respectively, the vector collecting the unknowns at
the ℓ-time step and the known vector coming from
the problem data. The symmetric, non singular matrix A(0) is the coeﬃcient block which remains ﬁxed,
while all the other square blocks A(ℓ) of order N are
used to update at every time step the right-hand side.
All matrices A(ℓ) are dense and they can be of considerable dimension. Hence, if the boundary Γ of
the spatial domain of the wave propagation problem
satisﬁes some (even partial) symmetry properties, it
would be useful to exploit them to increase the computational gain in the construction of blocks A(ℓ) and
in the numerical solution of (1) at every time step.
Now, we indicate with R1 , · · · , RM , M suitable restriction matrices constructed in relation to the symmetry properties of the problem at hand, where Rj
∑
has Nj rows, and N = M
j=1 Nj . The following result

200

holds [1]:
Theorem. Matrix A(0) veriﬁes conditions
Ri A(0) RH
j =0

i ̸= j,

i, j = 1, · · · , M,

(2)

and system (1) can be decomposed in M independent
subsystems:
(0)

(ℓ)

(ℓ)

Aj αj = β̃j
(0)

with Aj

j = 1, · · · , M,

(3)

= Rj A(0) RH
j non-singular matrix of order

(ℓ)

Nj and β̃j = Rj β̃ (ℓ) . The solution α(ℓ) of (1) is ob∑
(ℓ)
(ℓ)
H (ℓ)
tained by α(ℓ) = M
j=1 Rj αj , where αj = Rj α
is the solution of (3).

Of course, this results can be equivalently interpreted
as a block diagonalization of system (1).
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Abstract
A stable and high order accurate Cartesian griddiscretization is derived for hyperbolic equations,
with focus on the compressible Euler equations and
the second order wave equation. Physical boundaries
and interfaces are treated by interpolating from the
neighboring Cartesian grid-points. The SummationBy-Parts property (SBP) [1] is extended to cases
where the physical boundary and interfaces do not
coincide with the Cartesian grid-points. Combined
with a penalty (SAT) method [2] for imposing boundary and interface conditions we obtain a stable and
fully explicit time integration scheme. We present
higher order (higher than third order) accurate finite
difference approximations. The analysis is verified by
numerical simulations in two space dimensions.
Introduction
The focus in the present study is to derive a Cartesian grid method to solve the compressible Euler
equations and the second order wave equation in
complex geometries and discontinuous media. Traditionally, there have been essentially two approaches
of handling the discontinuity, sometimes referred to
as the heterogeneous and the homogeneous formulations. In the heterogeneous approach (see for example [3]), the discontinuity is treated by taking an average “smoothing” of the spatially varying coefficients
to recover stability. The benefit with this technique
is that irregular shaped discontinuous interfaces are
handled with no special treatment. However, the formal order of accuracy reduces to first-order (see for
example [2]). In [4] a globally second-order accurate
finite difference method for the acoustic wave equation on second-order form is constructed, where the
discontinuity and complex geometry are handled by
embedding the domain into a Cartesian grid, making use of ghost-points and Lagrange interpolation
to impose the boundary and interface conditions. It
is unclear if that embedded boundary method can
be extended to system of equations and more general boundary conditions.
In the present study we will treat the boundaries and interfaces using a heterogeneous approach

that leads to high-order accurate and stable approximations also for hyperbolic systems.
The
present method, referred to as the immersed SBPSAT method, does not introduce stiffness and we use
the explicit fourth order Runge-Kutta method for
time integration. The physical boundaries and the
media discontinuity are treated with SBP operators,
where the boundary and interface conditions are imposed weakly using the SAT method in combination
with interpolation.
1

The immersed SBP-SAT method
The SBP operators are 1-D operators and each
spatial dimension is treated separately. The computational domain is split into a sum of 1-D lines,
where the numerical boundaries at each line (left and
right) are located at x̃l and x̃r respectively. The physical boundaries are located at xl = x̃l − h αl and
xr = x̃r + h αr where −1/2 ≤ αl, r < 1/2. αl, r = 0
corresponds to the case where the physical and numerical boundaries intersect. Here h denotes the
Cartesian grid-spacing. We introduce qth order accurate interpolations at the left and right boundaries,
X
X
vl =
βkl vk , vr =
βkr vN −k ,
k=0,...q

k=0,...q

where v T = [v0 , v1 , . . . , vN ] is the discrete solution
vector. This means that vl ' u(xl , t), vr ' u(xr , t).
To simplify notation we introduce the following vectors
el = [β0l , . . . , βql , 0, . . . , 0]T
(1)
er = [0, . . . , 0, βqr , . . . , βqr ]T ,
i.e, vl = eTl v, vr = eTr v.
We are now ready to introduce the immersed SBP
property (here presented only for the first derivative),
(α)

Definition 1.1 A difference operator D1
=
Hα−1 (Q̃ − eTl el + eTr er ) approximating ∂/∂ x, using
a pth-order accurate stencil, is said to be a pth-order
accurate immersed first-derivative SBP operator if
Hα = HαT > 0 and Q̃ = −Q̃T .
To motivate the strength and usefulness of the new
immersed SBP operators we consider the advection

K EN M ATTSSON , M ARTIN A LMQUIST AND S TEFAN E NGBLOM

3
2
1
y

N
log l2 triangle q
log l2 circle q
412
-5.19
0.00 -5.23
0.00
812
-6.51
4.38 -6.57
4.44
1612 -7.82
4.35 -7.78
4.03
3212 -9.01
3.97 -9.03
4.15
Table 1: log(l2 − errors) and convergence rates for
an immersed triangle and an immersed circle.
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0
−1
−2

equation,
ut + ux = 0,

xl ≤ x ≤ xr ,

t ≥ 0 , u(x, 0) = f (x)

u(xl , t) = gl (t) .

−3
−3

−2

−1

0
x

1

2

3

(2)
The energy method applied to (2) leads to
d
kuk2 = + gl2 − u(xr , t)2 .
dt

(3)

The computational grid is between x̃l = xl + αl h ≤
x ≤ xr − αr h = x̃r . The discrete approximation of
(2) using the SAT method for the boundary condition
leads to
vt +D1α v = −τl Hα−1 el {vl − gl (t)} ,

v(0) = f , (4)

where el and er are defined in (1).
The energy method applied to (4) leads to

2
d
τl
τ2
2
2
2
kvkH =
g −vr −(2τl −1) vl −
gl
.
dt
2τ − 1 l
2τ − 1
An energy estimate exist for τ > 1/2. The choice
τl = 1, yields
d
kvk2H = gl2 − vr2 − (vl − gl )2 .
dt

(5)

2

Computations
A convergence study is presented for the 2-D compressible Euler equations with the present immersed
SBP-SAT technique. A triangle is embedded into
the Cartesian grid (see Figure 1). To verify accuracy and stability we perform simulations where an
analytic Euler vortex is imposed at the surface of a
triangle and a circle. A convergence study is found
in Table 1.
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Abstract
We study the implicit time discretization of Timoshenko prestressed beams. This model features two
types of waves: flexural and shear waves, that propagate with very different velocities. We present a novel
implicit time discretization adapted to the physical
phenomena occuring at the continuous level. After analyzing the continuous system and the two
branches of eigenfrequencies associated with the
standing modes, the classical θ-scheme is studied.
A dispersion analysis recalls that θ = 1/12 reduces the numerical dispersion, but yields a severely
constrained stability condition for our application.
Therefore we propose a new θ-like scheme based on
two parameters adapted to each wave velocity, which
reduces the numerical dispersion while relaxing this
stability condition. Numerical experiments successfully illustrate the theoretical results on the specific
cas of a realistic piano string. This motivates the
extension of the proposed approach for more challenging physics.
Introduction
Piano strings can be modeled as simply supported
Timoshenko prestressed beams. This model introduced in [2] accounts for inharmonicity of the
transversal displacement, via a coupling with a shear
angle resulting in the propagation of flexural and
shear waves with very different speeds. Our concern
in this work is to develop a new implicit time discretization, which will be associated with finite element methods in space, in order to reduce the numerical dispersion of flexural waves while allowing
the use of a large time step in spite of the high shear
velocity (compared to the maximal time step allowed
with the explicit leap-frog scheme).
1

Continuous system
The prestressed Timoshenko model considers two
unknowns (u, ϕ) which stand respectively for the
transversal displacement and the shear angle of the
cross section of the the string. We assume that

the physical parameters (see [1] for definition) are
positive and that ES > T0 (which is true in practice for piano strings). We consider “simply supported” boundary conditions (zero displacement and
zero torque). It reads:
Find (u, ϕ) such that ∀ x ∈]0, L[, ∀ t > 0,

∂2u
∂2u
∂
∂u 


ρS
−
T
+ SGκ
ϕ−
= σ,

0
2
2
∂t
∂x
∂x
∂x
(1)
2
2


 ρI ∂ ϕ − EI ∂ ϕ + SGκ ϕ − ∂u  = 0,
∂t2
∂x2
∂x
with boundary conditions
∂x u(x = 0, t) = 0,

∂x u(x = L, t) = 0,

∂x ϕ(x = 0, t) = 0,

∂x ϕ(x = L, t) = 0,

(2)

where σ stands for a source term. Standard energy
techniques for systems of wave equations can be used
to show a priori estimates on this system thanks to
the following energy identity:
Z L
dE
ρS σ · ∂t u, with
(3)
=
dt
0
Z
Z
Z
1 L
1 L
1 L
2
2
E(t) =
ρ S |∂t u| +
ρ I |∂t ϕ| +
T0 |∂x u|2
2 0
2 0
2 0
Z
Z
1 L
1 L
2
+
EI |∂x ϕ| +
SGκ |ϕ − ∂x u|2 .
(4)
2 0
2 0
If we seek a solution of the form t (u, ϕ)(x, t) =
V (x)e−2iπf t , then there exists (see [3]) ` such that
f = f`± , where
 −

f` = `f0− 1 +  `2 + O(`5 ),
(5a)



s




1
T0
π 2 EI h
T0 i

−

where
f
=
,

=
1
−
.

0

2L ρS
2L2 T0
ES


f`+ = f0+ 1 + η `2 + O(`4 ),
(5b)



s



SGκ
π 2 EI + IGκ
1

+


,
η
=
.
where
f
=

0
2π
ρI
2L2 SGκ
2

Discretisation
Space discretisation is done with high order finite
elements on a mesh of size h. After this process, we

J ULIETTE C HABASSIER AND S EBASTIEN I MPERIALE

where the θ-approximation of Uh (tn ) is the weighted
average on three time steps:

get the following equation:
d2
Mh Uh + Kh Uh = Mh Σh
dt2
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(6)

where Mh is symmetric positive definite and Kh is
positive semi-definite.
2.1 Time discretisation with a classical θ-scheme
Using a classical θ-scheme leads to :
Uhn+1 − 2Uhn + Uhn−1
∆t2

n+1
+ Kh θUh + (1 − 2θ)Uhn + θUhn−1 = Mh Σh (7)
Mh

Stability of this numerical scheme and a priori estimates can be shown with energy techniques. First,
any numerical solution is shown to satisfy an energy
identity. If θ ≥ 1/4, this discrete energy is always
positive, while if θ < 1/4, the time step ∆t must be
lower than a maximal value ∆tθ . Then, the scheme is
shown to be stable if the energy is positive. Orignial
proofs of stability are proposed in [1].
We also remind that if we seek a solution of the
form Uhn = Vh0 e2iπ fh n∆t , then there exists ` such that
fh = fh,` , where


f`3 1
fh,` = f` +
− θ ∆t2 + O(∆t4 + h4 ) (8)
2 12
where f` = f`± is one of the eigenfrequencies of the
continuous problem given in (5). Choosing θ = 1/12
reaches fourth order of accuracy. This value being
lower than 1/4, it leads to a conditionally stable
scheme. This condition will be very severe, because
of the large velocity of the shear waves of the system
of a realistic piano string.
Our goal is to construct a numerical scheme with
a small numerical dispersion on the flexural wave,
without undergoing the time step restriction coming
from the shear waves.
2.2 Time discretisation with a new θ-scheme.
The idea is to separate the matrix Kh into the
sum of two matrices K h and K h , respectively inducing the energy terms T0 |∂x u|2 and EI |∂x ϕ|2 +
SGκ |ϕ − ∂x u|2 . We consider the following scheme,
with (θ, θ) ∈ [0, 1/2]2 :
Un+1 − 2Unh + Un−1
h
Mh h
∆t2
+ K h {Uh }nθ + K h {Uh }nθ = Mh Σnh (9)

{Uh }nθ = θ Un+1
+ (1 − 2θ) Unh + θ Un−1
h
h ,

(10)

Stability of this scheme and a priori estimates can be
shown via energy techniques. Sufficient conditions of
stability can be given according to the values of (θ, θ)
(see [1]).
We show that if we seek a solution of the form
n
Uh = Vh0 e2iπ fh n∆t , then there exists ` such that fh =
fh,` , where
( −

fh,` = ` f0− 1 + ∆t `2 + O(`5 + ∆t4 + h4 ), (11a)

+
+
= f0,∆t
1 + η∆t `2 + O(`3 + ∆t4 + h4 ), (11b)
fh,`
with (f0− , f0+ ,  and η were defined in (5))



2
1

2
2
 ∆t =  + 2π ∆t
− θ f0− ,



12








1
+
+ 2
+
2
− θ ∆t ,
f0,∆t = f0 1 + (2πf0 )
12








π 2 (E + Gκ)
1


θ−
∆t2 .
 η∆t = η +
2ρL2
12

(12a)
(12b)
(12c)

We note that the value θ = 1/12 provides fourth
−
order accuracy for the approximation fh,`
of the flexural eigenfrequencies given by (5a), for small `.
The main interest of this scheme is to choose, for
the slow wave, a value of θ that diminishes numerical
dispersion, and for the fast wave, a value of θ that ensures stability under acceptable conditions, typically
(θ, θ) = (1/12, 1/4).
Numerical illustrations that show the interest of
this scheme for piano strings will be displayed.
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Abstract
This paper presents an algorithm oriented on the
simulation of seismic wave propagation in models
containing geological formations with complex properties such as anisotropy, attenuation and small-scale
inhomogeneities. These formations are typically relatively small (about 25 % of the model), however all
counted features require special treatment and use of
problem-oriented numerical methods which are computationally more intense than that for ideally elastic
isotropic models. We suggest use of these methods
locally and couple them with standard staggered grid
scheme used in the major part of the model. In this
paper we discuss both mathematical aspects of algorithm and peculiarities of its parallel implementation.
Introduction
Nowadays numerical simulation of wave propagation in realistic 3D isotropic elastic media have became common part of seismic data processing and
interpretation. Typically these simulations are performed by ﬁnite-diﬀerence (FD) schemes and in particular by standard staggered grid scheme (SSGS)
[1]. However, if anisotropy, attenuation or smallscale inhomogeneities present in the model one needs
to apply more computationally intense techniques,
such as generalized standard linear solid (GSLS)
model [2] for attenuation, Lebedev scheme (LS) [3]
for anisotropy, or ﬁne grids for small-scale objects.
Meanwhile, these complex structures take relatively
small part of the model - up to 25%. To improve
the eﬃciency of such simulation we suggest using
named approaches locally. As the result the problem
of coupling of several diﬀerent numerical techniques
is arisen.
1 The algorithm
1.1 Local time-space mesh reﬁnement
In order to take into account ﬁne structure of the
model ﬁne grids are used in the vicinity of clusters of small-scale objects which are coupled with

a coarse grid applied for discretization of the main
part of computational domain. Coupling of the different grids is based on original procedure of mesh
reﬁnement which has the following peculiarities:
•

reﬁnement of spatial and temporal steps are performed separately; i.e. at diﬀerent interfaces, to
ensure stability;

•

reﬁnement of temporal grid steps is based on approximation of elastic wave equation (both ﬁrst
and second order formulations) and free from interpolation, to ensure second order of convergence and low artiﬁcial reﬂections;

•

2D FFT based interpolation is used for spatial
steps reﬁnement, to minimize amount of data to
exchange between processor groups;

•

independent domain decomposition is applied for
ﬁne and coarse grid regions with allocation of
diﬀerent groups of processors, to ensure high
level of processor balancing.

As the result the algorithm is stable, low-reﬂecting,
well-balanced and allows the ﬁne-gridded region to
be placed in arbitrary position within computational
domain.
1.2 Anisotropy
The principal diﬀerence between isotropic and
anisotropic models is the structure of the stiﬀness
tensor, which has block-diagonal form for isotropic
media and no special structure in case of anisotropy.
As the result the SSGS [1] used for isotropic models
can not be applied for general anisotropy, where we
suggest using the Lebedev scheme (LS) [3]. However,
the LS requires four times mode RAM and ﬂoating
point operations per grid cell than the SSGS. As the
result a coupling of these two schemes was implemented, so that the LS is used only in subdomains
containing anisotropic formations. The LS has a set
of 9 spurious modes which propagate along their own

V. KOSTIN , V. L ISITSA , G. R ESHETOVA , V. T CHEVERDA , D. V ISHNEVSKY

characteristics. So, the coupling of the SSGS and the
LS is based on the requirement that the true wave
should pass the artiﬁcial interface with as low reﬂections and artiﬁcial transmissions as possible, while
the spurious modes of the LS should not penetrate
to the SSGS region.
1.3 Viscoelasticity
Seismic attenuation is introduced into a model
by a convolution-like operator mapping strains into
stresses. In order to localize the operator in time a
rational approximation in frequency space is applied
after that the additional memory variables are used
in time space. As the result the size of the model
(number of variables and equations) doubles in comparison with ideally elastic model. At the same time
stating the memory variables being equal to zero one
gets the ideally elastic material. Moreover, the conjugation conditions at the interfaces for elastic and
viscoelastic wave equation are the same; i.e. there
is no conditions for the memory variables. Thus the
simplest way to improve the performance of the numerical algorithm for simulation of wave propagation
in models containing viscoelastic formations is to allocate RAM for the memory variables and solve corresponding equations only locally.
On the other hand if domain decomposition technique is applied for parallel implementation one have
to solve a PU balancing problem. Moreover, algorithm based on ﬁnite-diﬀerence approximation of the
ﬁrst order equations has two types of synchronization
points. The ﬁrst one is after velocity being updated
which assumes equal amount of computational work
per grid cell for both models. The second one is after stresses being updated where the computational
work is diﬀerent. Thus some of PU will be waiting
regardless to the particular sizes of the elementary
subdomains. So, we suggest to construct domain decomposition to minimize total computational time
(core-hours) of the algorithm. It was proved theoretically and conﬁrmed numerically that the optimal ratio of the elementary subdomains volumes for elastic
and viscoelastic parts of the model should be equal
to 3.1.
2

Numerical experiment
Designed algorithm was implemented to study
wave propagation in fractured reservoir embedded
in complex model of buried channel which was viscoelastic, see ﬁg. 1. Zero oﬀ-set seismic data is
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provided in ﬁg. 2, illustrating presence of scattered
waves associated with fractured reservoir.

Figure 1:

Figure 2:

The buried channel model.

Zero oﬀ-set seismogram.

3
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Abstract
Wave propagation in a 1-D guide with an array of
Helmholtz resonators is considered, with large amplitude waves and viscous boundary layers. A numerical
strategy is proposed to get efficient simulations: conservative schemes for hyperbolic conservation laws,
diffusive representation for the fractional derivatives
and integrals, and splitting to couple both aspects.
Introduction
Wave propagation in lattices is the object of many
theoretical and experimental works. Floquet-Bloch
band gaps are exhibited in ordered lattices, whereas
localization occurs in disordered cases. Usually, linear conservation laws are assumed, and nonlinearities
(if present) are incorporated punctually [1].

resonators. The physical parameters are positive and
constant: a for advection; b for Burgers; c and f for
the dissipation in the viscous boundary layer of the
guide and resonators; d for the diffusivity of sound;
g for the oscillation in the resonators. Lastly, e and
h couple the evolution of u and p.
Depending on the initial conditions and the parameters in (1), an equilibrium between steepening
effects of nonlinearity and smoothing effects of dissipation may be reached, leading to acoustic solitary
waves [2]. Our aim is to investigate numerically their
properties and as a first approach we propose here
simulations in the uncoupled case e = 0 = h.
1

Numerical methods
A uniform grid with spatial mesh size ∆x and time
step ∆t is used. The nonlinear acoustic equations
with diffusion (parameters a, b and d) are integrated
by standard explicit TVD scheme with MC-limiter:

∆t
fi+1/2 − fi−1/2
∆x

d ∆t n
ui+1 − 2 uni + uni−1 ,
2
∆x

= uni −
un+1
i
+

Figure 1: Guide with an array of Helmholtz
resonators (courtesy given by O. Richoux).
The case of large amplitude waves in a 1-D array
of Helmholtz resonators is addressed theoretically in
[2], where the evolution equations are put in the form




∂
u2
∂ −1/2 ∂u
∂2u
∂p
∂u


+
au + b
= c −1/2
+d 2 −e ,

∂t
∂x
2
∂x
∂t
∂x
∂t
2
3/2

∂ p
∂ p



+ f 3/2 + gp = hu.
∂t2
∂t
(1)
The variables are the horizontal acoustic velocity u
and the acoustic pressure p in the throat of Helmholtz

(2)

where fi±1/2 is the numerical flux [3]. The condition
of stability is
!


2d
cmax −1 ∆x
2d
∆t ≤ min
+
,
+
, (3)
∆x
cmax c2max
∆x2
where cmax = a + b max(u). The fractional derivatives in (1) are non-local in time. To avoid storing
past values of the solution, we use a diffusive representation [4]. For instance, the fractional integral of
order 1/2 is replaced by a sum of memory variables
∂ −1/2 ∂u
=
∂t−1/2 ∂x

Z

0

+∞

φ(θ, t) dθ ≈

N
X

κl φ(θ` , t),

`=1

where local-in-time φ` (t) ≡ φ(θ` , t) are defined by
(
dφ`
2 ∂u
= −θ`2 φ` +
,
dt
π ∂x
φ` (0) = 0.
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The weights κ` and the nodes θ` are based on GaussLaguerre orthogonal polynomials [5]. Strang splitting is used to couple nonlinear acoustic equations
(a, b and d) with the boundary layer effects in the
tube (c): doing so is easy and does not modify the
condition of stability (3). Lastly, a diffusive approach
is also applied for the fractional oscillatons of p in (1);
time integration is performed by a unconditionnally
stable Newmark scheme.
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The second test focuses on the homogeneous fractional oscillator of order 3/2 in (1), with nonnull coefficients f = 0.5 and g = 1. The initial conditions
are p(0) = 1 and ∂p
∂t (0) = 0. The numerical solution
is computed on 50 Laguerre nodes. The exact solution is computed by a power series [4]. Comparison
between the solutions is given in Figure 3.
1
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Numerical experiments
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Abstract
Nonlinear shallow water equations are used to
model the dynamics of water waves over non-flat
beds. To approximate numerical solutions to this
class of hyperbolic systems of conservation laws we
propose a simple and accurate finite volume solver.
The method consists of a predictor stage to reconstruct the numerical fluxes using the method of characteristics, while a corrector stage is used to discretize the conservative system in a finite volume
framework. Numerical results are presented for animating water waves in a closed domain with gradually varying bed.
1

Introduction
In the conservative form, the nonlinear shallow water equations can be reformulated in a compact form
as
∂t W + ∂x F(W) + ∂y G(W) = S(W),
(1)
where



h
W =  hu  ,
hv






hu
1


F =  hu2 + gh2  ,
2
huv


0
S =  −gh∂x Z  ,
−gh∂y Z



hv


huv
G=
.
1
hv 2 + gh2
2

The equations (1) can also be reformulated in an advective compact form as
Dt U + Q(U) = 0,

(2)

where Dt = ∂t + u∂x + v∂y is the total derivative and



h
U =  u ,
v




h (∂x h + ∂y v)
Q =  g∂x (h + Z)  .
g∂y (h + Z)

2

Characteristic Finite Volume Method
we cover the spatial domain with rectangular cells
Ci,j = [xi− 1 , xi+ 1 ] × [yj− 1 , yj+ 1 ] of uniform sizes ∆x
2

2

2

2

and ∆y for simplicity. The finite volume discretization of (1) is

∆t  n
n+1
n
n
Wi,j
Fi+1/2,j − Fi−1/2,j
= Wi,j
−
∆x

∆t  n
n
−
,
Gi,j+1/2 − Gni,j−1/2 + ∆tSi,j
∆y

n
where Fi±1/2,j
and Gni,j±1/2 are the numerical fluxes.

2.1 Predictor stage
Step 1. Compute
the
departure
points
Xi+1/2,j (tn ) and Yi,j+1/2 (tn ) using an iterative procedure
Z tn +α∆t

Xi+1/2,j (tn ) = xi+1/2,j −
V τ, Xi+1/2,j (τ ) dτ,
tn

where V is the advective vector and α is a parameter between 0 and 1.

Step 2. Calculate the interpolated solutions
e i+1/2,j and U
e i,j+1/2 e.g.,
U


e i+1/2,j = P U tn , Xi+1/2 , Yj ,
U
where P is an interpolating polynomial.

Step 3. Construct the intermediate solution
Ui+1/2,j and Ui,j+1/2 using a first-order scheme
for the SWE in the advective form e.g.,


en
en
Un+1
=
U
−
∆t
Q
U
i+1/2,j
i+1/2,j .
i+1/2,j

2.2 Predictor stage
Step 4. Cover the conservative variables Wi+1/2,j
and Wi,j+1/2 from the advective variables
Ui+1/2,j and Ui,j+1/2 .
Step 5. Update the solution using the simple firstorder scheme with respect to the C-property


∆t 
n+1
n
n
n
Wi,j
= Wi,j
−
F(Wi+1/2,j
) − F(Wi−1/2,j
)
∆x

∆t 
n
n
cn )
−
G(Wi,j+1/2
) − G(Wi,j−1/2
) + ∆tS(W
i,j
∆y

S AIDA S ARI

3 Numerical Results
3.1 Geostrophic adjustment simulation on a flat
bottom
We consider a test proposed in [4] corresponding
to the following initial condition:
h hp
iii
1h
h(x, y, 0) = 1+ 1 − tanh 10
2.5x2 + 0.4y 2 − 1
,
4
(hu)(x, y, 0) = 0,
(hv)(x, y, 0) = 0.
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in the section above. We add a topography having
the following form
(
0,
if x < 0,
z(x, y) =
0.3 (1.0 + tanh(1.5x)) , otherwise.
Unlike the previous test, Figure 2 shows a flow evolving in a nonaxisymmetric way.

We consider a quadrilateral 200 × 200 mesh for the
domain [−10, 10] × [−10, 10] and the CFL number is
fixed to 0.5. Figure 1 shows the numerical results
obtained with the first order proposed scheme. The
initial elliptical mass imbalance evolves in an axisymmetric way. Shock waves propagate leaving behind
an elevation which is slowly spinning clockwise.

Figure 2: Evolution of the free surface (left) and
the velocity field (right) on a non-flat bottom at
different simulation times. From top to bottom
t = 0.5, 1 and 2 s
References
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ETH Bürich, (1992).

Figure 1: Evolution of the free surface (left) and
the velocity field (right) on a flat bottom at
different simulation times. From top to bottom
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Abstract
We consider the time dependent motion of a floating body, either rigid or elastic, which is subject
to some initial displacement and which subsequently
evolves freely. We show how the solution can be calculated using a Laplace/Fourier transform. We also
show that this is solution method is equivalent to the
Cummins, or memory effect, method. We also show
how the Laplace/Fourier transform solution can be
coupled with an expansion over resonances to give
the singularity expansion method.
Introduction
We are concerned here with the time-dependent
motion of a floating body which is given an initial displacement and then allowed to evolve freely.
A strong connection between the frequency domain
and time domain solution exists and this is the basis of the generalized eigenfunction solution method
[1], [2], [3], the Cummins method [4] and also the
Laplace/Fourier transform solution [5].
The singularity expansion method is a method to
approximate the time-dependent response of a wave
scattering problem using resonances, resonance poles
or scattering frequencies. They have been investigated for the rigid-body case [6], for floating bodies
[7] and for hydroelastic bodies [8]. The presentation
here generality is new as are the formula and identities.
1

General Equations for a Floating Body in
the Time Domain
The fluid motion is assumed to be irrotational
so that it may be described by a velocity potential
Φ(x, z, t), where x = (x, y) are the horizontal coordinates and z is the vertical coordinate pointing vertically up-wards with the free-surface is at z = 0. The
velocity potential satisfies the following equations
∆Φ = 0, (x, z) ∈ Ω,

∂z Φ = 0, z = −h,
1
∂z Φ + ∂t2 Φ, x ∈ ∂ΩF ,
g

(1a)
(1b)
(1c)

where Ω is the fluid volume, g is the acceleration due
to gravity, and ∂ΩF is the free-surface.
We expand the body motion modes and we define
the motion coefficient ζp (t) as the motion of the pth
mode. Therefore, on the structure, the normal fluid
velocity must match that of the structure so that
X
∂t ζp (t)np , x ∈ ∂ΩB ,
(2)
∂n Φ =
p

where np is the normal associated with the pth mode
and ∂ΩB is the wetted surface of the body. The decomposition is entirely identical to that for a rigid
body. The motion is subject to the initial conditions
that the fluid is at rest and that initial body motion
is prescribed.
The equations of motion for the elastic body are
found by coupling the elastic body equations with
the forcing due to the fluid and we obtain
X

Mpq ∂t2 ζq +

q

= −ρ

ZZ

X

Kpq ζq

q

∂ΩB

∂t Φ np dS −

X

Cpq ζq = 0. (3)

q

Here Mpq are the elements of the mass matrix, Kpq
are the elements of the stiffness matrix and Cpq are
the elements of the restoring force matrix. The integral term of (3) is the hydrodynamic force arising from the fluid motion. The only difference for
the elastic and rigid body is the inclusion of the Kpq
terms.
2

Expression for the Solution via the
Fourier/Laplace Transform
We will calculate the solution to equation (3)
by the Fourier/Laplace transform. We define the
Fourier/Laplace transform as
Z ∞
ζˆp (s) =
ζp (t)eist dt,
0

and
Φ̂(s) =

Z

0

∞

Φ(t)eist dt.
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Note that there is a strong connection between the
frequency domain variable ω and the s variable but
we distinguish these here.
We assume that at t = 0 the fluid is at rest and
the body is given only an initial displacement. The
Fourier/Laplace transform of (2) and (3) gives


M −s2 ξ̂ + isξ(0) + Kξ̂ + Cξ̂+



i
A(s) + B(s) −s2 ξ̂ + isξ(0) = 0 (4)
s

where A and B are the added mass and damping [4].
The exact solution in the time domain is given by
Z ∞
−1
1
−s2 M + K + C − s2 A(s) − isB(s)
ξ(t) =
2π

 −∞
i
× −M − A(s) − B(s) isξ(0)e−ist ds. (5)
s

We substitute our approximation for ξ̂ (9) into (5)
and obtain

ξ(t) ≈





X
um · −M − A(ωn ) − ωin B(ωn ) iωn ξ(0)
−iωn t
um
e
Re


um · (M − Φ0 ) um
m

4

Conclusions
We have presented the general solution for a timedependent motion of a floating body which is subject to some initial displacement and then allowed
to evolve freely. The solution is derived using
the Fourier/Laplace transform and we show that
this solution can be approximated using complex
resonances by applying the singularity expansion
method.
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Abstract
We present studies of phenomena in relativistic
quantum mechanics, with focus on Klein tunneling
(also known as the Klein paradox) which occurs in
single- and bi-layer graphene [3]. The underlying
model is the time-dependent Dirac equation, which
we solve in two and three spatial dimensions. By using Summation-By-Parts (SBP) operators [2] and a
penalty (SAT) approach [1] to impose boundary and
interface conditions, we obtain stable and fully explicit high-order finite difference schemes. The analysis is verified by convergence studies against analytical solutions.
Introduction
The aim in the present study is to study timedependent phenomena in relativistic quantum mechanics. We focus on electrons tunneling through potential barriers. According to non-relativistic quantum mechanics, the tunneling probability decays exponentially with the barrier height. In the relativistic case however, the tunneling probability tends to
a non-zero limit as the barrier height goes to infinity. This phenomenon is known as Klein tunneling. In this setting, the fundamental model is the
time-dependent Dirac equation, which incorporates
both relativity and particle spin. The more studied
Schrödinger equation can be shown to be the nonrelativistic approximation of the Dirac equation without spin. In a coming study, we hope to compare the
two models and investigate the importance of spin
and relativity in relevant applications.
1

The Dirac equation
The Dirac equation for a spin
form
ih̄ψ t = Hψ,

1
2

particle is of the
(1)

where H is the Hamiltonian operator. In three spatial dimensions, the equation can be written as
ψ t = Aψ x + Bψ y + Cψ z + Dψ,

(2)

where the matrices A, B and C are Hermitian, while
D is skew-Hermitian. A, B and C can be diagonal-

ized,
A = T A ΛA T ∗A , B = T B ΛB T ∗B , C = T C ΛC T ∗C ,
where the diagonal matrices ΛA,B,C hold the eigenvalues of A, B and C, respectively. In the simple
case of a free particle, we have analytical solutions of
the form
i
ψ(~r, t) = up~ e h̄ (~r·~p−Ep t) ,
(3)
p
where Ep = ± p2 c2 + m2 c4 .
1.1 The continuous problem
Consider the 1-D Dirac equation
boundary conditions,

ψ = Aψ x + Dψ, 0 < x < 1,


 t
ψ = gl ,
x = 0,
ψ = gr ,
x = 1,



ψ = f,
0 ≤ x ≤ 1,

with Dirichlet
t ≤ 0,
t > 0,
t > 0,
t = 0.

(4)

We split A into a positive and negative part,
A = A+ + A− , using Steger-Warming flux-splitting,


ΛA ± |ΛA |
T ∗A .
(5)
A± = T A
2
We impose the boundary conditions on the ingoing
characteristic variables. That is, we apply the StegerWarming flux-splitting at the boundaries and specify
A− ψ and A+ ψ at the left and right boundaries, respectively. Applying the energy method to (4) yields
d
||ψ||2 = g ∗r A+ g r + ψ ∗ A− ψ|x=1
dt
− g ∗l A− g l − ψ ∗ A+ ψ|x=0 .

(6)

1.2 The semi-discrete problem
To simplify the notation we define E0 and EN as
matrices that pick out the values at the left and
right boundaries, respectively. Applying the SBPSAT method to (4) with a first derivative SBP operator Dx and a corresponding norm Hx leads to the
semi-discrete problem
ψt = ADx ψ + Dψ + τl Hx−1 E0 A− (ψ0 − gl )

+ τr Hx−1 EN A+ (ψN − gr ).

(7)
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N
log l2 (4th) q (4th) log l2 (6th) q (6th)
313
-1.39
0.00
-1.26
0.00
613
-2.07
2.24
-2.11
2.80
1213 -2.83
2.55
-3.07
3.20
3
241
-3.76
3.09
-4.28
4.01
Table 1: log(l2 − errors) and convergence rates using
diagonal-norm operators.

N
log l2 (4th) q (4th) log l2 (6th) q (6th)
313
-1.60
0.00
-1.93
0.00
613
-2.60
3.33
-3.61
5.59
1213 -3.77
3.88
-5.38
5.86
3
241
-4.98
4.03
-7.20
6.07
Table 3: log(l2 − errors) and convergence rates using
block-norm operators.

N
log l2 (8th) q (8th) log l2 (10th) q (10th)
3
31
-1.06
0.00
-0.70
0.00
3
61
-2.12
3.54
-1.90
4.00
1213 -3.32
3.98
-3.42
5.06
2413 -4.72
4.64
-5.17
5.80
Table 2: log(l2 − errors) and convergence rates using
diagonal-norm operators.

N
log l2 (8th) q (8th) log l2 (10th) q (10th)
3
31
-2.14
0.00
-2.18
0.00
3
61
-4.55
7.99
-4.91
9.06
1213 -6.86
7.69
-7.59
8.90
3
241
-9.27
8.00
-10.08
8.27
Table 4: log(l2 − errors) and convergence rates using
block-norm operators.

Multiplying by ψ ∗ Hx , adding the transpose and
choosing τl = 1, τr = −1, we obtain (for diagonalnorm operators)
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d ∗
∗
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Figure 1:

Wave packet tunneling through a
potential barrier.
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Abstract
We investigate a boundary element method with
Müller’s formulation for dielectric scattering problems in periodic domains. In this method, the iteration number of iterative methods is expected to be
small since the operators in Müller’s formulation are
essentially identical with the unit operator to within
a compact operator. We use the Nyström method for
the discretisation so that we do not need to use any
basis functions. We make several numerical experiments to see the accuracy and the eﬃciency of this
method.
1

Introduction
For analysing periodic optical structures numerically, the combination of boundary element
methods(BEM) and periodic fast multipole methods(FMM) is considered to provide an eﬀective
solver. In periodic problems, the computational time
can be larger since the iteration number increases
sharply around Wood’s anomaly[1], which is a peculiar phenomenon of periodic problems. It is, therefore, important to decrease the iteration number in
the periodic FMM.
To develop a fast solution method for periodic
problems, we consider BEM for the Müller formulation with Nyström’s method in this paper in order to avoid diﬃculties related to basis functions[2].
Müller’s formulation is one of resonance-free formulations of boundary integral equations for transmission
problems. The iteration number of iterative methods
for this formulation is expected to be small even with
no preconditioning[3] since the integral operators in
this formulation are essentially identical with the unit
operator to within a compact operator.
Müller’s formulation for periodic boundary value problems
For simplicity, we solve problems which have one
scatterer in the unit domain(unit of periodicity). We
define Ω = (−∞, ∞) × (−L/2, L/2) × (−L/2, L/2)
as the unit domain. We denote a simply connected
domain in Ω by Ω− , and also define Ω+ to be Ω\Ω− .
The electric field E and the magnetic field H satisfy

Maxwell’s equations: ∇ × E = iωµ± H, ∇ × H =
−iωε± E in Ω± . They also satisfy the boundary conditions: m := E + × n = E − × n, j := n × H + =
n × H − on the boundary Γ = Ω+ ∩ Ω− , and satisfy
the periodic boundary condition:
E(x1 , L/2, x3 ) = eiβ2 E(x1 , −L/2, x3 ),

E(x1 , x2 , L/2) = eiβ3 E(x1 , x2 , −L/2),

H(x1 , L/2, x3 ) = eiβ2 H(x1 , −L/2, x3 ),

H(x1 , x2 , L/2) = eiβ3 H(x1 , x2 , −L/2),

where n is the unit normal vector which is outward
from Ω− , E ± and H ± are the limit values of E and
H from the domain Ω± , ε± and µ± are the permittivity and the permeability in the domain Ω± and
β2 and β3 ∈ R are phase diﬀerences along x2 and
x3 directions, respectively. We solve the Maxwell’s
equations under these conditions and the radiation
condition for the scattered waves E sca and H sca at
infinity, where E sca := E − E inc , H sca := H − H inc
and E inc and H inc are the electric and magnetic fields
of the incident wave, respectively.
To solve this problem, we use boundary element
methods with Müller’s formulation. The boundary
integral equations corresponding to this problem are
given as follows:
ε+ + ε−
m+
iωε+ E inc × n = iω
2
∫ {
n×
−iω(ε+ ∇Gp+ − ε− ∇G− ) × m−
Γ
}
2
+ 2 p+
(k G − k − G− )j − (∇∇Gp+ − ∇∇G− )j dSy ,

(1)

µ+

2

µ−

+
j+
iωµ+ n × H inc = iω
2
∫ {
n×
−iω(µ+ ∇Gp+ − µ− ∇G− ) × j+
Γ

(k

+2

p+

G

−k

−2

−

G )m + (∇∇G

p+

}
− ∇∇G )m dSy ,
−

(2)

where Gp+ is the periodic Green function for
Helmholtz’ equation in Ω+ defined by Gp+ (x) =

K AZUKI N IINO AND NAOSHI N ISHIMURA
±

− ω)eiβ·ω , G± (x) = eik |x| /(4π|x|),
β = (0, β2 , β3 ) and L = {(0, ω2 , ω3 )|ω2 = pL, ω3 =
qL, p, q ∈ Z}.
We can rewrite the equations (1) and (2) into the
following form:
{( + −
) (
)} ( )
iω ε +ε
I
0
m
K
K
11
12
2
+
µ+ +µ−
K
K
j
21
22
0
iω 2 I
(
)
iωε+ E inc × n
,
(3)
=
iωµ+ n × H inc
ω∈L G

+ (x

where Kij (i, j = 1, 2) are the integral operators
which appear in the right-hand sides of equations (1)
and (2) and I is the unit operator. Taking into account the fact that an integral operator is compact
if the integral kernel of the operator is integrable,
we see that the operators Kij (i, j = 1, 2) are compact operators. Hence, the accumulation points of
the eigenvalues of the operator on the LHS of equation (3) are iω(ε+ + ε− )/2 and iω(µ+ + µ− )/2. It is,
therefore, probable that almost all the eigenvalues of
the coeﬃcient matrix obtained by discretising equations (1) and (2) are also close to these points. From
this fact, we expect that iterative solvers for this
equation converge fast without any preconditioning.
We use Nyström’s method for discretisation with
Gauss’s integral formulae as a quadrature method.
The collocation points of Nyström’s method are thus
the integral points of the Gaussian quadrature.
3

Numerical example
We solve a periodic problem by using both the
proposed method and our previous method, i.e., the
PMCHWT formulation with the matrix of the directly computed part in periodic FMM as a right
preconditioner[4]. The scatterer consists of spheres
which are arranged periodically along both x2 and
x3 axes. The radii of the spheres are 0.35. We
set L2 = L3 = 1, ε+ = 1, ε− = 2.56 and µ± = 1.
The incident wave is a planar wave given as E inc =
E c eik1 x3 , H inc = H c eik1 x3 where E c = (0, 1, 0) and
H c = (0, 0, 1), hence β2 = β3 = 0. The spherical scatterer is discretised with 5780 triangles. We
use the Galerkin method with RWG basis[5] for discretising the PMCHWT integral equation. For solving linear equations, we use GMRES with the error
tolerance of ε = 10−3 for Müller’s formulation and
FGMRES with ε = 10−3 for the PMCHWT formulation. For inverting the preconditioner in the PMCHWT formulation, we use GMRES with ε = 10−1 .

We did not use restart in GMRES or FGMRES.
The iteration numbers of the iterative methods
in the Müller and the PMCHWT formulations are
shown in Figure 1. The iteration number of Müller’s
formulation is smaller than that of the PMCHWT
formulation for any of the frequencies considered.
We also confirm that Müller’s formulation with the
Nyström method is faster than the PMCHWT formulation with the Galerkin method in terms of computational time.
Muller
PMCHWT
80
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Iteration Numbers

∑
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4

Conclusion
We developed a solution method for periodic
boundary value problems with Müller’s formulation.
We found that the iterative method with Müller’s formulation converges faster than that with PMCHWT
formulation with the matrix of directly computed
part in FMM algorithm as the right preconditioner.
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Abstract
Nanoplasmonics forms a major part of the field of
nanophotonics, which explores how electromagnetic
fields can be confined over dimensions on the order
of or smaller than the wavelength. Here, we present
an integral-equation formulation of the mathematical model that delivers accurate solutions in small
computational times for surface plasmons coupled by
periodic corrugations of flat surfaces.
1

Introduction
Nanoplasmonics forms a major part of the field
of nanophotonics, which explores how electromagnetic fields can be confined over dimensions on the
order of or smaller than the wavelength. Initiated in
1902 by R.W. Wood [1] with the discovery of grating anomalies, this phenomenon has attracted significant attention over the last hundred years [2],
[3], [4]. Mie in 1908 gave a mathematical description of light scattering from spherical particles of
sizes comparable to the wavelength [3], describing
an effect that would come to be known as localized surface plasmons in the context of nanoplasmonics. It is based on interaction processes between
electromagnetic radiation and conduction electrons
at metallic interfaces or in small metallic nanostructures, leading to an enhanced optical near-field at
sub-wavelength dimension. In 1899, Sommerfeld had
described surface waves (waves propagating at the
surface of metals) mathematically, and in 1902 Wood
observed anomalous drops in the intensity of light reflected by a metallic grating [3]. But theory and observation would not be linked until 1941, by Fano [5].
Further experimental validation came in 1968, when
Kretschmann and Raether used prism coupling to excite surface waves with visible light [5]. Other forms
of coupling to surface plasmons have been thoroughly
investigated since then. All of the phenomena mentioned above are based entirely on classical electromagnetics, and thus can be mathematically described
by Maxwells equations. In this paper, an integralequations formulation is given for an infinitely peri-

odic metal surface whose period d is on the nanometer scale. The metal is assumed to extend infinitely
below this surface, while a dielectric material extends
infinitely above the surface. Some details of the numerical implementation and the results of a few numerical experiments are also given in Sec. 2 and 3.
2

Formulation and Algorithm

In this section, a system of integral equations for
the total exterior field u (u = Ez in Transverse Electric –TE– and u = Hz in Transverse Magnetic –TM–
∂u
polarizations) and its normal derivative ∂n
on the
surface ∂D are given. The metal surface ∂D is infinitely thick and periodic and satisfies
f (x + d, y) = f (x, y).
∂u
These fields [u, ∂n
] satisfy [7];
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for x ∈ D, and for x ∈ Dc , respectively where n is the
unit normal to ∂D directed into the exterior of D and
P is a single period of the surface ∂D. Here, G(r, r0 )
is the quasi-periodic Green’s function [8] given by
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where G0 (r, r0 ) = H0 (kr) is the free-space Green’s
4
function for the Helmholtz equation and α = k sin(θ)
where θ is incidence angle.
As x → ∂D and using the boundary conditions,
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the surface integral equations become
Z
∂(Gi − Ge )
inc
u (r) = ψ(r) +
(r, r0 )ψ(r0 )dr0
∂n(r0 )
P
Z
∂ψ(r0 ) 0
− (νGi − Ge )(r, r0 )
dr ,
∂n(r0 )
P
Z
∂ 2 (Gi − Ge )
∂uinc (r)
ν + 1 ∂ψ(r)
=
+
(r, r0 )ψ(r0 )dr0
0
∂n(r)
2 ∂n(r)
P ∂n(r)∂n(r )
Z
∂ψ(r0 ) 0
∂(νGi − Ge )
(r, r0 )
dr ,
−
∂n(r)
∂n(r0 )
P
for r ∈ ∂D with the unknowns ψ(r) = ue (r) + uinc (r)
and ∂ψ(r)/∂n(r). Here uinc (r) denotes the incoming
incident wave and ν = 1 for TE polarization and
ν = ki /ke for TM polarization.
Our numerical algorithm depends on seeking the
unknowns on the surface of the grating, and the matrix elements are evaluated through the derivation of
a careful decomposition that allows for explicit evaluation of the singular and non-singular parts of the
kernels [9].
Numerical Results
In this section, we provide numerical experiments
for the algorithm described above implemented in
MATLAB. The test cases in the simulations that follow correspond to (“two-dimensional”) infinitely periodic metal gratings that invariant in the z direction.
To investigate the existence of plasmonic resonances,
we concentrate on the analysis at length scales where
these do appear, namely

Figure 1:
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Reflectivity vs incidence angle map for the
sinusoidal grating.

3

h << λ ∼ d.
where d is the period, h is the height of the rough
surface and λ is the wavelength.
The first grating profile is given by
f (x) =

h
sin(x)
2

where h = 48nm, d = 300nm λ = 226nm, θ = 29o
and the metal is silver. Note that h/λ ≈ 0.2 and
λ/d ≈ 0.75 (See Figures 1-3).
Our second example, on the other hand, correspond to a more complex profile consisting of a
(Fejér-smoothed) approximation to a semi-elliptical
profile represented with 51 Fourier modes (See Figure 4). The “linewidth” (size of the major axis of the
ellipse) is 400 nm, and the period is d = 630nm. Here
we present results of the integral solver for heights

Figure 2:

The error in the total field and its normal

derivative as a function of the number of collocation points
for the sinusoidal grating. The error is shown on a
logarithmic scale for where a plasmon is generated.

h = 20nm and h = 30nm, and display a specific verification against the high-order perturbation method
introduced in [10], [11] (See Figures 5 and 6).
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Figure 3:
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The real part (top) and intensity (bottom) of

the field above and below the surface of the sinusoidal grating
for an angle of incidence of θ = 29o .

Figure 5:

Comparison of integral equation solver and

High Order Perturbation Method of [10,11] for the profile in

Figure 4:

A semi-elliptical grating.

Figure 4. Results for incident angles θ = 0o , 0.1o and 0.2o and
heights of h = 20nm and h = 30nm.
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Setting of the problem
We consider wave propagation in a domain Ω ⊂
Rd , with smooth boundary Γ, whose complement can
be written as (δ > 0 denoting a small length)
R3 \ Ω = O δ ∪ C δ
where Oδ = {x ∈ R3 / d(x, Ω) > δ} is a perfectly reflecting object and Cδ = {x ∈ R3 / 0 < d(x, Ω) < δ} is
a thin penetrable coating (see figure 1). We assume
that this coating is ”periodic” and strongly varying
(see section 2), which means, roughly speaking, that
its physical characteristics are highly oscillating, at
scale δ, in the directions tangential to Γ. The goal of
this work is to find, for numerical purpose, “equivalent” boundary conditions on Γ for replacing the
presence of C δ . This is achieved by means of a multiscale asymptotic analysis when δ tends to 0.
Cδ

•

Π(xΓ ) = Im DΦΓ (xr ) is the tangent plane to Γ,

•

n(xΓ ) ⊥ Π(xΓ ) is the normal vector to Γ,

•

g(xΓ ) ≡ g(xr ) = DΦΓ (xr )∗ DΦΓ (xr ) ∈ L(R2 )
is the metric matrix of Γ.

The vector n(xΓ ) is oriented in such a way that

C δ = x = xΓ + ν n(xΓ ), ν ∈ ] − δ, 0 ], xΓ ∈ Γ

Cr = Γr × ] − 1, 0 [
Oδ

The geometry of the problem

Definition of periodic function in C δ
Except in the case of a flat or cylindrical surface Γ,
giving a precise mathematical meaning to the notion,
however intuitive, of periodic coating is not a trivial
modelization issue. We have chosen to see a periodic
coating as resulting from a deformation of a plane
coating. This refers to a parametric representation
of the surface Γ that should correspond to the manufacturing of the coating. We assume the existence
of a smooth and injective transformation:
2

ΦΓ : Γr ≡ R2 7→ R3
xr ∈ Γr

Most important geometrical objects can be defined
from the differential of ΦΓ , DΦΓ (xr ) ∈ L(R2 , R3 ) and
its adjoint in L(R3 , R2 ). At the point xΓ = ΦΓ (xr ),

Moreover, for δ small enough, (xΓ , ν) define local coordinates in C δ . Let Cr be the flat normalized layer:

Ω

Figure 1:

where Γr denotes the reference plane, such that the
deformed surface Γ is the image of Γr by ΦΓ :

Γ = x = ΦΓ (xr ), xr ∈ Γr .

7→ xΓ = ΦΓ (xr )

with current point x̂ = (x̂r , ν̂).

A periodic function f δ in C δ with period δ will be
define from a xr -periodic reference function, with period 1, fˆ defined in the reference layer Cr , namely:
x ν 
r
f δ (x) = f δ (xΓ , ν) = fˆ
,
, if xΓ = ΦΓ (xr ) (1)
δ δ

where fˆ(x̂r + (m, n), ν̂) = fˆ(x̂r , ν̂),

∀ (m, n) ∈ Z2 .

3

The model problem
We consider a (family) of scalar propagation problems with variable coefficients: the solution uδ is defined in the ”exterior” to the unpenetrable object
Ωδ = R3 \ Oδ

( =⇒

Ωδ = Ω ∩ C δ )

and is subject, in addition to a radiation condition we
shall ignore here, to a Neumann boundary condition:


in Ωδ
 div ρδ ∇uδ + ω 2 µδ uδ = f,
(2)

∂ν uδ = 0
on ∂Ωδ
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where f denotes a compactly supported source term
and where the positive and bounded functions ρδ and
µδ are such that the medium is homogeneous in Ω :
ρδ (x) = ρ∞ ,

µδ (x) = µ∞

in Ω,

and δ-periodic inside C δ , i. e. ρδ and µδ are periodic (see (1)) with reference functions ρ̂(x̂r , ν̂) and
µ̂(x̂r , ν̂), extended to ν̂ > 0 by ρ∞ and µ∞ (for (7)).
4

A third order effective boundary condition
The purpose of this work is to build a ”simple”
problem for computing an approximation uδapp solution in the exterior domain Ω, with the help of a
generalized impedance boundary of the form:
∂ν uδapp + Tδ uδapp = 0,

on Γ.

(3)

The impedance operator Tδ should be a local and
represent the thin coating C δ . To construct Tδ , we
search a formal power series asymptotic expansion in
δ of the exact solution uδ on the exterior domain Ω:
uδ = u0 + δ u1 + δ 2 u2 + · · ·

in Ω

which is valid, in fact, outside a small neighborhood
of Γ. In a first step, to construt inductively on k,
the terms uk of the expansion. This uses the method
of matched asymptotic expansions that relies on another asymptotic expansion of uδ , of multi-scale nature (involving homogenization and boundary layer
ansatz), in a neighborhood of the coating C δ (see [2]
for more details). Then, in a second step, we look for
a boundary condition ”approximately satisfied” by
the same expansion truncated at a given order. Doing so, our third order condition (constructed with
u0 , u1 and u2 ) is obtained with the operator:
Tδ = δ T1 + δ 2 T2

(4)

For simplicity, we shall give the expression of T1 is
T2 when the coating has some symmetry properties:
ρ̂(−x̂r , ν̂) = ρ̂(x̂r , ν̂), µ̂(−x̂r , ν̂) = µ̂(x̂r , −ν̂).
In the general case, their expressions are similar but
more involved. Let Yra = [0, 1]2 × [−1, a]. First, we
introduce particular mean values ρ0 and ρ1 (resp. µ0
and µ1 ) of ρ̂ (resp. µ):
Z
Z
ρ0 =
ρ̂(x̂) dx̂, ρ1 =
2 ν̂ ρ̂(x̂) dx̂, (5)
Yr

Yr
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Next, let us set, Ls (R3 ) being the space of symmetric
3 × 3 matrices,


T (xΓ ) := A ∈ Ls (R3 ) / A n(xΓ ) = 0 ≡ Ls Π(xΓ )

the space of symmetric linear maps in Π(xΓ ). Let
R(xΓ ) ∈ T (xΓ ), be the curvature tensor of Γ at
xΓ (see [1]), with trace 2H(xΓ ), where by definition
H(xΓ ) is the mean curvature of Γ at xΓ . Now, we
define, for each xΓ ∈ Γ, the two profile functions:
w1 (·, xΓ ), w2 (·, xΓ ) : Yr∞ → R,

(6)

as the (unique) solutions of the elliptic problems


div ρ̂−1 g(xr )−1 ∇wj (·, xΓ ) = ∂x̂j ρ̂ in Yr∞





wj (·, xΓ ) is 1-periodic in x̂r , bounded at ∞
(7)




 ∂ wj (x̂ , 0) = 0, R wj (·, x ) dx̂ = 0
r
Γ
ν̂
Y0
r

from which we define the 2 × 2 symmetric matrices

∂wj
(x̂, xΓ ).
∂ x̂i
Next, for each (x̂, xΓ = ΦΓ (xr )), we define the positive symmetric positive operators m(x̂, xΓ ) ∈ T (xΓ )
through their bilinear form on Π(xΓ ) = Im DΦΓ (xr ):
a(x̂, xΓ ) such that aij (x̂, xΓ ) = ρ(x̂)

m(x̂, xΓ ) DΦΓ (xr )u, DΦΓ (xr )v)R3 =

Finally, we set M (xΓ ) =

Z

= ρ(x̂) a(x̂, xΓ )u, v

Yr0

m(x̂, xΓ ) dx̂



R3

∈ T (xΓ ).

Then, the operators T1 and T2 appearing in (4) are

T1 := ρ0 ∆Γ + divΓ M (xΓ )∇Γ + µ0 ω 2 ,



T2 := ρ1 divΓ H(xΓ ) − R(xΓ ) ∇Γ + µ1 H(xΓ ) ω 2

When ρ̂ and µ̂ are constant, one recovers well-known
thin layer conditions for homogeneous coatings [1].
In the talk, we shall give insights on the analysis of
the condition (3, 4) and its numerical validation.
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Abstract
This talk will discuss the reflection of pulses from
heterogeneous media. In particular, I will be focusing on a solution technique for a semi-infinite set of
beads. The reflection coefficient can be found exactly and used to reconstruct a pulse using Fourier
transforms. Related work includes the analogous 2-D
problems of membranes and plates. We also make
comments on the reflection coefficient calculated assuming the heterogeneous media can be treated as an
effective medium. It becomes clear that this is not a
reasonable assumption as the reflection and transmission within the beaded region has significant effect on
the waves which are reflected.
Introduction
The problem of waves travelling in heterogeneous
media has been studied extensively. It is of great
interest in engineering, covers a broad range of topics and holds many rich and interesting problems.
There are numerous different methods to be used to
describe heterogeneous media, including asymptotic
homogenisation [1], Bloch-Floquet theory [2] and direct numerical evaluation of the heterogenities. The
majority of these techniques rely on finding some effective properties such that we average out the microstructure and find a homogeneous medium which
holds the same properties.
Each method has its own merits and is useful
for certain problems. Asymptotic homogenisation
for example, gives a good description of the averaged properties when the microstructure is very
small compared to the wavelengths of the propagating wave. This method however does not give any
insight into the stop and pass band structure of the
material. Bloch-Floquet theory on the other hand
gives us good insight into the stop and pass band
structure of the material but does not offer an obvious way to model pulses.
In this talk we will be interested in the problem of an incoming pulse impinging a heterogeneous
medium. To keep the analysis simple we consider the
case of periodically spaced point masses attached to
one half of an infinite string. We can find the ef-

fective wave number of the string and the reflection
coefficient at a specific frequency. We then reconstruct the solution using Fourier integrals over the
entire frequency range.
1

The problem set up
For the time being we shall consider the simple
case of waves on an infinite string. On one half of
the infinite string we will place an infinite number of
masses at periodic spacings as pictured in figure 1.

Figure 1:

A pulse on a string encountering a series
of periodic point masses.

We choose to introduce the parameter
=

ωl
c0

(1)

where ω is the frequency, l is the bead spacing and
c0 is the wave speed in the homogeneous string. This
parameter acts as the nondimensional frequency.
2

Solution approach
The solution technique is to picture the pulse as being made up of an infinite number of harmonic waves,
each with a different frequency as in [4]. We are then
able to treat each frequency separately to find what
the reflected portion of that harmonic wave is, subsequently allowing us to reconstruct the reflected pulse.
This method relies on the Fourier transform, which
is defined as
Z ∞
f (t)e−it dt.
(2)
F(f (t)) = F () =
−∞

If our input to the problem is given by

h(x) if x < 0
u(x, t = 0) =
0
if x > 0.

(3)

then we first take the Fourier transform of this, which
we shall call H() to get the frequency spectrum of
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R

the input. Assuming we know the reflection coefficient, denoted by R(), we can reconstruct the problem in the homogeneous string by using the Inverse
Fourier transform
Z ∞
1
uR (x + ct) =
R()H()ei(x/c0 +t) d (4)
2π −∞

1.2
1
0.8
0.6

The reflection coefficient for the semi-infinite set of
beads on a string can be found exactly as derived in
[3]. It is found to be
R() =

e−i sin((1 − γ)/2)
sin((1 + γ)/2)

0.4
0.2
0
0

(5)

M
sin 
2

1−γ
.
1+γ

10

15

20

²

(6)

We may compare this reflection coefficient with the
one found if the beaded string can be thought of as an
effective medium with wavenumber γ. The reflection
coefficient in this case is found to be
Reff () =

5

Figure 2: The exact reflection coefficient (solid
line) compared to the effective medium reflection
coefficient (dashed line).

where γ is the nondimensional effective wavenumber
in the beaded string, and is given by
cos γ = cos  −
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(7)

We can see by expanding (5) for small  that these
two reflection coefficients match up in the homogenisation limit (  1). For larger  the two reflection coefficients differ. It can be seen in figure 2 by
how much these two differ, even for relatively small
. This is worrying as it means we are unable to use
the concept of an effective medium in reflection and
transmission problems when we don’t know the exact coefficients. A typical example of when the exact
reflection coefficient is unavailable is the commonly
studied layered composite.
In order to investigate the solution given by (4)
we look at the singularity structure in the complex
plane. Provided that our input is entire, then the
fourier transform of this, H() is entire. Thus, the
only singularities in the problem come from the reflection coefficient. It may not be immediately clear
what singularities this function has. We may find
them by rearranging R() into the form

s


2 
M 2
M
R() =
sin() 1 −
+
M
2
tan()

M
− sin() −
cos()
(8)
2

We can now see that the only singularities are given
by the branch cuts which occur from the square root.
These all lie on the real line and due to the tan()
there are an infinite number of them. We may now
convert the integral given by (4) into a sum of integrals around each cut, being much easier to handle
numerically.
3

Further work
We will then discuss areas where these types of
problems are heading. The possibility of obtaining
some effective reflection coefficient for the periodic
layered medium will be discussed. The extension of
these problems into two dimensions is also of interest.
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Abstract

In many modern industrial processes, diractive
optical elements employ light with small wavelengths.
The current technological progress is based on the
steady decrease in wavelengths (e.g. EUV light). For
such wavelengths, the eect of random surface roughness of gratings has an increasingly high impact on
the behaviour of the scattered wave. Consequently,
the roughness should be included into the modelling
of the scattering and, maybe, into the numerical solution process of inverse problems. Since the solution for the full Maxwell system for rough surfaces is
extremely dicult, many authors employ simplied
models. One way to do so is proposed by Stearns and
is based on the Born approximation of the Maxwell
equations. We will discuss mathematically strict assumptions which allow the use of the manipulations
in Stearns' approach. Under these assumptions, we
give a rigorous denition of an approximate solution
and derive the corresponding formulas for the scattered far eld.

Introduction

It is the goal of this paper to obtain an approximate
solution in the sense of the limiting absorption principle for the far-eld, when a homogeneous X-ray plane
wave is being scattered by a non-ideal interface between two dielectric media. The interface, described
by the graph of a function f , separates two materials with the dielectric constants 0 and 00 and the
globally constant magnetic permeability µ0 . We assume that the interface is illuminated by a plane wave
~ 0 (~x) e−iωt , with E
~ 0 (~x) := ~e 0 ei~k·~x , ~x := (x, y, z)>
E
and a real valued wave vector ~k := (kx , ky , kz )> , from
above. Furthermore, we assume that the material
above the interface has a real valued refractive index
and thus is non-absorbing. Stearns [1] provides the
far-eld formula

[0 −00 ]k2 ĝ(km−
~ ~k) 0 eikR
~ r (Rm)
E
~ ∼ −i
,
~e
4π0
kmz −kz
R

for R → ∞. Here, ĝ is the Fourier transform of the
function g(~x) := δ(z − f (x, y)). We will present a
class of functions f and a sucient condition for f

such that a generalised Stearns' formula (cf. the subsequent (1)) can be justied.

1 The vector Helmholtz equation

In both, the sense of the limiting absorption principle and the rst order Born approximation, the
problem is described by an inhomogeneous vector
Helmholtz equation
h

i
 sc
~ (~x) = −∇ × ∇ × α(~x)E
~ 0 (~x) ,
∇2 + kτ2 D

√
where kτ := µ0 τ ω , τ results from 0 by introducing a small imaginary part and α(~x) := 0 for
z > f (x, y) and α(~x) := −∆ := 00 −τ for z < f (x, y).
The same equation also holds when considering the
~ d between the desired scattered eld D
~ sc
dierence D
~ sc for an ideal interand the approximated solution D
Q

face fQ ≡ 0 with αd (~x) := α(~x) − αQ (~x)

h

i
 d
~ (~x) = −∇ × ∇ × αd (~x)E
~ 0 (~x) .
∇2 + kτ2 D

~ sc the exact solution can be used by
Note, that for D
Q
employing Fresnel's formula.
To solve this equation we apply the generalised
Fourier transform in the dual of the Schwartz space
S(R3 ) to both sides of the equation. We then resolve
the resulting equation w.r.t. the Fourier transform of
~ d and use the generalised inverse Fourier transform
D
~d
to get an integral representation of D
D
E
~ d (~x), ϕ(~x)
D
 
Z
Z
0 ×~
~
s
×~
e
s
~
= αd (~η) eikτ ·~η
(ϕ̄)ˇ(~s) e−i~η ·~s d~s d~
η,
2
2
k~sk − kτ
R3

R3

for all ϕ ∈ S(R3 ). We can easily show that these
transformations are well dened for all f ∈ L∞ (R2 )
and τ 6= 0.

2 The near-eld formula

To prove the existence of the limit Im τ → 0, resulting from the limiting absorption principle, we have
restrict the class of interface functions to the set of
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all real valued functions in L∞ (R2 ) of the form
0

f (η ) =

3 
X
`=0

p

1
1+

`
|η 0 |2

X

j∈Z

0 ·η 0
iω`,j

λ`,j e



+g(η 0 ),

where λ`,j ∈ C, λP
C, kf kA1 < ∞. This
`,j ∈ P
3
norm is dened as
`=0
j∈Z |λ`,j | + kgk1,1 , with
0
0
kg(η )k1,1 := k (1 + |η |) g(η 0 )kL1 (R2 ) . We have restricted the set of interface functions to these, since
it necessary that the set is a Banach algebra and that
the corresponding functions have an explicit Fourier
transform. Furthermore, the set should contain almost periodic functions, which have already been
used by Stover [2]. Moreover, combinations of Fourier
modes play an important role for stochastic processes
(cf. e.g. Yaglom [3, Equ. (2.61) in Sect. 8]), as well.
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is necessary for all j ∈ Z. This holds if
n
o
X
0
k∈
/ cl k0 +
mj ω0,j
: (mj )j∈Z ∈ `1 (N0 ) .
j∈Z

3 The far-eld formula

In a very lengthy process we have obtained the fareld asymptotics R := k~xk → ∞ of the formula for
~ d (~x) above. The proof mostly consists of splitting
D
o terms of the integrals w.r.t. s0 for which we can
show their asymptotic behaviour. This is largely compromised of integrations by parts using specially chosen coordinate systems. Finally, e.g. for the reected
eld (Rmz = z > 2 max{kf kA1 , kf kL∞ }), we have
reached a formula of the form
 j


∞ X
X
~ωz × ~e 0 × ω
~ zj iR~ωzj ·m
~
r
~
e
Cj,n
E (Rm)
~ =
j 1−n
ω
z
n=0 j∈Z

eikR
1
+r2 (f, m,
~ ~e 0 )
ikR
ikR
ikR
1
e
sc
~Q
(Rm),
~
(1)
+ r3 (f, m,
~ ~e 0 ) √ + D
i kR 0
+ r1 (f, m,
~ ~e 0 )

~r = D
~ r /0 and D
~r = D
~d +D
~ sc for mz > 0.
where E
Q
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Cj,n

n=0 j∈Z

+

∞ XZ
4 X
X

`=1 n=0 j∈Z 2
R




 sgn z i~ωj ·~x
~ zj × ~e 0 × ω
ω
~ zj
1−n e z
ωzj




hn`,j (s0 ) ~sξz ×~e 0 ×~sξz ei~sξz·~x ds0 ,
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Abstract
Understanding and predicting wave propagation
and scattering by non-periodic media is much more
difficult than that of periodic, but still very important. Very few existing structures are actually exactly periodic, thus it is crucial to gain a better, more
accurate understanding of nearly periodic, quasiperiodic and random structures.
In this talk I will present methods to determine
the acoustic wave scattering properties of quasiperiodic structures, where by quasiperiodic we mean
non-periodic in the sense that the structure is nonrepeating, but also non-random in the sense that the
distribution is deterministic. Quasiperiodic structures are simpler to work with than fully random
structures due to this deterministic nature, but are
still of great importance as such structures do exist
and can be used in engineering applications.
We consider two dimensional quasiperiodic structures with sound-soft, circular, cylindrical scatterers.
We will then find periodic structures which give similar scattering properties to the quasiperiodic structures, in order to find effective homogeneous materials that give good approximations.

ness as they are aperiodic, although they do have a
deterministic distribution. Working with such distributions will allow us to see how the transition from a
periodic structure to a quasiperiodic structure alters
the amount of transmitted wave field allowed, and
will thus could provide insight into how introducing
‘randomness’ to a structure effects the wave propagation.
On a side note, quasicrystalline coatings are being
widely used on a multitude of objects due to their
hardness, low thermal and electrical conductivity,
low friction and high corrosion resistivity. Therefore,
a material with inclusions distributed the same as
the atomic structure of a quasicrystal may also have
similar characteristics and thus applications, making
it an extremely interesting and exciting structure to
look at.
Due to this link with quasicrystals [3] and because of
a high interest in the ‘phononics’ of quasicrystals, the
main inclusion distribution we will look at is the 2D
Penrose tiling. We will also mention a 1D quasiperiodic structure similar to this called the Fibonacci
chain, and propose ideas to extend to the 3D analogue of the Penrose tiling.

1

2

Motivation
With such influential papers as those by Anderson [1] and Foldy [2], people are under the impression that random microstructure within a material
can cause acoustic wave localisation/decay. Anderson showed how the interference of coherent, multiple scattered waves from the randomly positioned
inclusions can cause wave transmission to completely
stop. Whilst Foldy’s use of ensemble averaging and
the closure condition results in a complex effective
wave number, i.e. exponential decay in the wave
field.
In an attempt to understand this phenomenon, whilst
fully appreciating the work of Anderson and Foldy,
we want to try to find an alternative way to fully understand wave propagation in random media, from
the basics.
In this talk we will introduce work with quasiperiodic distributions. These have an ‘air’ of random-

The Problem
The governing equation for acoustic wave propagation in 2D with one sound-soft cylindrical inclusion
of radius a at the origin is
(∇2 + k 2 )u(r, θ) = 0,

u = 0 on r = a,

(1)

where we have assumed the wave is time harmonic,
U = Re(ue−iωt ), and we have factored out the time
dependence. Here r and θ are the distance and angle
of the observation point from the origin and k = ω/c
is the wavenumber.
We have an incident plane wave of the form
uinc = eikr cos(θ−α) ,

(2)

at angle α from the horizontal. We will position circular, cylindrical inclusions at the lattice nodes of our
quasiperiodic distributions.
Our main focus is on the distribution of the scatterers, therefore, to make our scattering modelling more
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simple we will assume we have cylinders with small
radii, i.e. 0 < ka  1.
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3

Our total field is again just the sum of the incident
and scattered fields.
Once we know the coordinates of the distribution we
can very easily use this matrix equation to see the
behaviour of the wave field through this finite distribution.

3.1 The Multipole Method
We know that the solution to the governing equation (1) gives us a scattered field of the form

3.2 The Projection Method
The Penrose tiling is a 2D aperiodic tiling of the
plane that uses only two tiles, ‘fat’ and ‘thin’ rhombi
[5]. We want to place a scatterer on every corner of
each rhomb, giving us a Penrose lattice. One method
for constructing such a lattice is via projection from
higher dimension. In this method one takes some
slice/window W of a five dimensional hypercubic lattice and projects on to a plane at a certain irrational
slope, giving us lattice points
(
!)
P4
mj (cos(2πj/5) − 1) − p
2
j=1P
PT =
, (8)
4
5
j=1 mj sin(2πj/5)

Methods
Numerous techniques and approaches are useful
in looking at the multiple scattering and at the
quasiperiodic structures which we want to discuss.
In this talk we will present the multipole method [4]
as one technique for modelling the wave behaviour
through a finite lattice, and the projection method
to construct our quasiperiodic lattice at which we
will position our inclusions.

usc =

∞
X

in Bn Hn(1) (kr)ein(θ−α) ,

(3)

n=−∞
(1)

where the coefficients Bn = −Jn (ka)/Hn (ka) are
dependent on the boundary conditions. The total
field is defined by u(r, θ) = uinc (r, θ) + usc (r, θ).
By considering limiting forms of the Bessel and Hankel functions for small arguments we find that, for
small cylinder radius (i.e. as ka → 0), our scattered
field will look like
1
(1)
usc = −
H (kr),
(4)
2i
1 + π (γ − ln 2 + ln(ka)) 0
thus showing that the cylinder acts as a monopole
source.
To extend to a finite number of scatterers we simply
express the scattered field as a sum of the monopole
sources at the centre of each circle (monopole and
dipole for sound-hard, and multipoles for large scatterers),
N
X
(1)
usc =
Ci H0 (kri ),
(5)
i=1

where ri = |ri | is the distance from the ith cylinder
to the observation point.
If we evaluate the boundary conditions at each
cylinder boundary we will get a matrix equation of
the form HC = −I, where
(
1 + 2i
i=j
π (γ − ln 2 + ln(ka)) ,
Hij =
(6)
(1)
(1)
H0 (kbij ) = H0 (kbji ), i 6= j,
 
 
C1
1
 .. 
 .. 
C =  .  , I = . .
(7)
CN

1

where 1 ≤ p ≤ 4 and the m
~ = (m1 , ..., m4 ) are to
be found using an algorithm. If time allows I will
discuss the algorithm we have constructed in more
detail.
We will also discuss how the projection method can
be adapted to give a periodic lattice which scatters
the waves in a similar manner. We can do this via the
projection of the window W at some oblique angle,
or an alternative is to consider rational slopes, giving
us a rational approximant with the same two tiles.
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Abstract
This work deals with the computation of the group
velocity of photonic crystal (PhC) modes and higher
derivatives of their dispersion curves. We employ
these derivatives in a Taylor expansion of the band
structure, which reduces the computational costs significantly. The presented results can be transferred
to the computation of guided modes in PhC waveguides using the supercell approach or Dirichlet-toNeumann (DtN) maps.
1

Introduction
We consider the problem of finding Bloch modes
U (x; k) with transverse magnetic (TM) polarization
and their associated eigenvalues ω 2 (k) ∈ R+ that satisfy
−∆U (x) − ω 2 ε(x)U (x) = 0
R2

in the unit cell C ⊂
of the PhC, see Fig. 1, with
quasi-periodic boundary conditions
U (· ; k) |ΓR = eik|a1 | U (· ; k) |ΓL ,

∂n U (· ; k) |ΓR = −eik|a1 | ∂n U (· ; k) |ΓL ,
in dependence on the quasi-momentum k ∈ B in the
one-dimensional Brillouin zone B = [−π/|a1 |, π/|a1 |].
Here, ε denotes the relative permittivity and the operator ∂n is given by ∂n = ∇ · n with the unit normal
vector n outward to the unit cell C.
ΓT
a
2

ΓL

ΓR

C
Figure 1:

a1
ΓB
The computational domain C.

At the top and bottom boundaries ΓT and ΓB we
impose (a) quasi-periodic boundary conditions with
quasi-momentum k2 ∈ [−π/|a2 |, π/|a2 |] in the direction
of a2 , (b) periodic boundary conditions (as used in
the supercell method for the approximation of guided
modes in PhC wave-guides, or (c) transparent boundary conditions (e. g. DtN maps as used in [1] for the
exact computation of guided modes in PhC waveguides). For simplicity, we shall focus on periodic

boundary conditions in this work, but the results can
also be applied to problems with DtN transparent
boundary conditions.
Moreover, we restrict our considerations to the
TM-mode, but the results can directly be transferred
to the TE-mode.
By substituting u(x) = U (x)e−ika1 ·x , we arrive at a
periodic problem that we express in variational sense
using the space of periodic H 1 -functions in C denoted
by Hp1 (C). For any k ∈ B we seek modes u(· ; k) ∈
Hp1 (C) and eigenvalues ω 2 (k) ∈ R+ such that
Z
(∇ + ika1 )u · (∇ − ika1 )v − ω 2 ε(x)uv dx = 0 (1)
C

for all v ∈ Hp1 (C).
Proposition 1. (see [2]) For any k ∈ B, there
2 (k) ∈ R+ ,
exists an ordering of the eigenvalues ωm
1 ≤ m ≤ M (k), of the eigenvalue problem (1) such
that the functions ωm : k 7→ ωm (k) — the so-called
dispersion curves — are continuously differentiable
to any order.
2

Group velocity and higher derivatives of
the dispersion curves
2 (k)
Thanks to this ordering of the eigenvalues ωm
∂ωm
of (1), the group velocity ∂k (k) and any higher
derivative of ωm (k) with respect to k are well defined.
This implies that we can take the derivative of
Eq. (1) with respect to k and obtain
Z
∂u
(∇ + ika1 )
· (∇ − ika1 )v
∂k
C
∂u
− ω 2 ε v dx = f1 (v) (2)
∂k
for all v ∈ Hp1 (C), where the linear form f1 reads
f1 (v) = ω

∂ω
∂k

Z

Z
εuv dx − 2k|a1 |2
uv dx
Z
C
C
− i|a1 |
u(∂1 v) − (∂1 u)v dx.
C

The solution ∂∂ku (· ; k) ∈ Hp1 (C) of (2) is not unique
since by assumption there exists at least one mode
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and is real-valued.
Since the group velocity ∂∂kω is now known, we can
— applying the Fredholm-Schauder theory — compute a particular solution ∂∂ku of (2) by additionally
requiring H 1 (C)-orthogonality of ∂∂ku and any eigenmode u(· ; k) of the eigenvalue problem (1) with associated eigenvalue ω 2 (k).
Consecutively repeating the above considerations,
we can write the n-th derivative of Eq. (1) with respect to k in the form
Z

(∇ + ika1 )

C

∂nu
· (∇ − ika1 )v
∂k n
∂nu
− ω 2 ε n v dx = fn (v) (3)
∂k

for all v ∈ Hp1 (C), where the linear form fn depends
1
n−1
on ∂∂ku1 , . . . , ∂∂kn−1u . Testing with v = u we again arrive at fn (u) = 0 from which we deduce the n-th
derivative of ω(k).
Analogously to above we can then compute the
n
particular solution ∂∂knu ∈ Hp1 (C) of (3) that is H 1 (C)orthogonal to any eigenmode u(· ; k) of the eigenvalue
problem (1) with associated eigenvalue ω 2 (k).
3

Taylor expansion of the dispersion curves
Since the dispersion curves ωm (k) are continuously
differentiable to any order we can apply the Taylor’s
theorem, and hence, for any k0 ∈ B and n ∈ N
0
0
n
X
(k − k0 )n ∂ n ω
ω(k) =
(k0 ) + Rn (k),
n0 !
∂k n0
0

n =1

with the remainder
Rn (k) =

1
n!

Z

k

k0

(k − κ)n

∂ n+1 ω
(κ) dκ.
∂k n+1

In Fig. 2 we present numerical results of the Taylor expansion. As computational domain we choose

the unit square [0, 1]2 with a hole of radius 0.4 and
permittivity ε = 1 surrounded by dispersive material
of permittivity ε = 3. We study the TM-mode in
the whole reduced Brillouin zone [0, π] and compare
the eigenvalues ω(k) of (1) at 40 values of k with
the results of the Taylor expansion of order n = 5
around the centre k0 = π2 of the reduced Brillouin
zone. For the computation we choose finite elements
on curved cells with polynomial degree p = 5 using
the C++ library Concepts.
5.0
4.8
frequency ω

u ∈ Hp1 (C) that solves (1) with zero right hand side
and hence, any of these modes u can be added to
the solution ∂∂ku of (2) and the equation will still be
satisfied. However, taking v = u as test function
in Eq. (2), the left hand side — including all terms
containing ∂∂ku — vanishes since (−k) is an eigenvalue
with associated eigenmode u [1]. Thus, the group
velocity reads

R
R
k|a1 |2 C |u|2 dx − |a1 | Im C u∂1 u dx
∂ω
R
=
∂k
ω C ε|u|2 dx
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4.6
4.4
4.2
4.0
3.8
0π

0.25π
0.5π
0.75π
quasi momentum k

1π

Figure 2: Comparison of dispersion curves (dots)
with their Taylor expansion (solid lines) around
k0 = π2 (crosses).
The time saving of the Taylor expansion is enormous: We only need to solve the eigenvalue problem (1) once, compute the group velocity ∂∂kω (k0 ) for
all eigenmodes, which is a simple matrix vector muln
tiplication, and subsequently compute ∂∂knu (· ; k0 ) and
n
∂ n+1 ω
(k0 ), where the computation of ∂∂knu (· ; k0 ) can
∂kn+1
be done very efficiently since (1) – (3) are of the same
form with varying right hand side.
The error of the Taylor expansion increases with
the distance to k0 . However, increasing the order n
might not always be appropriate to improve accuracy
n
since the derivatives | ∂∂knω (k0 )| might grow faster with
n then the factorial. In this case, a decomposition of
the Taylor expansion in subintervals is necessary.
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Abstract
For limited time the propagation of waves in a
highly oscillatory medium is well-described by the
non-dispersive homogenized wave equation. With increasing time, however, the true solution deviates
from the classical homogenization limit, as a large
secondary wave train develops unexpectedly. Here,
we propose a new finite element heterogeneous multiscale method (FE-HMM), which captures not only
the short-time macroscale behavior of the wave field
but also those secondary long-time dispersive effects.
Long-Time Wave Propagation
Let Ω ⊂ Rd be a domain and T > 0. We consider
the wave equation

ε
ε
ε
in Ω × (0, T ),

 ∂tt u − ∇ · (a ∇u ) = F
ε
u (x, 0) = f (x) in Ω,
(1)


ε
∂t u (x, 0) = g(x) in Ω,

T=2

1.1 Classical homogenization
According to classical homogenization theory, uε
converges to the solution u0 of the “homogenized”
wave equation as ε → 0,
∂tt u0 − ∇ · (a0 ∇u0 ) = F,
where the homogenized tensor (or squared velocity field) a0 can only rarely be computed explicitly.
Thus, u0 approximates uε but only for short times.
For longer times T ∼ ε−2 , the homogenized solution becomes increasingly inadequate, since it neglects microscopic dispersive effects that accumulate
over time, as shown in Figure 1. Here we consider (1)
in Ω = (−1, 1) with periodic boundary conditions, let
u(x, 0) be a Gaussian pulse with zero initial velocity

ref.
hom.
eff.

1
0.5
0
−1 −0.5

0

0.5

1 −1 −0.5

0

0.5

1

Figure 1: Reference (ref.), homogenized (hom.)
and effective (eff.) solution: short-time (left) and
long-time (right).

1

where aε (x) ∈ (L∞ (Ω))d×d is symmetric, uniformly
elliptic, and bounded. Here ε > 0 represents a small
scale in the problem, which characterizes the multiscale nature of the tensor aε (x). We set either homogeneous Dirichlet or periodic boundary conditions to
uniquely determine the solution for every ε > 0.

T=100

and set

 x
1
2 + sin 2π
with ε = .
(2)
ε
50
The reference solution of (1)–(2) corresponds to a
direct numerical simulation (DNS), where the microscale is fully resolved. After one revolution (T = 2),
the homogenized and the DNS solution coincide. After fifty revolutions (T = 100), however, the DNS
displays dispersive effects, which the homogenized solution fails to capture.
aε =

√

1.2 Effective dispersive equation
Various formal asymptotic arguments were derived to elucidate that peculiar inherently dispersive
long-time behavior of waves propagating through a
strongly heterogeneous periodic medium [1]. An effective equation that captures those dispersive effects
was recently derived in [2] for the one-dimensional
case when aε is ε-periodic:
∂tt (ueff − ε2 b∂xx ueff ) − a0 ∂xx ueff = F.

(3)

Again, a0 denotes the homogenized effective coefficient from classical homogenization theory and b > 0.
As shown in Figure 1, uε and ueff essentially coincide
both at early and later times.
2

FE Heterogeneous Multiscale Method
In [3], the FE-HMM for elliptic [4] was extended to
the time dependent wave equation. It was shown to
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converge to u0 at finite times, yet it failed to capture
long-time dispersive effects in the true solution. To
incorporate those dispersive effects, we not only need
an effective bilinear form but we add a correction to
the L2 inner product, akin to the weak formulation
of (3). Similarly to the computation of the bilinear
form, the correction relies on numerical solutions of
micro problems on sampling domains Kδ of size δ proportional to ε. An alternative HMM scheme, based
on the finite difference approximation of an effective
flux, was proposed in [5].
We now give a description of the algorithm: First,
we generate a macro triangulation TH and choose an
appropriate macro FE space S(Ω, TH ). By macro we
mean that H  ε is allowed. Within each macro
element K ∈ TH we choose a quadrature formula
{xK,j , ωK,j }. The FE-HMM solution uH is given by
the following variational problem:

Find uH : [0, T ] → S(Ω, TH ) such that



 (∂ u , v ) + B (u , v ) = (F, v )
tt H H Q
H H H
H
(4)

for
all
v
∈
S(Ω,
T
)
and,
H
H



uH (0) = fH , ∂t uH (0) = gH in Ω,
where the initial data fH and gh are suitable approximations of f and g in S(Ω, TH ). The effective bilinear
form BH and (·, ·)Q are defined as follows:
X ωK,j Z
BH (vH , wH ) =
aε (x)∇vh (x) · ∇wh (x)dx,
|Kδ | Kδ
K,j

and

(vH , wH )Q = (vH , wH )+
X ωK,j Z
(vh (x)−vH,lin (x))(wh (x)−wH,lin (x))dx.
|Kδ | Kδ
K,j

In the above, the micro solution vh (resp. wh ) is
given by

Find vh such that (vh − vH,lin ) ∈ S(Kδ , Th ) and



Z

aε (x)∇vh (x) · ∇zh (x)dx = 0,

Kδ



for all zh ∈ S(Kδ , Th ).

Here S(Kδ , Th ) is a micro FE space on the sampling
domain Kδ with micro triangulation Th , and vH,lin
denotes the linearization of vH at the quadrature
point xK,j , Since BH is elliptic and bounded and
(·, ·)Q is a true inner product, the FE-HMM is welldefined for all H, h > 0. It can be shown that the
correction of the L2 inner product is of order ε2 in
agreement with (3).
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T=100
1

ref.
HMM (see [3])
HMM (new)

0.5

0
−1
Figure 2:

−0.5

0

0.5

1

Reference solution (ref.), FE-HMM from
[3] and new FE-HMM.

3

Numerical Experiments
We again apply our FE-HMM, defined in (4), to
(1)–(2) as in Figure 1. We use cubic FE at the macroand the micro-scale, with mesh sizes H = 1/75 and
h = ε/20 = 1/1000. Note that linear or quadratic finite
elements could also be used. For time-stepping we
use a standard Leap-Frog scheme, with ∆t = H/10.
As shown in Figure 2, the new FE-HMM succeeds in
capturing, the long-time effects in the true solution.
In contrast, the solution of the FE-HMM of [3] without correction is unable to capture those dispersive
effects, since this solution was proven to converge to
the homogenized solution, u0 , as ε → 0.
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Abstract
We present a numeric solver for scattering by
biperiodic layered media. The solver has superalgebraic convergence rate provided the interfaces between the layers are smooth enough. The method is
derived as a variant of the method of Bruno and Kunyanski [3–5]. From a theoretical point of view, we
present the basic ideas – ending up with the formulation of the main convergence theorem. The performance of the solver can be verified from the presented
numerical examples.
1

Problem Setting
We consider scattering of a plane acoustic wave ui
with wave number k > 0 and direction of incidence
d = (d1 , d2 , d3 )> ∈ S 2 with d3 < 0 by a layered
medium periodic in the x1 and x2 -directions. More
precisely, given the periods Lj > 0, j = 1, 2, a number A > 0, and setting
Q = (0, L1 ) × (0, L2 ) ,

D = Q × (0, A) ,

we consider interfaces Γj given as graphs of Qperiodic functions fj ,
Γj = {x = (x1 , x2 , x3 )> ∈ D : x3 = fj (x1 , x2 )} ,

j = 0, . . . , N,

as well as the domains Dj located between Γj and
Γj+1 , j = 0, . . . , N − 1. Additionally define Γ+ =
{x ∈ ∂D : x3 = A} and DN the domain between ΓN
and Γ+ .
The problem under consideration is the scattering
problem
2

∆u + qj k u = 0
 
∂u
[u] = 0 ,
=0
∂n
u=0

in Dj , j = 0, . . . , N ,
on Γj , j = 1, . . . , N ,
on Γ0 ,

i

u − u is propagating upward in Q × (A, ∞) .
Here qj denote indices of refraction for the medium
layers, satisfying Im qj ≥ 0, j = 0, . . . , N . In addition, we require quasi-periodicity of the total field u,

i.e. that
u(L1 , x2 , x3 ) = ei kd1 L1 u(0, x2 , x3 ) ,
u(x1 , L2 , x3 ) = ei kd2 L2 u(x1 , 0, x3 ) .
The condition that the scattered field u − ui be upward propagating in Q × (A, ∞) can be recast in the
form that the Fourier expansion of u − ui on Γ+ contains only upward propagating or evanescent terms.
Unique solvability of the above scattering problem
is studied in [1]. There, a variational formulation in
Sobolev spaces of periodic functions is given. Uniqueness of solution is a special feature due to the Dirichlet boundary condition of Γ0 and also requires that
the interfaces Γj are sufficiently smooth.
2

Integral Equations
The problem described in 1 can be reformulated
as a system of Q-periodic integral equations. This
requires the quasi-biperiodic Green’s function G(·, ·)
for the Helmholtz equation [1, 2]. Within each subdomain Dj , the total field can then be expressed as
suitable combinations of single and double layer potentials defined on Γj and Γj+1 , respectively. Of
course, in DN the incident field needs to be taken
into account as well.
Once expressions for the field in each subdomain
have been obtained, passing to the interfaces Γj reduces the problem to a system of periodic integral
equations on Q,
ϕj −

2N
+1
X

Kj,m ϕm = ψj

on Q,

(1)

m=1

for j = 1, . . . , 2N + 1 with unknown densities ϕj
s of Q-periodic
sought for in some Sobolev space HQ
functions. All integral operators Kj,m turn out to
be weakly singular so that Fredholm theory is applicable. Under suitable conditions on regularity of the
interfaces, a unique solution to the system of integral
equations can be shown to exist.
3

Numerical Solution
To solve the system of integral equations numerically, a variant of the method of Bruno and Kunyan-
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ski [3–5] is employed. A convergence analysis of this
variant of the method was first given in [1].
Our method is best described as a quasi-collocation
method. First of all, the weak singularities are taken
care of by local isolation using a smooth cut-off function. The weakly singular integrals are then transformed to polar coordinates around the singularity
thus removing it. In order to carry out a convergence analysis, a first approximation comes into play
consisting of a manipulation of the integrand by an
orthogonal projection and an interpolation with respect to polar coordinates. Thus, the term quasi
refers to this additional approximation – done, before
the usual collocation method is applied: Looking for
approximate solutions in a space Vp of trigonometric
polynomials on Q of degree at most p by considering
the equations only in the collocation points
tµ =



µ1 L1 µ2 L2
,
2p
2p

>

,

µj = 0, . . . , 2p−1, j = 1, 2.

To obtain a discrete system from the derived semidiscrete system, a last approximation of certain integrals has to be introduced.
Considering the product space (endowed with the
sum-norm)
s
s
s
s
HQ
:= HQ
× HQ
× . . . HQ
,
|
{z
}
M times

where M := 2N + 1, denoting by K the continuous
matrix integral operator


I − K1,1 −K1,2 . . .
−K1,M
 −K2,1 I − K2,2 . . .
−K2,M 


K=
,
..
..
..
..


.
.
.
.
−KM,1
−KM,2 . . . I − KM,M
setting

ϕ := (ϕ1 , . . . , ϕM )>

and ψ := (ψ1 , . . . , ψM )> ,

and writing Kp , ϕp and ψp for its discrete counterparts, we can state the following theorem.
Theorem 1 Suppose that fj ∈ C ∞ (R2 ) for j =
0, . . . , N . Then for the solutions to Kϕ = ψ and
Kp ϕp = ψp , there holds for all s ≥ 0
s .
kϕ − ϕp kH0 ≤ C p−s kϕkHQ
Q
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Abstract
The problem of reflection and transmission of an
incoming plane acoustic wave by an array of periodically distributed non-spherical axi-symmetric scatterers in a compressible fluid is considered. The governing equation is expressed as a singular integral
equation for each Fourier decomposed mode. Taking
advantage of the geometrical periodicity, the integral
over an infinite number of scatterers can be reduced
to a single integral over the cross section of a reference scatterer. The integral equation for each mode
has been solved by the boundary element method.
The reflection and transmission coefficients are plotted for values of ka ∼ O(1) and the resulting plots
show rapid variations at the cut on frequencies for
higher order modes.
1

Problem Statement
A plane wave φin = eik sin φ0 x1 +ik cos φ0 x3 e−iωt is incident on a doubly periodic array of axi-symmetric
scatterers in an acoustic medium. The cavities are
of characteristic length scale a and their centres are
located in the x1 , x2 plane at positions x1 = nd1 ,
x2 = md2 where m, n = 0, ±1, ±2 . . . . The geometry
is as shown in figure 1.
The velocity potential is of the form φ(x) and satisfies
∇2 φ(x) + k2 φ(x) = 0
(1)
in the acoustic medium. The scatterers are sound
hard and so we apply
∂φ(x)
= 0 on
∂n

S mn

(2)

where S mn defines the surface of scatterer mn.
2

The Boundary Integral Equation
For a point x ∈ S mn , we apply Green’s Theorem
to the region exterior to the scatterers and obtain an
integral representation for the problem:
∞ Z
∞
X
X
∂G(ξ, x)
1
in
φ(x)
−
φ(x) = φ (x)+
dA,
2
∂n(ξ)
mn
m=−∞ n=−∞ S
(3)

x3

d2
x1

d1
x2

S mn

Figure 1: Array of bodies of revolution with
centres located in the (x1 , x2 ) plane.
where the dash on the integral sign indicates that the
integral is a Cauchy Principle value. If we define a
cell Apq by −d1 /2 + pd1 ≤ x1 ≤ d1 /2 + pd1 , −d2 /2 +
qd1 ≤ x2 ≤ d2 /2 + qd2 , −∞ < x3 < ∞, then for a
point x0 ∈ A00 we have the relations
x1 = x01 + pd1 ,

x02 = qd2 ,

x3 = x03 .

(4)

These expressions combined with the form of the incident plane wave suggest the following form for the
total velocity potential
φ(x) = φ(x0 )eikpd1 sin φ0 .

(5)

Using expressions (4)-(5), the integral term in the
boundary integral equation can be written as a single
integral over the surface S 00 in the reference cell A00 :
Z
∂GP (ξ 0 , x0 )
1
0
in 0
dA,
φ(x0 )
φ(x ) = φ (x ) + −
2
∂n(ξ 0 )
S mn
(6)
where ξ 0 ∈ A00 and GP (ξ 0 , x0 ) is the periodic
Green’s function
GP (ξ 0 , x0 ) =

∞
X

∞
X

eikmd1 sin φ0 G(ξ 0 , x0 ; m, n).

m=−∞ n=−∞

(7)
Since the scatterers are bodies of revolution, the
surface integral in equation (6) can be written as a

V ICTORIA A NDREW, DAVID A BRAHAMS AND W ILLIAM PARNELL

238

3

The Boundary Element Method
contour C is divided into N segments C =
PThe
N
Γ
j=1 j , with each having a node at either end
and in the centre. We are assuming isoparametric
quadratic elements, and so both the shape of the
element and the variation in the unknown φ can
be expressed in terms of the quadratic shape functions Ψ1 (ν) = 12 ν(ν − 1), Ψ2 (ν) = (ν + 1)(1 − ν),
Ψ3 (ν) = 21 ν(ν + 1), where ν is a local homogeneous
coordinate. The field point x is placed at each node
in turn to generate a system of equations

x3

x2
r

θ

x1

C

Figure 2:

1
φi = φin
(13)
i +
2


2N
2N
X
X
3
1
φj h (j+1) + h (j−1) +
φj h2i( j )

Generating shape C of axisymmetric
scatterers.

double integral over the generating shape, C, of the
scatterer, and the polar angle θ, as shown in figure 2
Z Z π/2
∂GP (ξ 0 , x0 )
φ(x0 )
− −
r dθdl.
∂n(ξ 0 )
C −π/2

∞
X

φn (r1 , x3 )einθ1 ,

(8)

(9)

In (r1 , φ0 , x3 )ein(θ1 −θ0 ) ,

n=−∞
∞
X

∂G
An (r, r1 , x3 , ξ3 )ein(θ−θ1 ) .
=
∂n
n=−∞

(10)
(11)

Substituting equations (9), (10) and (11) into the
governing integral equation, multiplying each term
by e−imθ and integrating from θ = 0 to 2π, we obtain
a system of integral equations for each Fourier mode:
1
φm (r1 , x3 ) = Im (r1 , x3 , φ0 )e−imθ0 +
2
Z

− φm (r, ξ3 )A−m (r, ξ3 , r1 , x3 )rdl, (12)
C

where A−m is the known Fourier coefficient.

1

ψ k (ν)

ν=−1

2

j=1
j even

∂Gi (ν)
|J| dν.
∂n

2

(14)

Results
The direction of propagation of the incident wave
is in the x1 , x3 plane, the scattered field can be expressed as
φsc (x) = φ̂sc (x)eikx1 sin φ0 ,

(15)

and the geometry of array suggests that

and both the incident wave and the normal derivative
of the Green’s function can be expressed as a Fourier
series expansions
∞
X

Z

i

2

4

n=−∞

φin (x) =

where
hkij =

We now assume that the total field φ can be written
as a Fourier series expansion
φ(x) =

i

j=1
j odd

φ̂sc (x1 , x2 , x3 ) = φ̂sc (x1 + md1 , x2 + md2 , x3 ). (16)
The periodic form of the scattered field can be represented as a Fourier series
X X pq
φsc (x) =
Φ± ei(αp x1 +βq x2 +γpq x3 ) ,
(17)

where αp = k sin φ0 + 2πp/d1 , βq = 2qπ/d2 and
2 = k 2 − α2 − β 2 . The terms of equation (17)
γpq
p
q
represent individual wave modes. Initially only the
zeroth order mode is propagating, but each higher
order mode has a cut on frequency that can be calculated. We define the reflection and transmission
coefficients for each mode n by
T0 = 1 + Φ0+ ,

Tn = Φn+ ,

Rn = Φn− .

(18)
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−1
Abstract
nj × µ−1
E
−
µ
E
j = 0 on Σj∈J , (5)
j+1 j+1
j
We propose a recursive integral equation algowhere J = {1, . . . , N − 1}, J0N = J ∪ {0, N }, and, the
rithm for the study of electromagnetic scattering by
outgoing wave condition at infinity is satisfied:
a biperiodic multilayer grating structure. The com

(n)
(n)
X
bined use of a Stratton-Chu integral representation
i α ·x̃+β0 x3
E0 − Ei =
E0n e 0
,
(6)
and an electric potential ansatz yields a singular in2
n∈Z


tegral equation on each interface. These equations
(n)
(n)
X
i αN ·x̃−βN x3
N
arise from each other via recursion from the bottom
EN =
En e
.
(7)
2
to the top interface leading to a recursive algorithm.
n∈Z
We investigate the analytic properties of the derived
Here, nj is the unit normal vector on Γj , Ej = E|Gj ,
algorithm such as existence and uniqueness of solu

q
α1 + n1
(n)
(n)
(n)
tions resulting from it and show that these coincide
αj =
, βj = κ2j − |αj |2 , (8)
α
+
n
2
2
with the solutions of the original scattering problem.
√
and, κj = ω j µj , j = 1, . . . , N . Note, that the tilde
Introduction
over a three-dimensional vector indicates its orthogScattering theory has numerous applications in
onal projection to the (x1 , x2 )-plane. The solutions
micro-optics like the construction of holographic
Ej , j = 1, . . . , N , of (1)-(7) shall possess locally finite
films, optical storage disks and antireflective coatenergy, i.e.
3
ings. Many of these optical devices are implemented
Ej , curl Ej ∈ L2loc (R3 ) .
(9)
by a multilayered structure. We study the special
The α̃-quasiperiodicity of the incident waves moticase of electromagnetic scattering by biperiodic mulvates the fields above to be α̃-quasiperiodic themtilayered structures and in particular derive a recurselves, i.e. they shall satisfy the relation u(x̃ + 2π ·
sive integral equation algorithm. This generalizes
m) = ei2πα̃·m u(x) for all m ∈ Z2 . In the followthe results from [1] where the equivalent problem for
ing, we assume 0 ≤ arg j , arg µj ≤ π, such that
oneperiodic structures was treated.
arg j + arg µj < 2π.
1 The electromagnetic scattering problem
2 Integral equation method
Let Σj , j = 0, . . . , N , be smooth non-selfintersecIn order to solve the electromagnetic scattering
ting surfaces which are 2π-periodic in both x1 - and
problem, we derive an equivalent system of intein x2 -direction and separate the regions Gj ⊂ R3
gral equations from potential representations of Ej
filled with materials of constant electric permittivity
in Gj . For this, we combine a direct with an indij and magnetic permeability µj . The scattering of
i
rect method, meaning that we are using the α̃-quasia time-harmonic plane wave E (with wave vector
T
periodic version of the Stratton-Chu integral repreα = (α1 , α2 , −α3 ) ) incident on the top layer Σ0 of
sentation and an electric potential ansatz. As it is
the multilayered structure from G0 is computed by
common when working with periodic structures, we
solving
restrict our calculations to one period of the multilayered structure. For this, we use the notation
curl curl Ej − κ2j Ej = 0 in Gj∈J N , (1)
0

Γj = {x ∈ Σj | − π ≤ x1 , x2 < π} to refer to one pen0 × E1 − E0 − Ei = 0 on Σ0 ,
(2)
riod of the interface Σj , j = 0, . . . , N . The one-sided

−1
i
n0 × µ−1
E
−
µ
E
+
E
=
0
on
Σ
,
(3)
limits
from Gj and Gj+1 will be denoted by Γ+
1
0
0
1
0
j and
−
Γj , respectively.
nj × (Ej+1 − Ej ) = 0 on Σj∈J (4)
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2.1 Potential operators
The potentials providing α̃-quasiperiodic solutions
of (1)-(7) are based on the α̃-quasiperiodic fundamental solution
Gκj ,α̃ (x) =

i
8π 2



(n)
(n)
αj ·x̃+βj |x3 |

X ei

(n)

βj

n∈Z2

.
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i
h
α̃,(j)
α̃,(j)
where Cj = Mjj + 21 I Aj + ρj+1 Cjj Bj . The
initial values are given as
α̃,(N )

AN −1 = −CN −1N −1 ,


1
α̃,(N )
BN −1 = − MN −1N −1 + I ,
2

(10)

and, the subsequent terms are obtained by
α̃,(j)

The single layer potential Sα̃j,k on Γj is then given by
Z
α̃
Sj,k j(x) =
Gκj ,α̃ (x − y)j(y) dσ(y),
(11)

Aj−1 = −Cj−1j−1


α̃,(j)
α̃,(j)
− ρj+1 Cj−1j Bj + Mj−1j Aj Qj−1 ,


1
α̃,(j)
Bj−1 = − Mj−1j−1 + I
2


α̃,(j)
α̃,(j)
− ρj+1 Mj−1j Bj + Cj−1j Aj Qj−1 .

Γk

for x ∈ R3 \ Γj . We define the electric potential
Ψα̃Eκ ,k and the magnetic potential Ψα̃Mκ ,k generated
j

j

by j ∈

−1
Hα̃ 2 (divΓk , Γk )

as

Ψα̃Eκ

α̃
j = κ−1
j curl curl Sj,k j,

Ψα̃Mκ

j = curl Sα̃j,k j,

j ,k

j ,k

and,

(12)
(13)

α̃,(m)

j(x) = {γD,k }Ψα̃Eκ

j ,k

α̃,(m)

Mjk

j(x),

x ∈ Γm ,

(14)

j(x),

x ∈ Γm ,

(15)

j(x) = {γD,k }Ψα̃Mκ

j ,k



−
+
where {γD,k } = − 12 γD,k
+ γD,k
with the Dirichlet
±
trace γD,k
u = (nk × u) |Γ± . We will also make use of
±
the Neumann trace γN
κ

k

j ,k

u = κ−1
j (nk × curl u) |Γ± .
k

2.2 Formulation of the recursive algorithm
With the potential ansatz
E0 = Ψα̃Eκ

+
γN
κ

E0 + Ψα̃Mκ

+
γD,0
E0 in G0 , (16)

Ej = Ψα̃Eκ

+
γN
κ

Ej + Ψα̃Mκ

+
γD,j
Ej

0 ,0

j ,j

0 ,0

j ,j

0 ,0

j ,j

+ Ψα̃Eκ

ϕj−1
j ,j−1

EN = Ψα̃Eκ

N

(22)

(23)

Then, the initial value ϕ0 of (19) is a solution of



1
α̃,(0)
α̃,(0)
M00 + I A0 + ρ1 C00 B0 ϕ0 = Ei . (24)
2
3

respectively. Moreover, we will need the operators
Cjk

(21)

,N −1 ϕN −1

in Gj , (17)
in GN , (18)

for solutions Ej∈J N of (1)-(7), our algorithm leads to
0

−1

the unknown densities ϕj ∈ Hα̃ 2 (divΓj , Γj ) by the
recursive relation
ϕj = Qj−1 ϕj−1 ,

j ∈ J.

(19)

The idea for this ansatz is taken from [2]. The operators Qj−1 are determined by solving the integral
operator equation
α̃,(j)

Cj Qj−1 = −Cjj−1 ,

(20)

Analysis of the recursive algorithm
In our study, we establish necessary and sufficient
conditions such that the existence of solutions of (20)
and (24) implies that the electromagnetic scattering
problem (1)-(7) is solvable. This result follows from
the Fredholm properties of Cj which can be established using the results in [2] and the techniques in
[3]. Following [4], it is also possible to find conditions
ensuring the uniqueness of solutions of (1)-(7).
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Abstract
This work deals with the scattering of acoustic waves
from one dimensional rough surfaces. Based on a
periodic green function that quickly converges both
at and away from Wood anomalies, we build a second kind integral equation valid throughout the spectrum. Discretizing this integral equation by the
Nyström method, we obtain an efficient numerical
method to solve scattering problems by periodic gratings.
1

We consider the problem of scattering of a plane
wave by a perfectly reflecting periodic surface
Γ = {(x, f (x)), x ∈ R},
where f : R 7→ R is an L-periodic r-times continuously differentiable function with r ≥ 2. The incident and scattered waves propagate throughout the
domain
Ω = {(x, y) ∈ R2 , such that y > f (x)}.
Letting k ∈ R+ , θ ∈ (−π/2, π/2), α = k sin(θ) and
β = k cos(θ) (where θ is the angle between the direction of propagation of the incident field, measured
counterclockwise from the negative y-axis), we assume the periodic surface is illuminated by the incident plane wave
uinc (x, y) = ei(α x−βy) .
1 (Ω) satisfies the partial
The scattered field us ∈ Hloc
differential equation

in Ω

as well as the quasi-periodicity condition
us (x + L, y) = us (x, y)eiαL
together with either the Dirichlet boundary conditions or Neumann boundary conditions
us = −uinc

or

x∈[0,L]

us is given by a Rayleigh expansion of the form
us (x, y) =

∂us
∂uinc
=−
∂ν
∂ν

on Γ.

X

an ei(αn x+βn y) ,

n∈N

where

αn = α +

Setting of the problem

∆us + k 2 us = 0

where ν is the unit normal. To close the problem we
impose us to be outgoing, that is, for y > max f (x),

nL
,
k

p
 k 2 − αn2 if k 2 ≥ n2 ,
βn =
p
i α2 − k 2 otherwise.
n

Remark 1.1 In the case where there exists n ∈ Z
such that αn2 = k 2 we have a Wood Anomaly frequency.
Away from Wood anomalies, as is well known, the
scattering problems previously described can be reduced to second kind integral equations (cf. for instance [1], [2]). For instance, for the Dirichlet problem, we can solve the second kind integral equation
Z

Γ#


∂ν(x0 ) Gq x − x0 , f (x) − f (x0 ) µ(x0 ) ds(x0 )

1
+ µ(x0 ) = −uinc |Γ# , (1)
2

the diffracted field being deduced by a postprocessing step using a representation formula. In
the previous formula Gq denotes the quasi-periodic
Green function (see [3]) which is defined by the
following converging series, except in the Wood
anomaly case:
Gq (X, Y ) =

i X −iαnL 1 p
e
H0 (k (X + nL)2 + Y 2 ).
4
n∈Z

The objective of our talk is to build an integral equation that works at an around the Wood anomalies.
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New, rapidly convergent quasi-periodic
Green functions series valid at and around
Wood anomalies
Based on a finite difference approach (see [4]), we
construct a family of periodic Green functions as follows: for j ∈ N, let
j
i X −iαnL X m
Cj (−1)m
e
4
m=0
n∈Z
 p

H01 k (X + nL)2 + (Y − m h j)2 , (2)

Gqj (X, Y ) :=

where h is a real parameter satisfying h > max(f ) −
min(f ). For j ∈ N∗ , Gqj is defined for any frequency
k. Indeed, the general term of the series behaves
linke n−j/2−1/2 if j is even and n−j/2−1 if j is odd.
As a result of this fast decay, the truncated sum of
the infinite series
j
N
i X −iαnL X m
) :=
Cj (−1)m
e
4
m=0
n=−N
 p

H01 k (X + nL)2 + (Y − m h j)2 ,

Gqj,N (X, Y

converges more rapidly than does a corresponding
truncation of the classical quasi-periodic Green function (see Figure 1).

3

Numerical results
Our numerical method incorporates the shifting
methodology developped in Section 2 together with
a suitable modified version of a well known Nyström
approach (see [5]) for high-order evaluation of basic
integral operators.
To demonstrate the beneficial effect of our new
method, we consider the problem of scattering by
π
the surface f (x) = 10
cos x. In figure 2, we plot the
evolution of the error on the energy (see [1]) with
respect to the frequency k for the classical quasiperiodic Green function and for the 9th order shifted
one. As expected our new method also works at the
Wood anomalies (k = 1 and k = 2), although the
classical fails.
0

10

error (energy balance)

2
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Abstract
We introduce a new sign-definite (also called coercive or elliptic) formulation of the Helmholtz equation posed in the interior of a star-shaped domain
with impedance boundary conditions. Like the standard variational formulation, this new formulation
arises just by multiplying the Helmholtz equation by
a particular test function and integrating by parts.
Introduction
The usual variational (or weak) formulations of the
Helmholtz equation are sign-indefinite in the sense
that the sesquilinear forms cannot be bounded below by a positive multiple of the appropriate norm
squared. This is often for a good reason, since in
bounded domains under certain boundary conditions
the solution of the Helmholtz equation is not unique
at certain wavenumbers (those that correspond to
eigenvalues of the Laplacian), and thus the variational problem cannot be sign-definite. However,
even in cases where the solution is unique for all
wavenumbers, the standard variational formulations
of the Helmholtz equation are still indefinite when
the wavenumber is large.
Indeed consider the interior impedance problem for
the Helmholtz equation. That is, given a bounded
Lipschitz domain Ω ⊂ Rd , f ∈ L2 (Ω), g ∈ L2 (∂Ω),
and k > 0, find u such that
Lu := ∆u + k 2 u = −f in Ω,
∂u
− iku = g on ∂Ω.
∂n

(1a)
(1b)

This problem can be put in weak (or variational)
form by multiplying by the complex conjugate of a
test function v and integrating by parts, i.e. using
Green’s identity
vLu = ∇ · [v∇u] − ∇u · ∇v + k 2 uv.

(2)

The result is that the boundary value problem (BVP)
(1) can be reformulated as:
Find u ∈ V such that a(u, v) = F (v) for all v ∈ V.
(3)

with V the Hilbert space H 1 (Ω) equipped with norm
kvk21,k,Ω := k∇vk2L2 (Ω) + k 2 kvk2L2 (Ω) ,

the sesquilinear form a(·, ·) : V × V → C given by
Z
Z

2
a(u, v) :=
∇u · ∇v − k uv dx − ik
uv ds,
Ω

∂Ω

(4)
and the antilinear functional F : V → C given by
Z
Z
F (v) :=
f v dx +
gv ds,
(5)
Ω

∂Ω

Given a variational problem of the form (3), ideally
one would like to prove that there exist constants
Cc , α > 0 such that
|a(u, v)| ≤ Cc kukV kvkV for all u, v ∈ V, (continuity),
|a(v, v)| ≥ α kuk2V for all v ∈ V, (coercivity).

“Sign-definite” is used as a synonym for “coercive”
(thus a variational problem is sign-indefinite if and
only if it is not coercive).
If continuity and coercivity can be established
then there are three important consequences (i) existence and uniqueness of the solution to (3) via the
Lax–Milgram theorem, (ii) quasi-optimality of the
Galerkin method applied to (3) for any finite dimensional subspace of V , and (iii) sign-definiteness of the
finite dimensional matrix of the Galerkin method.
Returning to the variational formulation of the interior impedance problem (4) and (5), one can show
that if k 2 ≥ λ1 (the smallest eigenvalue of the negative Laplacian with Dirichlet boundary conditions)
then there exists a v ∈ V such that a(v, v) = 0;
thus a(·, ·) is not coercive. This indefiniteness has
implications for both the analysis and the practical
implementation of finite element methods based on
the variational formulation.
A new sign-definite variational formulation of
the Helmholtz equation
Consider the Hilbert space
n
d o
V := v : v ∈ H 1 (Ω), ∆v ∈ L2 (Ω), ∇v ∈ L2 (∂Ω)
(6)
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with norm
kvk2V : = k 2 kvk2L2 (Ω) + k∇vk2L2 (Ω) + k −2 k∆vk2L2 (Ω)


+ L k 2 kvk2L2 (∂Ω) + k∇vk2L2 (∂Ω) ,

and obvious inner product, where L is the diameter
(or some other characteristic length scale) of the domain Ω. (Note that if v ∈ V , then the restriction of
v to ∂Ω is in L2 (∂Ω) by standard trace results.)
Define the sesquilinear form b : V × V → C by

 
Z 
1
2
b(u, v) :=
∇u · ∇v + k uv + Mu + 2 Lu Lv dx
3k
Ω


Z 
d−1
∂v
u
−
iku Mv + x · ∇∂Ω u − ikβu +
2
∂n
∂Ω


+ (x · n) k 2 uv − ∇∂Ω u · ∇∂Ω v ds,
and antilinear functional G : V → C by

Z 
Z
1
G(v) :=
Mv − 2 Lv f dx +
Mv g ds,
3k
Ω
∂Ω

where β is an arbitrary real constant, d is the spatial
dimension,
Lu := ∆u + k 2 u,

Mu := x · ∇u − ikβu +

d−1
u,
2

and ∇∂Ω is the surface gradient on ∂Ω.
With the Hilbert space V , sesquilinear form b(·, ·),
and functional G(·) defined as above, if u is the solution to the BVP (1) then u ∈ V and
b(u, v) = G(v)

for all v ∈ V

(7)

(this is not immediately obvious, see [1, Proposition
3.2]).
Using the Cauchy–Schwarz inequality it is straightforward to show that the sesquilinear form b(·, ·) is
continuous on V . In particular, if β is independent of
k (as we choose it to be below), then the continuity
constant Cc ∼ k as k → ∞.
The main novelty of b(·, ·) is that, for some domains, it is coercive on V :
Theorem 1. [1, Theorem 3.4] Let Ω be a Lipschitz domain with diameter L that is star-shaped with
respect to a ball, i.e. there exists a γ > 0 such that
x · n(x) ≥ γL

for all x ∈ ∂Ω such that n(x) exists. If the arbitrary
constant β is chosen such that


L
4 γ
β≥
1+ +
2
γ
2
then, for any k > 0,
<b(v, v) ≥

γ
kvk2V
4

for all v ∈ V,

i.e. b(·, ·) is coercive on V with constant γ/4.
The idea behind the new formulation
As we saw in above, the standard variational formulation of the interior impedance problem (1) is
based on integrating over Ω Green’s identity for the
Helmholtz equation (2).
The new variational formulation (7) comes from
integrating the following identity over Ω
M1 vLu + M2 uLv


= ∇ · M1 v ∇u + M2 u ∇v + x(k 2 uv − ∇u · ∇v)

+ d − 2 − α1 − α2 − ik(β1 − β2 ) ∇u · ∇v

+ α1 + α2 − d + ik(β1 − β2 ) k 2 uv.

where the multipliers Mj are defined by
Mj v := x · ∇v − ikβj v + αj v,

j = 1, 2,

and the real numbers βj , αj are chosen so as to ensure
coercivity of the resulting sesquilinear form.
The idea of multiplying the Helmholtz operator,
L, by the multiplier Mj goes back to Morawetz
and Ludwig [3] and was then extensively used by
Morawetz in her famous work on the wave equation
[2].
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2

B. Després1,∗ , R. Weder2 and L.M. Imbert-Gérard1
1 Laboratory Jacques Louis Lions, University Pierre et Marie Curie, 75252 Paris Cedex 05, France
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∗ Email: despres@ann.jussieu.fr

Abstract
The starting point is Maxwell’s equations for the
propagation of a wave in a strongly magnetized
plasma. It can be modeled by the so called cold
plasma dielectric tensor. In this context we construct and analyze a mathematical solution of the
time harmonic Maxwell’s equations with a hybrid resonance in slab (planar) geometry. We use the limit
absorption principle to construct the relevant solutions. This is related to an original singular integral
equation which is attached to the Fourier solution.
Introduction
In slab geometry the equations for the transverse
electric (TE) mode, E = (Ex , Ey , 0), and Ex , Ey independent of z, are


W
+∂y Ex
−∂x Ey = 0,

2
ω2
∂y W −α c2 Ex −iδ ωc2 Ey = 0,
(1)

 −∂ W +iδ ω2 E
ω2
−α c2 Ey = 0,
x
c2 x

Figure 1:

X-mode in slab geometry. The medium
is filled with a plasma.

where the coefficients are
α=1−

ωp2
ω 2 − ωc2

δ=

ωc ωp2
,
ω (ω 2 − ωc2 )

and W is the vorticity (also equal to Bz ). The plasma
0
parameter are the cyclotron frequency ωc = eB
me
which can taken as constant in first
q approximation
2

e Ne
and the plasma frequency ωp =
ε0 me which depends on the electronic density Ne . The geometry
and the coefficients are described in figures 1 and 2.

1

The Budden problem
In the case where the solution is independent of y,
what for the plane waves corresponds to normal incidence, the system (1) is called the Budden problem
[2]

= 0,
 W − Ey0
−αEx − iδEy
= 0,

−W 0 + iδEx − αEy = 0.

It is instructive to design an analytical solution.

Figure 2: The electronic density x 7→ Ne (x) is low
at the boundary, and increases towards a plateau.
The background magnetic field B0 is constant.
After elimination
of Ex and W we obtain that,

δ2
00
−Ey + α − α Ey = 0. Let us consider that α = −x
2

and δ is solutionp
of δx − x = − 14 + x1 . The positive solution is δ(x) = x2 − x4 + 1 > 0. The y-component
of the electric field is solution of


1 1
00
Ey + − +
Ey = 0.
(2)
4 x
This equation is of Whittaker type. It is a particular case of the confluent hypergeometric equation,
and can also be rewritten under the Kummer form.
The general theory shows that the first fundamental
x
solution is regular v(x) = e− 2 x. Let us consider a
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second solution w with linear independence with respect to the first one. The linear independence can be
characterized by the normalized Wronskian relation
v(x)w0 (x) − v 0 (x)w(x) = 1. Seeking for a representation w = vz, one gets that
Z
Z
Z x
dx
dx
e
−x/2
v2z0 = 1 ⇒ z =
⇒
w
=
v
=
x
e
.
2
2
v
v
x2
R x
R x
x
x
Moreover xe 2 = − ex + ex = − ex + Ei (x) where
Ei (x) is the Exponential-integral function. It follows that w(x) = −ex/2 +x e−x/2 Ei (x). Furthermore
P
xj
Ei (x) = ln |x| + | ∞
j=1 j·j! . It follows that,

Kν and fν are some regularizations of K and f . It
means that one can invoke the limit absorption
principle to give a meaning to the limit solution.
This mechanism is the fundamental tool which allows
to construct a physically and mathematically sound
solution to the system (1).
Our main result [3] can be summarized as follows.

We notice that the second function w is bounded,
but non regular at origin. The y component of the
electric field of the Budden problem is a bounded
function: Ey = av + bw ⇒ Ey ∈ L∞ ] − ε, ε[. The
general form of the x component of the electric field
v
is a linear combination Ex = −iaδ αv −ibδ w
α where α is
a bounded function and w
α is not a bounded function.
Since Exw 6∈ L2 ]−ε, ε[, we notice that the electric field
is not a square integrable function in general.
This singularity is the mathematical manifestation
of the resonance. We notice however that w
α can be
defined as a singular value.

and that goes to zero at infinity (in the horizontal
direction). Moreover, unless the source term g is
identically zero, the electric field Ex does not belong to L1loc ((−L, ∞) × (−∞, ∞)). The other components Ey and W are more regular, they belong to
L2 ((−L, ∞) × (−∞, ∞)).

w(x) = −1 + x ln |x| + O(|x|),

|x| → 0.

(3)

2

Analysis
We solve the system (1) first using a Fourier reduction in the vertical direction, and second with a specific singular integral equation obtained after elimination of Ey and W . The structure of the singular
equation is as follows (U = Ex )
Z x
xU (x) +
K(x, y)U (y)dy = f (x)
0

where the kernel K and the right hand side are functions of the parameters of the problem. They are
bounded. However the singularity x = 0 makes this
integral equation highly singular. It is actually a
third kind integral equation [6], [1] for which the
Fredholm theory does not hold.
Very fortunately the friction of the particles in
a plasma generates a damping phenomenon which
yields the regularized integral equation
Z x
(x + iν)Uν (x) +
Kν (x, y)Uν (y)dy = fν (x).
0

Here ν > 0 is a very small positive number which
comes from the friction of particles inside the plasma:

Proposition 1 Under some natural hypotheses [3],
for every g ∈ L2 (R) with gb of compact support there
exists a solution in the sense of distributions of (1)
with non homogeneous boundary condition
W + iλnx Ey = g on the left boundary x = −L,
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Abstract
A popular way of solving boundary value problems for the Helmholtz equation ∆u + k 2 u = 0,
with k a real constant, is to convert them into integral equations posed on the boundary of the domain. Although the numerical analysis of boundary integral equations for the Helmholtz equation has
been investigated by many researchers over the years,
the following important result remains open: it has
not yet been proved that the Galerkin method converges when applied to the standard second-kind integral equation formulation of the Helmholtz exterior
Dirichlet problem posed on a general Lipschitz domain. This result could be obtained by proving that
the Laplace double-layer potential satisfies a Gårding
inequality on L2 (Γ), where Γ denotes the boundary of
a general Lipschitz domain, but this result remains
open. In this paper we should that if the Laplace
double-layer potential is modified in a certain way,
then the stronger result of coercivity (a.k.a. L2 (Γ)ellipticity) can be obtained for a general Lipschitz
domain. This then implies that an analogously modified operator for the Helmholtz equation satisfies a
Gårding inequality.
Introduction
Let Ω− be a bounded Lipschitz open set in 3-d,
such that the open complement Ω+ := R3 \ Ω− is
connected (and thus Ω+ is a Lipschitz domain). Let
Γ := ∂Ω+ . We consider the exterior Dirichlet problem for the Helmholtz equation; namely, given k > 0
1 (Ω ) such
and h ∈ H 1 (Γ), find u ∈ C 2 (Ω+ ) ∩ Hloc
+
that
∆u + k 2 u = 0 in Ω+ ,
+

γ u = h on Γ, and
∂u
− iku = o(r−1 ) as r := |x| → ∞,
∂r

(1a)
(1b)
(1c)

where γ + denotes the (exterior) trace on Γ.
Note that one usually assumes h ∈ H 1/2 (Γ), but
here we assume that h ∈ H 1 (Γ); this will be the
case, for example, if u is the scattered field arising

from plane-wave incidence, in which case h is given
in terms of the trace of the incident field on Γ – see,
e.g., [1, Theorem 2.12].
From Green’s integral representation we can obtain two integral equations for the unknown Neumann boundary value ∂n+ u:


1
+
Sk ∂n u = − I + Dk h,
(2)
2


1
0
(3)
I + Dk ∂n+ u = Hk h,
2
where Sk is the single-layer potential, Dk the doublelayer potential, Dk0 the adjoint double-layer potential,
and Hk the hypersingular operator (see, e.g., [1, §2.3,
§2.5]).
Since both integral equations (2) and (3) fail to be
uniquely solvable for certain values of k the standard
way to resolve this difficulty is to take a linear combination of the two equations. This yields the integral
equation
(4)
A0k,η ∂n+ u = f
where

1
A0k,η := I + Dk0 − iηSk
(5)
2
is the standard combined potential operator, with
η ∈ C the so-called coupling parameter, and f given
in terms of the right-hand sides of (2) and (3).
It can be shown that if <η 6= 0, then A0k,η is a
bounded and invertible operator as a mapping from
H s (Γ) to itself for s ∈ [−1, 0] [1, Theorem 2.27].
When Ω+ a Lipschitz domain and h ∈ H 1 (Γ) the
regularity result of Nečas [1, Theorem A.5] implies
that ∂n u ∈ L2 (Γ), and mapping properties of Dk
and Hk imply that f ∈ L2 (Γ); thus we can consider
the integral equation (4) as an equation in H s (Γ) for
any s ∈ [−1, 0]
The question now arises: what space should we
pick? If we seek to solve (4) with the Galerkin
method, then the variational formulation of (4) in
the space H s (Γ) involves the H s (Γ) inner product.
Whereas this is simple to implement when s = 0, it
is cumbersome when s 6= 0; thus we would ideally like

S IMON C HANDLER -W ILDE AND E UAN S PENCE

to consider (4) as an integral equation in L2 (Γ). The
standard way to prove that the Galerkin method for
(4) converges in L2 (Γ) would be to show that A0k,η is
coercive up to a compact perturbation (a.k.a. satisfies a Gårding inequality), i.e. there exists a compact
operator T : L2 (Γ) → L2 (Γ) and an α > 0 such that

((A0k,η + T )φ, φ)L2 (Γ) ≥ α kφk2L2 (Γ) for all φ ∈ L2 (Γ),
(6)
Since both Sk and Dk0 − D00 are compact operators
on L2 (Γ) one only needs to prove that (6) holds with
A0k,η replaced by 21 I + D00 , but it is not yet known
whether this is true or not. (Note that the corresponding result for (4) in H −1/2 (Γ) was proved independently in[3, Appendix A] and [4, Theorem 3.2]
(see [1, p.145], [2, Theorem 1]).
The main result
The following results were obtained through attempts to prove that A0k,η satisfies a Gårding inequality in L2 (Γ) (i.e. that (6) holds).
Given a vector field Z ∈ (L∞ (Γ))d , and η ∈ C,
define the operator A0k,η,Z by


1
0
0
Ak,η,Z := (Z · n)
I + Dk + Z · ∇Γ Sk − iηSk
2
where ∇Γ is the surface gradient on Γ (see, e.g., [1,
Equation (A.14)]). If Z = n, the outward-pointing
normal vector to Ω− , then A0k,η,Z = A0k,η . If u satisfies
the exterior Dirichlet problem (1) one can show that
A0k,η,Z ∂n+ u = g, for some g ∈ L2 (Γ) given in terms of
Z, η, and h [1, Theorem 2.36].
The novelty of A0k,η,Z is that, for certain Z, it satisfies a Gårding inequality on L2 (Γ):
Theorem 1. If η ∈ C, Z ∈ (C 0,1 (Γ))d is real-valued
and
there exists c > 0 such that Z·n ≥ c > 0 for a.e. x ∈ Γ
(7)
then the operator A0k,η,Z : L2 (Γ) → L2 (Γ) is the sum
of a coercive operator and a compact operator.
Theorem 1 is obtained as a corollary of the following theorem:
Theorem 2. If Z ∈ (C 0,1 (Γ))d is real-valued and
satisfies (7), then there exists a real constant β (depending on Z) such that the operator


1
0
(Z · n)
I + D0 + Z · ∇Γ S0 + βS0
2
is coercive on L2 (Γ).
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Although A0k,η,Z satisfies a Gårding equality, to
prove that the Galerkin method converges we also
need that A0k,η,Z is injective. It is not yet known
whether this holds in general, but if Ω− is star-shaped
(so that the vector field x satisfies (7)) then A0k,η,x
is injective if η is suitably chosen; see [1, Theorems
2.3.7 and 5.2.6].
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Abstract
We study the acoustic radiation of a source in
a 2D waveguide in time harmonic regime and in
presence of a shear ﬂow. The main diﬃculty is the
coupling between acoustic waves and vortices convected by the ﬂow. To describe this coupling, the
Goldstein equations [1] are chosen. It is a vectorial model whose interest is to reduce to a scalar
model in the uniform ﬂow parts. Theoretically in
the dissipative regime we prove that the radiation
problem is well-posed. Moreover for low Mach ﬂows
we derive a simpler model which is accurate up to a
small error, varying like the square of the Mach. Introducing PMLs to bound the calculation domain,
a Finite Element methods coupling Lagrange and
Discontinuous Galerkin elements is used to highlight the accuracy of the Low Mach Approximation.
1

The Goldstein equations in a waveguide
A 2D waveguide Ω∞ = R×]0, h[ is ﬁlled with a
compressible ﬂuid with a velocity v 0 = v0 (y)ex . In
time harmonic regime e−iωt and in presence of a
source term f (x) compactly supported in Ω∞ , the
perturbations satisfy the Goldstein equations:
D2 φ = div (∇φ + ξ) + f
[ (
)
]
∂φ
∂φ T
′
Dξ = M −
+ ξy ,
∂y
∂x

∂φ
+ ξy = 0
∂y

(∂Ω∞ ).

(Ω∞ ),
(Ω∞ ),
(1)

φ is the velocity potential and ξ is the hydrodynamic unknown such that v = ∇φ + ξ is the perturbation velocity. D = M (y)∂/∂x − ik is the
convective operator where M (y) = v0 (y)/c0 is the
Mach number and k = ω/c0 the acoustic frequency
with c0 the sound speed. Compared to other linearized aeroacoustics systems like Euler’s equations
[2] or Galbrun’s equation [3], Goldstein’s equations
have the main advantage to be essentially scalar,
the vectorial unknown ξ just living in the shear areas, where M ′ ̸= 0.
2

Theory in the dissipative regime
k is replaced by kε = k + iε and thanks to the
dissipation ε > 0 we are authorized to look for a
solution with ﬁnite energy φ ∈ H 1 (Ω) and ξ ∈

L2 (Ω) (which stands for the radiation condition).
M is supposed positive in this section.
2.1 The hydrodynamic equation
The second equation of (1) admits a unique solution ξ = Aε φ = (Aεx φ, Aεy φ)T where
)
(
)
(
′ 2 ∂φ
ε
′ ∂φ
Ax φ = Gε ∗ −M
+ G̃ε ∗ −M
,
∂y
∂x
and Aεy φ = Gε ∗ M ′ ∂φ/∂x with the Green functions M Gε (x, y) = Y (x)eikε x/M and M 2 G̃ε (x, y) =
Y (x)xeikε x/M . Moreover using the inequality ||G ∗
h||L2 (Ω) ≤ ||G||L1 (Ω) ||h||L2 (Ω) we proved thatAε
1
2
2
is continuous from
√ H (Ω) onto L (Ω) with the
constant γε = 2(s1 /ε) [1 + (s1 /ε)], where s1 =
maxy∈[0,h] |M ′ (y)|.
2.2 Well-posedness of the acoustic problem
The ﬁrst equation of (1), after injection of the
expression of ξ, leads to the following variational
formulation:
{
1
Find φ ∈ H 1 (Ω) such that ∀ψ ∈ H
∫ (Ω), (2)
aε (φ, ψ) = bε (φ, ψ) + cε (φ, ψ) = Ω f ψ,

with

bε (φ, ψ) =
cε (φ, ψ) =

∫

Ω

∇φ · ∇ψ − Dε φDε ψ,

Ω

(Aε φ) · ∇ψ.

∫

This problem has good mathematical properties:
for instance the Lax-Milgram theorem applies if the
ﬂow is subsonic and enough dissipation is introduced.
Theorem 1 The variational problem (2) is wellposed for s0 = maxy∈[0,h] |M (y)| < 1 and ε large
enough.
Indeed using |bε (φ, φ)| ≥ |kε |ℑm (−bε (φ, φ)/kε )
is found that
( bε (φ, ψ) is coercive
) with the constant
Cεc = min ε(1 − s20 )/|kε |, ε|kε | and we deduce that
aε (φ, ψ) is coercive with the constant σε = Cεc − γε .
Since limε→∞ σε = 1 − s20 > 0, aε (φ, ψ) is coercive
for ε large enough, such that the introduced dissipation compensate the growing of hydrodynamic
instabilities whose strength is proportional to s1 .
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Aε is deﬁned by integrals highly oscillating when
M is small. For instance the expression of Aεy is:
∫
ε (x−s) ∂φ
M ′ (y) x i Mk(y)
Aεy φ =
e
(s, y)ds.
M (y) −∞
∂x

In fact an integration by parts leads to (nonstationary phase theorem):
(
)
∫ x
2
ε (x−s) ∂ φ
iM ′ (y) ∂φ
i Mk(y)
ε
Ay φ =
−
e
(s, y)ds ,
kε
∂x
∂x2
−∞
(3)
and Aεy has a well-deﬁned limit when M → 0 (the
integral term vanishes). More generally by considering only the ﬁrst term in the previous expression
we can derive for small M an alternative model.
2.3 Low Mach Approximation
We consider the general ﬂow M (y) = M m(y)
with M now a constant and max0≤y≤h |m(y)| < 1.
We suppose that ε is ﬁxed, we note AM instead
of Aε the hydrodynamic operator and φM the solution. We look for an approximation φ̃M of φM
at low Mach numbers such that the calculation of
φ̃M does not require the evaluation of oscillating
integrals [4]. AM φ is approximated by:
(
)
∂φ ∂φ T
iM ′
M
m (y) − ,
.
Ã φ =
kε
∂y ∂x
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The Goldstein equations become:
 2
Dα φ − divα (∇α φ + Aα φ) = f (Ω),




∂φ
+ Aαy φ = 0 (∂Ω),
∂y


∂φ


= 0 (Σ± ),
∂x
∂
where Ω = Ωb ∪ΩL
−ik with α̃ = 1
± , Dα = M (y)α̃
∂x
L
in Ωb and α̃ = α in Ω± where α is the complex
PML parameter. For a source f = 1 in the disc of
center (1, 0.5) and of radius 0.1, a proﬁle with the
strongest shear located at yc = 0.5, namely M (y) =
0.5 {(Mmax − Mmin ) tanh [κ(y − yc )] + Mmax + Mmin }
with Mmin = 0, Mmax = 0.1, κ = 10, k = 5, d = 3,
L = 0.5 and α = 0.3(1 − i), the obtained vertical
velocities vy = ∂φ/∂y + ξy in the domain Ωb are:

ℜe(vy ) Low Mach
ℜe(vy ) exact
The vertical velocities are not exactly the same due
to the Low Mach Approximation: patterns highly
oscillating, located at y = yc and associated to
the large wave number k/M (yc ) = 100 (wavelength
λ = 6.10−2 ) are clearly cancelled by the Low Mach
Approximation. However the pressure, which is the
most important quantity since it corresponds to the
heard sound, is nearly the same (error of 1.6% in
L2 -norm):

φ̃M is a good approximation of φM in the sense:

Theorem 2 ∃M0 ∈]0, 1[ and C > 0 such that
∀ 0 ≤ M ≤ M0 :
||φM − φ̃M ||H 1 (Ω) ≤ CM 2 .

When comparing to the no ﬂow case we get only
||φM − φ0 ||H 1 (Ω) ≤ CM and ||φ̃M − φ0 ||H 1 (Ω) ≤
CM , which proves the quality of the Low Mach
Approximation. The idea of the proof is to show
M
that AM φM − Ã φ̃M 2 2 is bounded by M 2

p = −Dφ Low Mach
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Abstract
We consider time-harmonic acoustic scattering by
flat sound soft and sound hard screens occupying an
arbitrary bounded open set in the plane. We propose mathematical models for such problems, and
show that these are well-posed, by proving the coercivity of the single-layer and hypersingular integral
operators arising in the boundary integral equation
reformulations of the problems. We also tease out
the explicit wavenumber dependence of the norms
and coercivity constants of these integral operators,
this in part extending previous results of Ha Duong.
Introduction
This paper is concerned with the mathematical
analysis of classical time-harmonic acoustic scattering problems, modelled by the Helmholtz equation
2

∆u + k u = 0,

Preliminaries
Our analysis is in the context of Sobolev spaces,
for which we follow the notation in [2], except we
use wavenumber dependent norms (equivalent to the
usual norms). Explicitly, on the Bessel potential
space H s (Rd−1 ), s ∈ R, we define
Z
2
kukH s (Rd−1 ) :=
(k 2 + |ξ|2 )s |û(ξ)|2 dξ,
k

Rd−1

2 Boundary value problems
Definition 2.1 (Problem D). Given gD ∈ H 1/2 (Γ),
1 (D) such that
find u ∈ C 2 (D) ∩ Wloc
∆u + k 2 u = 0,
u = gD ,

in D,

on Γ,

[u] = 0,

(1)

where k > 0 is the wavenumber. The scatterer is
assumed to be a thin flat screen, occupying some
bounded and relatively open set Γ ⊂ Γ∞ := {x =
(x1 , ..., xd ) ∈ Rd : xd = 0} (d = 2 or 3), with (1) assumed to hold in D := Rd \ Γ. We suppose the screen
is sound soft, in which case u = 0 on Γ, or sound hard,
when the normal derivative ∂u/∂n = 0 on Γ.
This is a well-studied problem, both theoretically
and in applications. However, all previous studies
assume that Γ ⊂ Γ∞ is at least a Lipschitz relatively
open set (in the sense of [2]), and most that Γ is substantially smoother. The focus of the present paper
is: (i) to formulate these problems correctly when Γ
is an arbitrary bounded relatively open set; (ii) to
get wavenumber-explicit estimates on the associated
boundary integral operators. For full details see [1].
1

where b represents the Fourier transform in Rd−1 .
Let H s (Γ) := {U |Γ : U ∈ H s (Rd−1 )}, where |Ω
denotes the restriction to Γ, and let H̃ s (Γ) denote
the closure of C0∞ (Γ) in the space H s (Rd−1 ). Then
H s (Γ) is the dual space of H̃ −s (Γ); we denote by
h·, ·iΓ,s the duality pairing on H s (Γ) × H̃ −s (Γ). Let
HΓs := {u ∈ H s (Rd−1 ) : supp u ⊂ Γ}. Clearly
H̃ s (Γ) ⊂ HΓs , and when Γ is C 0 (so certainly if Γ
is Lipschitz), it holds that H̃ s (Γ) = HΓs [2, Theorem
3.29], but in general these spaces are not equal.

[∂u/∂n] ∈

H̃ −1/2 (Γ),

(2a)

(2b)
(2c)
(2d)

and u satisfies the Sommerfeld radiation condition.
Here [f ] = f + − f − represents the jump of f across
Γ (interpreted in the sense of traces).
Conditions (2c)-(2d) ensure well-posedness for an arbitrary relatively open subset Γ. In interpreting
1/2
(2c)-(2d) we remark that, a priori, [u] ∈ HΓ and
−1/2

[∂u/∂n] ∈ HΓ , and, while [u]|Γ = 0 (from (2b)), it
could hold that [u] 6= 0 with supp(u) ⊂ ∂Γ. We note
that (2c)-(2d) are automatically satisfied when Γ is
Lipschitz, because then ∂Γ cannot support non-zero
−1/2
elements of H 1/2 (Rd−1 ), and also H̃ −1/2 (Γ) = HΓ .
Definition 2.2 (Problem N). Given gN ∈ H −1/2 (Γ),
1 (D) such that
find u ∈ C 2 (D) ∩ Wloc
∆u + k 2 u = 0, in D,
∂u
= gN , on Γ,
∂n
[∂u/∂n] = 0,
[u] ∈

H̃ 1/2 (Γ),

(3a)

(3b)
(3c)
(3d)

and u satisfies the Sommerfeld radiation condition.
Again, (3c)-(3d) automatically hold if Γ is Lipschitz.
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Example 2.3. In the scattering by Γ of an incident
plane wave ui (x) := eikx·d , x ∈ Rd , where d ∈ Rd is
a unit direction vector, a ‘sound soft’ and a ‘sound
hard’ screen are modelled respectively by problems D
(with gD = −ui |Γ ) and N (with gN = −∂ui /∂n|Γ ), with
u representing the scattered field.
3

Boundary integral equations
We introduce the standard single- and double-layer
1 (D) and
potentials Sk : H̃ −1/2 (Γ) → C 2 (D) ∩ Wloc
1/2
2
1
Dk : H̃ (Γ) → C (D) ∩ Wloc (D), and single-layer
and hypersingular operators Sk : H̃ −1/2 (Γ) → H 1/2 (Γ)
and Tk : H̃ 1/2 (Γ) → H −1/2 (Γ). For φ ∈ C0∞ (Γ) the
latter two have the integral representations
Z
Sk φ(x) =
Φ(x, y)φ(y) ds(y),
x ∈ Γ,
Γ
Z
∂
∂Φ(x, y)
Tk φ(x) =
φ(y) ds(y), x ∈ Γ,
∂n(x) Γ ∂n(y)
where Φ is the fundamental solution of (1). Problems
D and N are equivalent to certain integral equations
involving Sk and Tk , as the following theorems show.
Theorem 3.1. Suppose that u is a solution of problem D. Then Green’s representation formula
u(x) = −Sk [∂u/∂n] (x),

x ∈ D,

holds, and φ := [∂u/∂n] ∈ H̃ −1/2 (Γ) satisfies
−Sk φ = gD .
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(p
k 2 − |ξ|2 ,
Z(ξ) := p
i |ξ|2 − k 2 ,

|ξ| ≤ k
|ξ| > k,

These representations allow us to prove the following k-explicit continuity and coercivity estimates,
which improve on those in [3], [4].
Theorem 3.3. For any s ∈ R, the single-layer
operator Sk : H̃ s (Γ) → H s+1 (Γ) is bounded, and
∃C > 0, independent of k and Γ, such that, for all
0 6= φ ∈ H̃ s (Γ̃) and k > 0, and with A := diam Γ,
(
√
kSk φkH s+1 (Γ)
C(1 + kA),
d = 3,
k
√
≤
−1
kφkH̃ s (Γ)
C log (2 + (kA) )(1 + kA), d = 2.
k
Theorem 3.4. Sk : H̃ −1/2 → H 1/2 (Γ) satisfies
1
hSk φ, ψiΓ,1/2 ≥ √ kφk2H̃ −1/2 (Γ) , φ ∈ H̃ −1/2 (Γ), k > 0.
k
2 2
Theorem 3.5. For any s ∈ R, the hypersingular
operator Tk : H̃ s (Γ) → H s−1 (Γ) is bounded, and
1
kTk φkH s−1 (Γ) ≤ kφkH̃ s (Γ) , φ ∈ H̃ s (Γ), k > 0.
k
k
2
Theorem 3.6. Tk : H̃ 1/2 (Γ) → H −1/2 (Γ) satisfies,
for any k0 > 0, and k ≥ k0 ,
hTk φ, ψiΓ,−1/2 ≥ C(kA)β kφk2H̃ 1/2 (Γ) ,
k

(4)

H̃ −1/2 (Γ)

ξ ∈ Rd−1 .

φ ∈ H̃ 1/2 (Γ),

where C > 0 is a constant depending only on k0 A,
and β = −2/3 for d = 3 and β = −1/2 for d = 2.
The Lax-Milgram Lemma then implies:

Conversely, suppose that φ ∈
satisfies (4).
Then u := −Sk φ satisfies problem D, and [∂u/∂n] = φ.

Theorem 3.7. Equation (4), and hence also problem
D, has a unique solution for all gD ∈ H 1/2 (Γ).

Theorem 3.2. Suppose that u is a solution of problem N. Then Green’s representation formula

Theorem 3.8. Equation (5), and hence also problem
N, has a unique solution for all gN ∈ H −1/2 (Γ).

u(x) = Dk [u](x),
holds, and ψ := [u] ∈

H̃ 1/2 (Γ)

x ∈ D,
satisfies

Tk ψ = gN .

(5)

Conversely, suppose that ψ ∈ H̃ 1/2 (Γ) satisfies (5).
Then u := Dk ψ satisfies problem N, and [u] = ψ.
Because the screen is flat we have Fourier representations for Sk and Tk . For φ ∈ C0∞ (Γ) and
x̃ ∈ Γ̃ := {x̃ ∈ Rd−1 : (x̃, 0) ∈ Γ} ⊂ Rd−1 ,
Z
eiξ·x̃ b
i
Sk φ(x̃, 0) =
φ(ξ) dξ,
2(2π)(d−1)/2 Rd−1 Z(ξ)
Z
i
b dξ,
Tk φ(x̃, 0) =
Z(ξ)eiξ·x̃ φ(ξ)
2(2π)(d−1)/2 Rd−1
where

References
[1] S. N. Chandler-Wilde and D. P. Hewett,
Frequency-explicit coercivity estimates in high
frequency scattering by screens and apertures,
under review.
[2] W. McLean, Strongly Elliptic Systems and
Boundary Integral Equations, CUP, 2000.
[3] Tuong Ha-Duong, On the transient acoustic
scattering by a flat object, Jpn J. Ind. Appl.
Math., 7 (1990), pp. 489–513.
[4] ——, On the boundary integral equations for the
crack opening displacement of flat cracks, Integr.
Equat. Oper. Th., 15 (1992), pp. 427–453.

255

WAVES 2013

A rigorous approach to the propagation of electromagnetic waves in co-axial cables
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Abstract
We investigate the question of the electromagnetic
propagation in thin electric cables from a mathematical point of view via an asymptotic analysis with
respect to the (small) transverse dimension of the cable: as it has been done in the past in mechanics for
the beam theory from 3D elasticity, we use such an
approach for deriving simplified effective 1D models
from 3D Maxwell’s equations.
Position of the problem
Denoting δ > 0 a small parameter,
 we consider a
δ
family of (thin) domains Ω = Gδ Ω where
Gδ : (x1 , x2 , x3 ) −→ (δx1 , δx2 , x3 ).

and Ω is a normalized cylinder of axis x3 and variable
cross section(see Figure 1, left picture)
Ω = ∪ Sz ,
z∈R

Sz = Oz \ Tz

where Oz and Tz (the hole) are simply connected,
Lipschitz, open sets included in the plane x3 = z, so
that ∂Sz has two connected components ∂Sz+ (exterior) and ∂Sz− (interior). We are interested in

well as the source term jδ are obtained by a scaling in the transverse variable xT = (x1 , x2 ) of fixed
distributions in the reference domain Ω :
εδ (xT , x3 ) = ε(xT /δ, x3 ), · · ·
We are interested in the behaviour of the solution for
small δ.
The main result
Under usual non degeneracy assumptions about
the geometry of Ω and the coefficients in (1), one
proves, by mean of formal asymptotics, that (∇ holds
for the 2D transverse gradient in xT , that can be
identified to a 3D vector with third component 0)
 δ
E (xT , x3 , t) ∼ V (x3 , t) ∇ϕ∞

s (xT /δ, x3 )




Z t





+
V (x3 , s) ∇ϕr (xT /δ, x3 , t − s) ds,


0



H δ (xT , x3 , t) ∼ I(x3 , t) ∇ψs∞ (xT /δ, x3 )





Z t




 +
I(x3 , s) ∇ψr (xT /δ, x3 , t − s) ds,

(2)

0

where
•

Figure 1:



 div ε(·, x3 ) ∇ ϕ∞
s (·, x3 ) = 0,

The structure of the co-axial cable

the electromagnetic field (E δ , H δ ) solution of the 3D
Maxwell’s equation in Ωδ :

 εδ ∂t E δ + σeδ E δ − curl H δ = jδ ,
(1)
 µδ ∂ H δ + σ δ H δ + curl E δ = 0,
t
m
where the permittivity εδ , the permeability µδ , the
δ , as
electric and magnetic conductivities σeδ and σm

∞
The scalar potentials ϕ∞
s (·, x3 ) and ψs (·, x3 )
are solutions of specific 2D ”elliptic” problems
in each cross section Sx3 . For instance, for
∞
ϕ∞
s (·, x3 ) (see [1] for ψs (·, x3 ))

 ϕ∞ (·, x ) = 0
3
s
•

on ∂Sx+3 , = 1

in Sx3 ,
on ∂Sx−3 .

(3)


The scalar functions (ϕr (·, x3 , t), ψr (·, x3 , t) ∈
H01 (Sx3 )2 are solutions of non standard 2D evolution problems in each cross section Sx3 . For
intance, for ϕr (·, x3 , t) (see [1] for ψr (·, x3 , t))

 

 ∂t div ε ∇ϕr + div σe ∇ϕr,0 ) = 0
 ϕ (·, x , 0) = ϕ (·, x )
r
3
r,0
3

(4)
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•

where the initial data ϕr,0 (·, x3 ) is defined by


 div ε ∇ϕr,0 = − div σe ∇ϕ∞
s ),
(5)
 ϕ = 0 , on ∂S ,
r,0
x3

The functions V (x3 , t) and I(x3 , t), respectively
called the electric potential and the electric current, are new 1D unknowns.

V (x3 , t) and I(x3 , t) are governed by the generalized
telegraphist’s equations :

∂I
∂V


C ∞ (x3 )
+ G∞ (x3 ) V +
(x3 , t)


∂t
∂x3





+ ke (x3 , ·) ∗ V (x3 , ·) = j,
(6)

∂I
∂V

∞
∞


L (x3 )
+ R (x3 ) I +
(x3 , t)


∂t
∂x3



+ km (x3 , ·) ∗ I(x3 , ·) = 0,
where ∗ holds for time convolution. In (6), j(x3 , t) is
an effective source term given by:
Z
j(x3 , t) =
jT (x3 , ·, t) · ∇ϕ∞
s (x3 , ·)
Sx3
Z tZ
(7)
+
jT (x3 , ·, t − s) · ∇ϕr (x3 , ·, s) ds,
0

Sx3

the capacity C ∞ (x3 ), the inductance L∞ (x3 ), the resistance R∞ (x3 ) and the conductance G∞ (x3 ) are
given by:
Z
2
∞
C (x3 ) ≡
ε(·, x3 ) ∇ϕ∞
s (·, x3 ) dxT ,
L∞ (x3 ) ≡
∞

G (x3 ) ≡
R∞ (x3 ) ≡

Sx3

Z

Sx3

Z

Z

µ(·, x3 ) ∇ψs∞ (·, x3 )

dxT ,
(8)

σe (·, x3 )

Sx3

Sx3

2

2
∇ϕ∞
s (·, x3 )

σm (·, x3 ) ∇ψs∞ (·, x3 )

dxT ,

2

dxT ,

and the convolution kernels ke (x3 , ·) and km (x3 , ·) by

Z


k
(x
,
t)
=
σe (·, x3 ) ∇ϕr (·, x3 , t) · ∇ϕ∞

e 3
s (·, x3 ),


Sx3
Z



σm (·, x3 ) ∇ψr (·, x3 , t) · ∇ψs∞ (·, x3 ).
 km (x3 , t) =

Sx3

(9)
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Miscillaneous results
Formula (2) shows that, in the limit δ → 0, the
electromagnetic field is transversely polarized. It also
exhibits a 1D structure for the limit solution, via a
”quasi” separation of variables in xT and x3 . Moreover, the kernels ke and km are such that
ke (·, t) 6= 0 ⇐⇒
km (·, t) 6= 0 ⇐⇒

σe (.x3 )
ε(.,x3 )

is not constant in Sx3

σm (.x3 )
µ(.,x3 )

is not constant in Sx3

In other words, the presence of the convolution terms
results from the presence of losses conjugated with
the heterogeneity of the cross sections.
We have been able to justify our model rigorously by
means of error estimates which show that, in cylindrical geometry, our model is second order accurate
for the transverse fields and first order for the longitudinal fields (see [2]). It is easy to propose a first
order corrector for the longitudinal fields in order to
restore the global second order accuracy.
We have implemented a code for the simultion of
wave propagation in a thin cable using our 1D model.
Numerical simulations will be presented at the conference. The computation is made in two steps:
•

Pre-processing : one computes all the coefficients
appearing in (6) by solving 2D auxiliary problems - in particular (3),(4),(5) - in each cross
∞
section (in order to determine ϕ∞
s , ϕr , ψs , ψr )
and applying formulas (7), (8) and (9).

•

Calculation : one solves the 1D evolution problem (6).

We are currently working on higher order models,
which leads, in the loss less case, to introduce the
concept of non local capacitance and inductance operators Cδ and Lδ . This work is in progress.
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Abstract
We study the essential spectrum of strongly singular volume integral operators arising in the scattering of time harmonic electromagnetic waves. We will
first treat the case of piecewise constant constitutives
parameters like the electric permittivity ε and the
magnetic permeability µ. We will recall the known
results for the dielectric operator and will show that
the magnetic one has the same essential spectrum in
the case of a smooth boundary Γ which is the set
{0, 21 , 1} and that the situation for a Lipschitz one
is quite different. Then we will explain how such
results give necessary and sufficient criteria for the
Fredholmness of the total operator for both regular
and Lipschitz interfaces. For non constant parameters, the spectrum is shown to be contained in the
set corresponding to constant case multiplied by contrast parameters for the dielectric and the magnetic
problem.
Introduction
We consider the scattering of time-harmonic electromagnetic waves by a penetrable object. The
mathematical model is given by the Maxwell equations involving the wave number k ∈ R, the electric
permittivity ε and the magnetic permeability µ. We
consider here that ε and µ are constant outside a
bounded domain Ω such that the scattering problem
is equivalently described by the Lippmann-Schwinger
integral equation on Ω [1]. This equation, sometimes
simply called “volume integral equation” (VIE) of
electromagnetic scattering has been intensively used
by physicists for numerical calculations. However, a
complete mathematical study of the (VIE) when the
parameters ε and µ are discontiuous on the surface Γ
of the scatterer Ω does not yet seem to be available
in the literature. Partial results have been obtained
in [2], [3], [4], [5], [6].
Let Ω be a bounded Lipschitz domain. Let ε and µ
be such that
ε = ε0 > 0, µ = µ0 > 0 in R3 \ Ω;
∞

ε = εr ε0 , µ = µr µ0 in Ω; εr , µr ∈ L (Ω)

Define the electric and the magnetic contrast
η = 1 − εr , ν = 1 −

1
;
µr

The (VIE) can then be written as:
Find u such that u − Aηk u − Bkν u = u0 .

where the integral operators Aηk and Bkν are given,
for x ∈ Ω by
Z
η
2
Ak u(x) = (−∇∇. − k ) gk (x − y) η(y) u(y) dy,
Bkν u(x) = ∇ ×

Z

Ω

Ω

gk (x − y) ν(y) ∇ × u(y) dy;

and where gk is the fundamental solution of the
Helmholtz equation and u0 is a data.
In this talk, we will first consider the case where ε
and µ are constant on Ω. Furthermore, we will give
here a complete spectral analysis of the operators involved in the (VIE) for a regular or Lipschitz domain
Ω, namely the operators Ak := A1k , Bk := Bk1 and the
operator ηAk + νBk .
This approach helps us to approximate the essential
spectrum of the operators Aηk and Bkν in a more general case where ε and µ are not constant, at least of
class C 1 with discontinuity across Γ.
1

The case of piecewise constant constitutive
parameters:
We denote by Σ = σess ( 12 I + K 0 ) where 21 I + K 0 is
the normal derivative of the single layer potential in
the interior domain.
1.1

Motivation: Results for the dielectric scattering
equation(ν = 0):
First, we remember that the operator Ak can be
extended from H(∇×, Ω) to L2 (Ω) as a bounded operator and that Ak −A0 is a compact operator defined
on L2 (Ω) [3]. For the determination of the essential
spectrum of the operator A0 , we have these results
already shown in [2]:
•

If Γ is smooth, then
1
σess (Ak ) = {0, , 1}
2
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If Γ is Lipschitz, then
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L2 (Ω) = ∇H01 (Ω) ⊕ H0 (div0, Ω) ⊕ W

Some further results for piecewise regular
parameters:
Let η, ν ∈ C 1 (Ω̄). In order to determine the essential spectrum of the two operators Aηk and Bkν ,
we reduce them modulo compact operators such that
Aηk ∼ ηA0 in L2 (Ω) and Bkν ∼ νB0 in H(∇×, Ω). Via
some elementary tools from the Fredholm theory, we
will show that if Ω is a star-shaped Lipschitz domain
then

with W = ∇H 1 (Ω) ∩ H(div0, Ω) the space of gradients of harmonic H 1 vector fields.

σess (Aηk ) ⊂ ησess (Ak ) = {η(x)λ|x ∈ Ω̄, λ ∈ σess (Ak )}

•

σess (Ak ) = {0} ∪ {1} ∪ (Σ)
We will give a more elegant proof of the last two
statements also based on the orthogonal decomposition:

1.2 Results for the magnetic problem(η = 0):
For the operator Bk , we will demonstrate via
the analysis of the boundary transmission conditions
that it cannot be extended to L2 (Ω). This result
can also be checked using integrations by parts. Its
essential spectrum is then given in H(∇×, Ω) by
•

If Γ is smooth, then
1
σess (Bk ) = {0, , 1}
2

•

If Γ is Lipschitz, then
σess (Bk ) = {0} ∪ {1} ∪ (1 − Σ)

The proof is also based on an orthogonal decomposition of the space H(∇×, Ω) in addition to a classical result from the theory of linear operators which
states:
Let X and Y be two vector spaces, P : Y → X and
Q : X → Y two linear operators then we have:
σess (QP ) \ {0} = σess (P Q) \ {0}
1.3 Results for the electromagnetic configuration:
For a smooth boundary Γ, we use the same orthogonal decomposition as for Bk . We then do
some integrations by parts to decompose the operator ηAk + νBk like the operator Bk and finish by
applying the same method done for the last one to
find that:
η ν
σess (ηAk + νBk ) = {0, , , η, ν}
2 2
If Γ is Lipschitz, we use the classical lemma given in
paragraph 1.2 to obtain this inclusion of spectrum:
σess (ηAk + νBk ) ⊂ {0, η, ν} ∪ (ηΣ) ∪ (ν − νΣ)

2

σess (Bkν ) ⊂ νσess (Bk ) = {ν(x)λ|x ∈ Ω̄, λ ∈ σess (Bk )}
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Abstract
We study a 2D transmission problem between a
positive material and a negative material. In electromagnetism, this negative material can be a metal at
optical frequencies or a negative metamaterial. We
highlight an unusual instability phenomenon for this
problem in some conﬁgurations: when the interface
between the two materials presents a rounded corner,
it can happen that the solution depends critically on
the value of the rounding parameter.
1

zero. The results are displayed on Figure 2. For
a contrast κσ := σ− /σ+ = −1.0001, the sequence
(∥uδh ∥H10 (Ωδ ) )δ is relatively stable with respect to δ,
for δ small enough. For κσ := σ− /σ+ = −0.9999,
it looks that there exists of sequence of values of δ,
which accumulates in zero, such that problem (1) is
not well-posed. In other words, it seems that the solution of problem (1) is not stable with respect to δ
when δ tends to zero. The goal of the present document is to understand these two observations.
10

Numerical observations

8

O′
6

Ωδ+
π/4

Ωδ−

4

2

Oδ
Domain Ωδ .

Figure 1:

0
0.75

Let us denote (r, θ) the polar coordinates centered
at the origin O. Consider δ ∈ (0; 1) and deﬁne (see
Figure 1) the domains:

300

Ωδ+ :={(r cos θ, r sin θ) | δ < r < 1, π/4 < θ < π};
Ωδ− :={(r cos θ, r sin θ) | δ < r < 1, 0 < θ < π/4};
Ωδ :={(r cos θ, r sin θ) | δ < r < 1, 0 < θ < π}.
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uδ
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Find
∈ H10 (Ωδ )
−div(σ δ ∇uδ ) = f,

0.85

0.9

0.95

1

0.8

0.85

0.9
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We deﬁne the function
:
→ R by
= σ± in
Ωδ± , where σ+ > 0 and σ− < 0 are constants. We
shall focus on the problem:
σδ

0.8

σδ

such that

(1)

where H10 (Ωδ ) := {v ∈ H1 (Ωδ ) s.t. v|∂Ωδ = 0}. We
choose a source term f ∈ L2 (Ωδ ) whose support
does not meet O and we try to approximate the solution of problem (1), assuming it is uniquely deﬁned, by a classical ﬁnite element method. We call
uδh the numerical solution and we make δ tends to

50
0
0.75

Figure 2: Evolution of ∥uδh ∥H10 (Ωδ ) w.r.t. 1 − δ.
Above, we take σ+ = 1 and σ− = −1.0001. Below,
we take σ+ = 1 and σ− = −0.9999.
2

Properties of the problem for δ = 0
We associate with problem (1) the continuous
linear operator Aδ : H10 (Ωδ ) → H−1 (Ωδ ) deﬁned by
⟨Aδ u, v⟩Ωδ = (σ δ ∇u, ∇v)Ωδ , ∀u, v ∈ H10 (Ωδ ). As it
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is known from [1], Aδ is a Fredholm operator of
index 0 if and only if κσ := σ− /σ+ ̸= −1, as the
δ
δ
interface Σδ := Ω+ ∩ Ω− is smooth and meets ∂Ωδ
orthogonally.

δ⋆ , δ0 being two numbers of (0; 1). Notice that 0 is
an accumulation point
Sforb . For α ∈ (0; 1/2),
∪ fork+1−α
we deﬁne I(α) := k∈N [δ⋆
δ0 ; δ⋆k+α δ0 ] ⊂ Sadm .
In [3], we prove the following result:

Now, for δ = 0, the interface no longer meets
∂Ωδ perpendicularly. In the sequel, we denote A, Ω
and σ instead of A0 , Ω0 and σ 0 . As shown in [1],
there exist values of the contrasts κσ = σ− /σ+ for
which the operator A fails to be of Fredholm type.
More precisely, for the chosen conﬁguration, A is a
Fredholm operator (and actually, an isomorphism)
if and only if, κσ < 0 does not belong to the critical
interval [−1; −1/3]. Here, the value 3 comes from
the ratio of the two apertures: 3 = (π − π/4)/(π/4).

Proposition 1. Let β ∈ (0; 2) and f ∈ Vβ1 (Ω)∗ .
There exists δ0 such that problem (1) is uniquely solvable for all δ ∈ (0; δ0 )∩I(α), with α ∈ (0; 1/2). Moreover, we can build an approximation ûδ ∈ H10 (Ωδ ) of
uδ such that, for all ε in (0; β), ∀δ ∈ (0; δ0 ) ∩ I(α),
there holds

⋆ When κσ = −1.0001 ∈
/ [−1; −1/3], A is an
isomorphism (c.f. [1]). In this case, we can prove
that Aδ is an isomorphism for δ small enough.
Moreover, deﬁning uδ = (Aδ )−1 f and u = A−1 f , we
can show that the sequence (uδ ) converges to u for
the H1 norm. This explains the ﬁrst curve of Figure
2.

∥uδ − ûδ ∥H10 (Ωδ ) ≤ c δ β−ε ∥f ∥V1 (Ω)∗ ,
β

where c > 0 is a constant independent of δ and f .
The second original phenomenon in this asymptotic
expansion concerns the approximation ûδ introduced
in Proposition 1. The function ûδ depends on δ
and its far ﬁeld does not converge to the far ﬁeld of
(A+ )−1 f when δ → 0, even for the L2 norm . This
proves that the solution of problem (1), when it is
well-deﬁned, is unstable with respect to δ.
4

⋆ When κσ = −0.9999 ∈ [−1; −1/3], A is not
of Fredholm type (c.f. [1]). In this conﬁguration,
there is a qualitative diﬀerence between problem (1)
for δ > 0, and problem (1) for δ = 0. In [2], we deﬁne
a new functional framework to restore Fredholmness
for the limit problem. More precisely, we prove that,
for κσ ∈ (−1; −1/3) the operator A+ : Vβ+ → Vβ1 (Ω)∗
deﬁned by ⟨A+ u, v⟩Ω = (σ∇u, ∇v)Ω , ∀u ∈ Vβ+ ,
v ∈ C0∞ (Ω), is an isomorphism for all β ∈ (0; 2).
1 (Ω), where
In this notation, Vβ+ := span{s+ } ⊕ V−β
s+ ∈ L2 (Ω) \ H1 (Ω) is a singular function at O and
1 (Ω) is the completion of C ∞ (Ω) for the weighted
V−β
0
norm ∥·∥V1 (Ω) = (∥r−β ∇·∥2L2 (Ω) +∥r−β−1 ·∥2L2 (Ω) )1/2 .
−β

3

Asymptotic expansion of the solution inside the critical interval
For a contrast inside the critical interval, the exotic
functional framework introduced for the limit problem leads to two surprising phenomena in the asymptotic expansion of the solution of problem (1). First,
when we proceed to a usual matched asymptotic expansion method, we observe that we can deﬁne an
asymptotic expansion of the solution uδ only for
∪
δ ∈ Sadm := (0; 1) \ Sforb with Sforb :=
δ⋆k δ0 ,
k∈N

Discussion
In this document, we have considered a special geometry for Ωδ because it simpliﬁes the numerical calculations of the ﬁrst paragraph. However, we observe
exactly the same curiosities for a rounded corner:
when the contrast lies inside the critical interval, the
solution of problem (1), which is deﬁned except for
a sequence of values of δ which tends to 0, depends
critically on the rounding parameter. From a physical point of view, one may wonder what happens in
a neighbourhood of the corner...
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Abstract
For the numerical simulation of wave propagation
in accoustics and electromagnetism, EADS Innovation Works relies on integral equations solved with
the Boundary Elements Method, leading to the need
to solve dense linear systems. In this presentation,
we intend to present two famillies of fast solvers (Fast
Multipole Method and H-Matrix method) that can
be used on these systems. We propose to underline their similarities, their connections and their differences, to present their complementarity in future
high performance solvers and to illustrate their performances on industrial class applications.
1

Context

EADS Innovation Works is EADS research center,
dedicated to upstream research applied to all Business Units (Airbus, Eurocopter, Astrium, Cassidian).
The applied mathematics team has developped over
the years a family of software called Aseris destined
to solve various physical problems (acoustics, electromagnetism, electrostatics, etc.) using integral equations and boundary elements methods. This software
suite is used in design and research departement to
work on noise reduction, stealthiness, antenna sitting, etc.
The advantages of integral equations and BEM
solver are well known: mainly accuracy, and simpler (surfacic) mesh. The main drawback is the need
to cope with a dense matrix whose size can be quite
large for wave propagation problems, where the mesh
step is governed by the wavelength of the physical
problem treated (in frequency domain).
Since the late 90’s, fast methods have been introduced to deal with these limitations. First, the
Fast Multipole Method (FMM) allowed to compute
fast matrix-vector products (in O(n log2 (n)) instead
of O(n2 ) for the standard algorithm), and hence to
design fast solvers using iterative methods. Lately,
H-Matrix methods have gained wide acceptance by
introducing fast direct solvers, allowing to solve systems in O(n log2 (n)) – or less – without the hassle
of using iterative solvers (unknown convergence rate
and difficulty to find a good preconditionner).

2

Fast Multipole Methods
The initial FMM was introduced in the late 80’s for
particle simulation [1]. Basically, the idea is to gather
the particle in clusters and to compute all the interactions not point-to-point, but cluster-to-cluster, using
approximations adapted to the considered kernel. A
hierarchical approach for bulding the clusters leads
to a multi-level algorithm, which we refer to as “the”
FMM. The introduction of FMM for Helmholtz kernel [2] paved the way to a very broad use of FMM in
the field of wave propagation, mainly in electromagnetism, but also (at EADS) in acoustics [3].
Since then, new FMM formulations have been introduced. The directional FMM [4] extends the black
box FMM to all oscillatory kernels, for instance for
2D applications. The advantage of this “black box”
approach is that it only relies on kernel evaluations,
and not on an analytical decomposition of this kernel. In [5], the authors deal with a numerical breakdown that prevents the classical FMM for Helmholtz
to handle low-frequency problems. Recently, this
method has been improved and simplified [6], leading to a new FMM scheme for Helmholtz stable at
all frequencies.
H-Matrix
H-Matrix [7] is a lossy, hierarchical storage scheme
for matrices that, along with an associated arithmetic, provides a rich enough set of approximate operations to perform the matrix addition, multiplication, factorization (e.g. LU or LDLT ) and inversion.
It relies on two core ideas : (a) nested clustering of
the degrees of freedom, and of their products; and
(b) adaptative compression of these clusters. Several
choices exist in the literature for these two ingredients, the most common being Binary Space Partitioning for the clustering and Adaptative Cross Approximation for the compression.
The first step yields a tree-like matrix structure as
shown in the figure 1, that is “filled” in a second step
with low-rank approximations of the corresponding
matrix blocks, representing the interaction of two
clusters. The algorithms then perform the operations on this structure, using adaptative recompression to avoid inflating the matrix as the algorithm
3

B ENOIT L IZÉ AND G UILLAUME S YLVAND

264

Comparison of Far Field - VHF Antenna on A 319 - Main Polarization

Figure 1: H-Matrix structure. Grey blocks will
not be compressed, white ones will.
progresses.
Together, they allow for the construction of a fast
direct solver with complexity O(n log2 (n)) in some
cases [8], which is especially important for BEM applications as it gracefully handles a large number of
Right-Hand Sides (RHS). They also provide a kernelindependent fast solver, allowing one to use the
method for the several physics addressed by Aseris
in short order.
EADS has recently implemented the H-Matrix
arithmetic and successfully applied it to a wide range
of industrial applications in electromagnetism and
acoustics. Furthermore, these algorithms are hard to
efficiently parallelize, as the very scarce literature on
the subject shows [9]. We developed a parallel solver
that goes beyond the aforementioned reference, using
innovative techniques on top of a state-of-the-art runtime system. This enables the solving of very large
problems, with a very good efficiency. In this presentation, we show some results on the accuracy of the
this method on several challenging applications, and
its fast solving time and efficient use of resources.
The figure 2 shows an antenna diagram for a VHF
antenna (127MHz) on an A319 with 290.000 unknowns. The results show a very good agreement
between the three solvers, with a slightly better result for the H-Matrix solver. Computation time was
25 hours on 64 cores for the direct solver, 33 minutes
and 17 minutes for the FMM and H-Matrix solvers
on 12 cores.
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Abstract
A new optimal feed-forward local active noise control (ANC) method is proposed for stochastic environments. The method is based on frequency domain finite element acoustical models. Stochastic
domains and noise sources are considered. Measurements from an array of microphones are mapped to
secondary loudspeakers, by an offline optimized linear mapping minimizing the expected value of a noise
functional. The presented ANC method gives robust
and efficient noise attenuation. A numerical study
demonstrates it in a passenger car cabin.
Introduction
The basic idea of ANC is to produce secondary,
opposite-phase sound to cancel the noise. Typically it is particularly effective at low frequencies.
A novel feed-forward ANC method is introduced for
enclosed cavities [2]. This is an extension of the earlier study [1]. The expected value of a noise measure
is computed in a stochastic environment by integrating the noise over the underlying probability space.
The feed-forward map from the measurements to the
secondary sources is computed offline by solving a
quadratic programming problem.
1

Acoustic model
The time harmonic sound propagation in an enclosed domain Ω is modeled by the Helmholtz equation
1
ω2
−∇ · ∇p − 2 p = 0 in Ω,
ρ
c ρ
where ρ is the density of air, and c is the speed of
sound. The complex-valued solution p defines the
amplitude and the phase of the sound pressure. A
partially absorbing wall material is described by the
impedance boundary conditions
∂p
iηω
=
p + f on ∂Ω,
∂n
c
where η is the absorption coefficient and f is the
sound source which is nonzero on a part of the boundary ∂Ω. An approximate solution for the above
model is obtained using a finite element method.

2

Noise control problem
The acoustical model is posed in a stochastic domain Ω(r), where r is a stochastic variable with the
PDF (probability density function) Fr (r). The total
pressure field is
p(x, r, s, γ ) = p0 (x, r, s) + γ T p(x, r),
where p0 (x, r, s) is the sound pressure originating
from a stochastic noise source governed by a stochastic variable s with the PDF Fs (s). The vector
p (x, r) = (p1 (x, r), . . . , pna (x, r))T gives the sound
pressures originating from unit secondary sources.
The amplitudes and phases of the secondary sources
are defined by γ ∈ Cna .
The aim is to minimize the noise measure
Z
N (r, s, γ ) =
|p(x, r, s, γ )|2 dx,
VC (r)

where VC (r) ⊂ Ω(r) is a control volume. Its expected
value is given by
Z Z
E [N (r, s, γ )] =
N (r, s, γ ) Fs (s) ds Fr (r) dr.
r s

To find the optimal γ for the secondary sources,
an optimal linear form defined by a matrix C
is sought between the measurements m(r, s) =
T
and the secondary
p0 (x1 , r, s), . . . , p0 (xnm , r, s)
sources in the form
γ = Cm(r, s).
The minimization of the expected value of the noise
measure leads to the optimization problem
min E [N (r, s, Cm(r, s))] .
C

This problem can be formulated as a quadratic programming problem. Without any constraints, C can
be computed by solving a system of linear equations
describing the optimality conditions.
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number of measurement points improves the reduction. Figure 2 shows the same plot when the measurement error is 4 %. All results are based on a more
robust formulation including terms for measurement
errors. For details, see [2]. With these errors the
effectiveness of ANC is reduced by 0–10 dB. Also
increasing the number of measurements is less beneficial in this case.
0
attenuation, dB

Numerical example
The proposed ANC method is demonstrated in
BMW 330i car interior shown in Figure 1. The
computational domain is the cabin excluding the
driver. Variations on the posture of the driver define
a stochastic domain Ω (r). The posture is controlled
by a three-dimensional stochastic vector r. The objective is to minimize noise at the ears of the driver.
Thus, the control volume VC (r) is a set of two points
defined by the left and right ear. These points can
be seen as virtual error microphones. A stochastic
source is modeled as a vibrating rectangular surface
behind the leg room and it is controlled by a fourdimensional stochastic vector s.
The frequency range 10–1000 Hz is considered with
10 Hz steps. Thus, 100 frequencies are sampled. The
domain is sampled by 125 postures of the driver. The
maximum number of the measurement points is 16.
By employing the reciprocity principle, it is sufficient
to perform one acoustic simulation for each measurement point and both ears for each posture and frequency. Thus, the total number of offline finite element simulations is 18 × 125 × 100 = 225000.
The number of secondary sound sources is chosen
to be 6; see Figure 1. Once the simulations have been
performed the optimal matrices C for each frequency
can be computed offline by solving a small linear system. The online controller only needs to perform
Fourier transformations between time and frequency
domains, and matrix-vector multiplications by the
precomputed C.
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Figure 2: The expected noise attenuation based on
2, 4, 8, and 16 measurement points (lines from top
to bottom respectively) without measurement error.

0
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Figure 3: The expected noise attenuation based on
2, 4, 8, and 16 measurement points (lines from top
to bottom respectively) with 4% measurement error.

Figure 1: The interior of the car, the locations of
the noise source, the measurement points L1...L8,
R1...R8, and the secondary sources A1...A6.
Figure 2 shows the expected noise reduction over
the considered frequency range. At the frequencies
below 100 Hz the reduction is 20–30 dB while around
500 Hz the reduction is 10–20 dB. Increasing the
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Abstract
We present a detailed numerical study of an iterative solution to 3-D sound-hard acoustic scattering
problems at high frequency considering Combined
Field Integral Equations. We propose a combination
of an OSRC preconditioning technique and a Fast
Multipole Method which leads to a fast and efficient
algorithm independently of both a frequency increase
and a mesh refinement. To validate its effectiveness,
we apply the resolution algorithm to various and significant test-cases using a GMRES solver.
1

The problem setting
Let us consider a bounded domain Ω− ⊂ R3 representing an impenetrable body with Lipschitz continuous boundary Γ := ∂Ω− . We denote by Ω+ :=
R3 \ Ω− the exterior domain of propagation. We are
concerned with the scattering of an incident timeharmonic acoustic wave uinc , characterized by the
wavenumber k, by the obstacle Ω− . The scattered
field u+ satisfies the Helmholtz exterior boundaryvalue problem

∆u+ + k 2 u+ = 0,
in D0 (Ω+ ),



+
inc
∂n u|Γ = g = −∂n u|Γ ,
in H −1/2 (Γ),



x
+
+

 lim |x| ∇u ·
− iku
= 0.
|x|
|x|→+∞

(1)

Several integral equations have been derived for solving this scattering problem (see for instance [3]). We
consider the following CFIE (Combined Field Inteinc
1/2 (Γ)
gral Equation): Find ϕ = −(u+
|Γ + u|Γ ) ∈ H
solution to


I
inc
+ M − ηD ϕ = −uinc
on Γ, (2)
|Γ + η∂n u|Γ ,
2
where η is a complex coupling parameter. The operator I is the identity operator, and M and D the
first and second traces of the double-layer potential
respectively. The CFIE (2) is uniquely solvable in
H 1/2 (Γ) for all frequency k > 0. This equation is

a first-kind integral equation and does not provide
an interesting spectral behavior. It involves the firstorder, strongly singular and non-compact operator
D. To obtain better spectral properties, a strategy
consists in introducing an efficient approximation Ve
of the exact Neumann-to-Dirichlet map in order to
precondition the EFIE operator D before combining
it with the MFIE operator (I/2 + M ) [1]. The operator Ve is derived from On-Surface Radiation Condition (OSRC) methods
1
Ve =
ik



∆Γ −1/2
1+ 2
.
kε

(3)

The operator ∆Γ is the Laplace-Beltrami operator
over the surface Γ and the parameter kε = k + iε is
complex-valued (ε ∈ R∗ ). The analytical preconditioner Ve has a sparse structure, is very easy to implement and implies a low additional computational
cost. This choice leads to the well-posed second-kind
Fredholm integral equation


I
inc
e
+ M − Ve D ϕ = −uinc
on Γ. (4)
|Γ + V ∂n u|Γ ,
2
The following relation holds


I
1
kε
e
+M −VD =
+
I + C,
2
2 2k

(5)

where C is a compact operator [1].

2 Numerical results
2.1 Spectral analysis
A thorough study of the eigenvalues behavior of
the integral operators involved in (2) and (4) is realized in order to illustrate the impact of the OSRCpreconditioning technique on the spectrum of the
CFIE operator. First, let us say few words about discretization: we consider a classical P1 boundary finite
element discretization. We denote by nλ the density
of discretization points per wavelength. Concerning
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CFIE ; k=11.85, n!=10
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0.5

0.1
0.05
Imaginary part

Imaginary part

0
−0.5
−1
−1.5

−0.1

−2
−2.5
−2

0
−0.05

Analytical
Numerical
0

2

4
Real part

6

8

10

−0.15
0.85

Analytical
Numerical
0.9

0.95
1
Real part

1.05

1.1

Figure 1: Unit sphere: distribution of the
eigenvalues, k = 11.85, nλ = 10

CFIE ; k=5.8, n!=10

CFIE+OSRC ; k=5.8, n!=10, Np=8
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the preconditioner Ve , the localization of the squareroot operator is efficiently realized by only solving
Np Helmholtz-type sparse linear systems thanks to
a Padé paraxial approximation of order Np with a
rotating branch-cut technique. The single-level Fast
Multipole Method is applied to the calculation involving the integral operators D and M .
When the scatterer is the unit sphere, explicit expressions of the eigenvalues of the CFIE operators are
known. In Fig. 1, we can observe that the numerical
eigenvalues of the OSRC-preconditioned operator are
well clustered at a point near to (1, 0) which is the
accumulation point of the analytical ones according
to (5). This is not the case of the CFIE. We observe
a dispersion of the eigenvalues in the elliptic part.
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In the case of the sphere with cavity, Fig. 3 shows
a dispersion in the elliptic part and eigenvalues in a
neighborhood of zero in the hyperbolic zone for the
CFIE; clustering around a point near to (1, 0) for the
OSRC-preconditioned CFIE. Same conclusions hold
for the submarine. Consequently, the condition number of the CFIE depends on both a frequency increase
and a mesh refinement. The OSRC-preconditioner Ve
avoids these dependencies.

Figure 4:
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GMRES iterations
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2.2 Convergence results
The convergence of the GMRES, with respect to
both physical and mesh parameters, corroborates
the spectral analysis. The speed of convergence is
strongly improved by the OSRC preconditioning and
the application of FMM does not disturb this benefit. Consequently, only a few GMRES iterations are
required to obtain the same accuracy as the CFIE
with no preconditioning when we increase the frequency or the mesh density (cf. Fig. 4 for the sphere
with cavity). Moreover, the algorithm complexity is
essentially governed by the FMM due to the low computation cost of the preconditioner. The details on
this work can be found in [2].
Sphere with cavity, k=7

Z
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Figure 3: Sphere with cavity: distribution of the
eigenvalues, k = 8, nλ = 9.6, Np = 8
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Now, let us consider a 3-D trapping domain and a
submarine.
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Abstract
A high-order Nyström method to solve the integral
equation formulation of volumetric scattering problem in two dimensions is proposed in the text. To
achieve desired approximations, this scheme relies on
analytic resolution of singularities present in the integral operator via changes of parametric variables
along with a suitable use of partitions of unity to decouple boundary regions of the scatterer for a highorder specialized treatment. The interactions from
interior regions, aided by these partitions of unity,
can be computed efficiently and accurately through
an existing FFT based methodology leading to an
overall efficient and rapidly converging algorithm.
1

Introduction
We present a high-order methodology for solution
of scalar volumetric scattering problems in two dimensions. Among fast numerical schemes for this
problem, only a couple of techniques converge with
second order for discontinuous scattering configurations – one that rely on the use of “discontinuous
FFT” [6] while the other uses FFT for accelerated
evaluation of convolution in polar coordinates after
a suitable decomposition of the Green’s function via
addition theorem [5]. Another high-order convergent
method for acoustic volumetric scattering problem,
introduced in [1], [2], is designed to be computationally efficient only for “thin”scatterers. Our present
approach, in fact, extends the ideas presented in [1]
to obtain a solver for general scattering configurations while retaining high-order accuracy even in the
presence of material discontinuity.
The integral equation formulation for acoustic
scattering problem by penetrable scatterers is given
+ k 2 K[u](x) = ui (x), where K[u](x) =
Rby [3], u(x)
0
G(x, x )m(x0 )u(x0 )dx0 with kernel G(x, x0 ) =

Ω

(i/4)H01 (k|x − x0 |) and m(x) = 1 − n(x)2 , n being
the refractive index which is assumed to be 1 outside
the bounded scattering medium Ω.
Rapid convergence of Nyström scheme is achieved
by designing a high-order accurate quadrature for approximation of the integral K[u](x). We start by

covering the scatterer Ω by P number of overlapping
coordinate patches where the pth patch is homeomorphic to an open set (0, 1)2 via a smooth invertible
parameterization xp = xp (s, t). With the help of a
partitions of unity {wp (x) : p = 1, ..., P } subordinate
to this covering, K[u](x)
PP is rewritten as a sum of P
integrals, K[u](x) = p=1 Kp [u](x) where
Kp [u](x) =

Z1 Z1
0

G(x, xp (s0 , t0 ))φup (s0 , t0 )ds0 dt0 , (1)

0




φup (s, t) = m xp (s, t) u xp (s, t) wp xp (s, t) Jp (s, t),
with Jp as the Jacobian of the transformation xp .
Clearly, Kp [u](x) accounts for the interaction of the
pth patch with the target point x. The difficulty
in numerical calculations of such interactions when
x lies within the patch is primarily due to singular
nature of the kernel. Another aspect that demand
varying strategy in computations of Kp [u](x) arise
due to differences in the behavior of integrands at
boundaries of individual patches. Indeed, we see that
wp vanishes to high-order on the boundary of only
those patches whose closures do not intersect with
the boundary of Ω, i.e., interior patches. Using this
criterion, we divide these patches into a set of interior
patches, and a set of boundary patches, which require
different schemes. As a result of these variations, we
break the computation of integral operator in (1) into
four different imteractions that are described next.
Boundary-Boundary Interactions: When the
integration region is a boundary patch and the target
point happens to lie again on one of the boundary
patches but outside of the integration patch, then
the integrand is smooth, and can be integrated accurately using a high-order quadrature rule. The singular nature of the integrand in the case when the
target point belongs to the integration, on the other
hand, requires a more careful treatment for obtaining accurate approximations. A change of variable
in s0 not only analytically removes the logarithmic
singularity in G, but also resolves the near singular
behavior of the integrand in t0 .
Interior-Boundary Interactions: This case
occurs when x lies in an interior patch while integrat-
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“Boundary-Interior” interactions can also be accelerated by a suitable use of two face equivalent source
approximations on Cartesian grids, introduced in [7],
that has already been employed in [1], to accelerate
“Boundary-Boundary” interactions.
2

(a) Plane wave incidence

(b) Total field

(c) Plane wave incidence

(d) Total field

Figure 1: : (a), (b) – Scattering of a plane wave by
a penetrable disc — numerical approximations on a
3×64×64 grid with 0.01 % error; (c), (d) - Scattering
computations for bean shaped obstacle

ing over a boundary patch. Within this scenario, if
x does not belong to any boundary patches then the
integrand can be integrated accurately using a highorder accurate quadrature rule, already discussed in
Boundary-Boundary interaction. When x happens
to lie on a boundary patch, on the other hand, one
can interpolate its value from the data computed in
the “Boundary-Boundary Interactions” step.
Boundary-Interior Interactions: Similar to
previous interactions, if x lies outside the integration patch, then the corresponding integration can
be performed using a spectrally accurate trapezoidal
rule as, unlike boundary patches, the integrand is
smooth as well as periodic in both variables. When
x belongs to the integration patch, on the other hand,
singularities that arise in the integrand can be surmounted analytically by, for example, going to polar
coordinates, which again, can be approximated to
high-order by simple use of trapezoidal rule.
Interior-Interior Interactions: Finally, the
case when x is in an interior patches and the integration domain itself is an interior patch can be handled in a manner similar to the strategy discussed
in the “Boundary-Interior” interactions. These interactions, however, can be computed in a more
efficient manner using the approach introduced in
[5]. The computation of “Interior-Boundary” and

Numerical results
We present, in subfigures (a) and (b) of Fig. 1, a
comparison of our approximate scattering solution on
a computational grid of 64 × 64 in each patch against
the Mie series solution for a disc shaped scatterer
of the size of 12-wavelengths
with a constant refrac√
tive index of 2. A similar computation
√ for an incident plane wave shown in (c) by a 2 refractive
index bean shaped scatterer is presented in (d) to
demonstrate method’s adaptability and applicability
in dealing with complex scattering configurations.
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Abstract
We present a fast multipole-accelerated boundary
element method (FM-BEM) for the simulation of
elastic waves in semi-infinite media. To avoid the
costly discretization of large portions of the free surface, our new FM-BEM is based on the elastic halfspace Green’s tensor satisfying a traction-free condition on the infinite boundary of the half-space, for
which a multipole-type expansion is established. The
efficiency of this new approach is demonstrated on
numerical examples involving up to 6 105 DOFs.
1

Context
In a previous study [2], we developed a FM-BEM
based on the elastodynamic full-space fundamental
solution. This approach has been shown to perform
well for the simulation of elastic waves in semi-infinite
media, but nevertheless suffers from the drawback of
requiring a BE discretization of the free surface. In
practice, the free-surface was truncated at an empirically chosen radius ”large enough” for achieving
a good accuracy in the target domain of study. A
large number of BEM degrees of freedom (DOFs) was
thus required on the free-surface for the sole purpose
of enforcing the traction-free boundary condition. To
avoid both the computational burden entailed by discretizing the free surface and the truncation issue,
one can preferably use a Green’s tensor that satisfies a traction-free boundary condition on a planar
unbounded surface bounding an elastic half-space,
thereby reducing the overall size of the BE model
since the planar part of the free surface is no longer
discretized (Figure 1). The derivation and implementation of this Green’s tensor [4] are involved. In

y3 = 0
Γ1

Ω

y3

Γ1

x
y1 , y2

Figure 1: Support of the BE discretization (in
green) when using the half-space Green’s tensor.

particular, unlike its full-space counterpart, the halfspace Green’s tensor cannot be expressed in terms
of simpler kernels (e.g. Laplace or Helmholtz fundamental solutions) having already-known multipole
expansions. Its multipole expansion thus cannot be
obtained in a simple way and requires a specific approach [3], to which this communication is devoted.
2

Methodology
First, the Green’s tensor U HS (resp. T HS ) is additively decomposed into three terms: the full-space
fundamental solution U∞ (resp. T∞ ), the image fullspace fundamental solution Ū∞ (resp. T̄∞ ) and a
complementary term UC (resp. TC ) to satisfy the
traction-free condition on the free-surface:
U HS = U∞ + Ū∞ + UC ,

T HS = T∞ + T̄∞ + TC .

The single-layer and double-layer potentials involved
in integral equations are then similarly decomposed:
Z


S[t](x) :=
U HS (x, ·)t dS = S∞ + S̄∞ + SC (x),
ZΓ1


D[u](x) :=
T HS (x, ·)u dS = D∞ + D̄∞ + DC (x).
Γ1

The key to the proposed treatment then lies in expressing UC as a 2D Fourier transform w.r.t. spatial
coordinates parallel to the free surface, as this formulation (not shown here for brevity) is found to achieve
the separation of variables required by the FMM [3].
Substituting that representation of U C into the definition of the complementary single-layer potential
S C [t](x) and rearranging terms, one obtains
 Z 2π
X Z +∞
1
S C [t](x) = 2 2
ξAab (ξ)
4π kS µ
0
a,b=P,S 0



−
−
u
Ra (ξ, α) exp(q b (ξ, α)·x) V b (ξ, α) dα dξ
where the multipole moments are given by
Z

u
+
Ra (ξ, α) :=
exp(q a (ξ, α)·y) t(y) dSy ·V +
a (ξ, α)
Γ1

and the scalar functions Aab and vector-valued func+
−
−
tions V +
a,b , q a,b , V a,b , q a,b are known [3] (details omitted for brevity). The Fourier integral is in practice
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evaluated by means of a product quadrature rule so
that one has

2

where (ξi , wiξ )1≤i≤nξ and (αj , wjα )1≤j≤nα denote the
sets of nodes and weights used for the radial and
angular quadratures, respectively, and E(nξ , nα ) is
the quadrature error. In the same way, the doublelayer complementary potential has the form
X Z +∞
1
D C [u](x) = 2 2
ξBab (ξ)
4π kS
a,b=P,S 0
 Z 2π



−
−
t
Ra (ξ, α) exp(q b (ξ, α)·x) V b (ξ, α) dα dξ
0

where the multipole moments are given by
Z

+
Rta (ξ, α) :=
exp(q +
(ξ,
α)·y)
u(y)
dS
y ·W a (ξ, α),
a
Γ1

amd the scalar functions Bab and vector-valued functions W +
a are also known. The computational complexity of the evaluation of S C [t](x) and D C [u](x)
is thus of order O(nξ nα N ) (where nξ and nα depend on N ), since the computational work for a given
quadrature node is clearly proportional to the O(N )
number of BE DOFs. Actual computation of S C [t]
and D C [u](x) exploit generalized Gaussian quadrature (GGQ) rules, generated using a method proposed in [1] and customized for the present needs,
for the radial integration.
To compute, in an optimal manner, the contributions S∞ + S̄∞ and D∞ + D̄∞ we use previous
work [2] on the FMM based on U∞ while extending
the method developed in acoustics in a half space [5].
Numerical efficiency of the new FM-BEM
We first show numerically that the proposed formulation achieves a complexity significantly lower
than using the non-multipole version of the Green’s
tensor (Fig. 2). Then, the accuracy of this new FMBEM (which does not require meshing the free surface) is compared to that of the FM-BEM based on
the elastic full-space fundamental solutions (which
requires meshing the free surface). Moreover, the
numerical efficiency of both approaches is compared

FMM (Complementary term)
FMM (Full and Image terms)
without separation of variables
(Complementary term)

10
CPU (s)

X
nξ
nα
X X
1
ξ
S C [t](x) = 2 2
wi ξi Aab (ξi )
wjα
4π kS µ
j=1
a,b=P,S i=1



−
+E(nξ , nα )
Rua (ξi , αj ) exp(q −
b (ξi , αj )·x) V b (ξi , αj )
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Figure 2: CPU time for the evaluation of S[t] as a
function of the DOF count N : S C [t] without FMM
(red) and with FMM (blue); (S ∞ + S̄ ∞ )[t] with
FMM (green).
on seismology-oriented examples such as the scattering of plane waves by a cavity embedded in an elastic
half-space. Despite the additional computational effort required by the evaluation of the proposed FMcapable form of the half-space fundamental solution,
the new approach is shown to reduce several-fold the
overall analysis time, thus establishing the net benefit brought by removing the free-surface mesh.
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Abstract
Herein, two aeroacoustic problems solved by means
of finite element and boundary element method are
considered. The Reduced Basis method, a model reduction technique for parametrized partial differential equations, is applied. The considered formulations are stable at all frequencies, which is required,
especially when the frequency is a parameter of interest.
Introduction
Under environmental pressures, aircraft manufacturers have developed tools to simulate acoustic
waves propagation. We consider herein two cases of
interest: acoustic scattering by an impedant surface
by means of a Boundary Element Method (BEM) formulation; and acoustic scattering under a potential
convective flow by means of a coupled Boundary Element Method - Finite Element Method (BEM-FEM)
formulation [1]. For applications like propagation of
uncertainty studies and optimization problems, one
has to solve a parametric problem for many values
of the parameters. In this context, model reduction techniques provide a way to reduce computation
costs.
After presenting the two cases of interest, we give
elements to justify their well posedness and we apply
the Reduced Basis (RB) method.
Scattering by an impedant surface
We consider a solid object in the air at rest, see
Figure 1. The surface Γ of the object is Lipschitz
and impedant, meaning that any incident wave will
be partially absorbed and partially scattered. The
proportion of absorbed and scattered parts are quantified by an impedance coefficient, which is used in a
Robin boundary condition at Γ. A monopole source
is located in Ω+ .
A two-current BEM formulation is used, leading to
a problem well-posed at all frequencies of the source
[2], [3]. Figure 2 shows an example of scattered pressure field. A RB strategy is carried-out on this test

Figure 1:

Geometry of the first test-case

case (see [4] for an application of the RB method with
integral equations).

1

Figure 2: An example of scattered field for the
second test-case with two impedant surfaces

2

Scattering under a potential convective
flow
We consider a solid object in a flow, see Figure
3. We suppose that the flow around the object is
potential in a neighbourhood Ω− of the object, and
uniform in the exterior domain Ω+ . The common
boundary between Ω− and Ω+ is a Lipschitz surface
denoted Γ∞ . The flow is continuous through Γ∞ . A
monopole source is located in Ω+
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Figure 3:

Geometry of the second test-case

To compute the scattered acoustic field, we first
apply a Prandtl–Glauert transformation to kill the
convective term in the exterior domain. Then, we
write a direct coupling between a FEM resolution
in Ω− and a BEM resolution on Γ∞ . The Prandtl–
Glauert transformation enables to recover the classical integral equations for the Helmholtz equation.
It is proven in [2] that the obtained formulation is
well-posed, except for given frequencies of the source.
We propose a new formulation based on Hipmair and
Meury stabilization procedure [5], that is well-posed
for all frequency of the source, see Figure 4.
Once we dispose of a well-posed formulation for
all frequencies of the source, we can consider a RB
strategy for which the frequency is the parameter of
interest. Since the dependence of the operator in the
frequency is not affine, we have to consider strategies
like the Empirical Interpolation Method [6].

3

Conclusion

For our two problems of interest, we derived integral formulations well-posed at all frequencies and
for any Lipschitz surface. This enable to consider
robust model reduction techniques like the Reduced
Basis method. The next step is to use the derived
surrogate models in a many queries context, like optimization or propagation of uncertainty.
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Figure 4: Condition number of the matrices
obtained after discretization of the unstable and
stabilized formulations
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Abstract
In this work we present a new highly efficient calculation method for the far field amplitude patterns
that arise from scattering problems governed by the
d-dimensional Helmholtz equation. The method is
based upon a reformulation on a complex contour
of the standard real-valued Green’s function integral
expression for the far field amplitude. On this complex contour the scattered wave can be calculated
efficiently using the iterative multigrid method, resulting in a fast and scalable calculation of the far
field mapping. The new approach is successfully validated on model problems in two and three spatial
dimensions.
Introduction
This paper focuses on calculating the far field map
resulting from a Helmholtz scattering problem. The
calculation of the far field mapping is typically a two
step process. First a Helmholtz problem with absorbing boundary conditions (PML, ECS) is solved on a
finite numerical box covering the object of interest.
In the second step a volume integral over the Green’s
function involving the numerical solution yields the
angular dependency of the far field amplitude. The
main computational bottleneck generally lies within
the first step, since it requires a suitable (iterative)
method for the solution of a high dimensional indefinite Helmholtz system.
Preconditioned Krylov subspace methods are currently among the most efficient numerical algorithms
for the solution of high dimensional positive definite
systems. A generalization of this approach led to the
development of the Complex Shifted Laplacian (CSL)
preconditioner, proposed in [1] as an effective Krylov
subspace method preconditioner for Helmholtz problems. The key idea behind CSL is the formulation
of a perturbed Helmholtz problem which includes a
complex valued wave number. This implies a damping in the problem, thus making the preconditioning
system solvable using multigrid in contrast to the
original Helmholtz problem. Recently a variation on
CSL by the name of Complex Stretched Grid (CSG)

was proposed [2], introducing a complex valued grid
distance (complex rotation) in the preconditioner.
The far field map computation proposed in this work
reformulates the integral over the Green’s function
on a complex contour. Hence, one requires the solution of the Helmholtz equation on a complex contour.
It is shown that the latter problem is equivalent to a
CSL problem that can be solved very efficiently using
a multigrid method. However, whereas CSL was previously only used as a preconditioner, the proposed
complex-valued far field map calculation effectively
allows for multigrid to be used as a solver.
1 The far field map for Helmholtz problems
The Helmholtz equation is a mathematical representation of the physics behind a wave scattering at an
object O located within a domain Ω ⊂ Rd . The equation is

−∆ − k 2 (x) u(x) = k02 χ(x)uin (x), x ∈ Ω, (1)

where χ(x) = (k 2 (x) − k02 )/k02 represents the object
of interest. Note that χ(x) = 0 for x ∈ Ω \ O. The
above equation can in principle be solved in a numerical box (i.e. a discretized subset of Ω) covering
the support of χ, with absorbing boundary conditions along all boundaries, yielding a numerical solution denoted by uN . The far field scattered wave
then satisfies the following inhomogeneous Helmholtz
equation with constant wave number

−∆ − k02 u(x) = g(x), x ∈ Rd ,
(2)
where g(x) = k02 χ(x)(uin (x) + uN (x)). The analytical solution to (2) is given by the Green’s integral
Z
G(x, x0 ) g(x0 ) dx0 , x ∈ Rd .
(3)
u(x) =
Ω

Consequently, the asymptotic form of the scattered
wave in the direction of the unit vector α ∈ Rd is
lim u(ρ, α) = D(ρ)F (α),

ρ→∞

α ∈ Rd ,

(4)

where the far field (amplitude) mapping is given by
Z
0
F (α) =
e−ik0 x ·α g(x0 ) dx0 .
(5)
Ω
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Figure 1: Classical real domain and complex
contour far field integral calculation.
nx × ny × nz

163

323

643

1283

2563

CPU time
krk2

0.20 s.
3.3e-5

0.78 s.
7.9e-5

6.24 s.
2.7e-5

53.3 s.
1.1e-5

462 s.
4.6e-6

Table 1: 3D Helmholtz problem solved using one
FMG-cycle with GMRES(3) smoother. CPU time
and residual norm for various discretizations.
2 Calculation on a complex contour
The far field integral (5) can be split into a sum of
two contributions F (α) = I1 + I2 , where
Z
I1 =
e−ik0 x·α χ(x)uin (x)dx,
(6)
Ω
Z
I2 =
e−ik0 x·α χ(x)uN (x)dx.
(7)
Ω

Calculation of first integral I1 is generally easy, since
it only requires the expression for the incoming wave.
The second integral however requires the solution
uN of the Helmholtz equation on the numerical box,
which is known to be notoriously hard to obtain using present-day iterative methods. However, if both
u and χ are analytical functions, the integral I2 can
be calculated over a complex contour defined by the
rotated real domain Z1 = {z ∈ C | z = xeiγ : x ∈ Ω},
where γ is a fixed rotation angle, followed by the
curved segment Z2 = {z ∈ C | z = beiθ : b ∈ ∂Ω, 0 ≤
θ ≤ γ}, as presented schematically on Figure 1. The
integral I2 can then be written as
Z
I2 =
e−ik0 z·α χ(z)uN (z)dz,
(8)
Z1

where the integral over Z2 has vanished because χ
is per definition zero everywhere outside O, thus notably in all points of Z2 . The advantage of this approach is that we only need the value of uN evaluated along this complex contour, where equation (1)
is reduced to a damped equation. This problem is
equivalent to a CSL problem, and can thus be solved
very efficiently using multigrid, resulting in a fast and
scalable computation of the far field mapping.

Figure 2: Left: 3D object of interest |χ(x)|.
|χ(x)| = c isosurfaces for c = 0, 1e-2, 1e-10 and
1e-100. Right: 3D Far field map.
3 Numerical results
The theoretical result presented above is validated
on a Helmholtz scattering problem on a 3D cubic
domain Ω = [−20, 20]3 with an object of interest

1
2
2
2
2
2
2
χ(x, y, z) = − e−(x +(y−4) +z ) + e−(x +(y+4) +z )
5
with (x, y, z) ∈ Ω, representing two spherical pointlike objects in 3D space. The incoming wave is defined by
uin (x) = eik0 η·x , x ∈ Ω,
(9)

where η is the unit vector in the x-direction. The
resulting far field map for k0 = 1 is shown on Figure 2. The complex-valued Helmholtz problem was
solved on a nx × ny × nz = 64 × 64 × 64 full complex
grid with γ ≈ 10◦ using a series of multigrid V-cycles
with GMRES(3) smoother up to a residual reduction
tolerance of 1e-6.
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Abstract. In this paper we illustrate how the far
field map of a high-dimensional Schrödinger equation
can be calculated with the help of a complex valued contour integral. The advantage of the method
is that the Schrödinger equation along this contour
can be solved with multigrid, an iterative method for
sparse linear systems. The method is validated on a
model problem and gives the same numerical results
as traditional methods but it has a better scalability.
Introduction. Predicting the outcome of collisions between small atomic and molecular systems is
of fundamental importance for many areas of science.
Understanding their dynamics is crucial for plasma
physics, combustion and electron driven chemistry,
amongst other examples. However, it is computationally very challenging to predict from first principles the outcome of these collisions since it requires
the solution of high–dimensional Schrödinger equations. These are hard to solve even with state-ofthe-art iterative methods. To calculate, for example,
the breakup reaction rates of the hydrogen molecule
requires the solution of a 7–dimensional scattering
problem. The reaction rates, also known as the cross
sections, are the far field amplitudes of the solution.
The development of efficient solvers for this problem
remains an important challenge. In this talk we discuss the development of solvers for these scattering
problems based on multigrid.
The Schrödinger equation in d-dimensions is
1
(− ∆ + V (x) − E)ψ(x) = φ(x), for x ∈ Rd (1)
2
where V (x) is the potential, ψ is the wave function
and φ is the right hand side that is related to the
initial state of the system.
Solving the equation on a complex contour.
Scattering problems are described by solutions of (1)
with a positive energy E and for these energies the
equation is equivalent to a Helmholtz equation
(−∆ − k 2 (x))u = f (x)

(2)

with a wave number k 2 (x) = 2 (E − V (x)) solved
with absorbing boundary conditions.

In atomic and molecular scattering problems the
use of Exterior Complex Scaling (ECS) as absorbing
boundary conditions is wide spread [2], [3]. In ECS
the coordinates beyond a certain radius are rotated
into the complex plane. This makes outgoing waves
decaying and allows the application of homogeneous
Dirichlet boundary conditions at the end of the absorbing layers. This is a form of complex stretching
as in Chew and Weedow [4].
The far field amplitudes indicate the probability
of detecting a certain reaction product with a given
energy at a certain space angle in the experiment.
The typical calculation is a two step proces [2], [3].
First, the scattering equation is solved on a finite
numerical box with absorbing boundary conditions.
The box size covers the support of the right hand
side of the equation so that it is zero before the start
of the absorbing boundary condition. In the second
step an integral over the product of a Greens function
and the numerical solution is calculated resulting in
the far field map.
The first step is computationally most expensive
since it requires the solution of a very large sparse
linear system that is indefinite and non-Hermitian
due to the absorbing boundary condition. For these
problems iterative methods such a Krylov methods
converge poorly and multigrid fails all together.
However, recent advances in the solution of the
Helmholtz problems such as the Complex Shifted
Laplacian preconditioner [5] can help us to solve the
problem. In these shifted problems the wave number is multiplied with a complex shift such that the
Helmholtz equation becomes
(−∆ − (1 + iβ)k 2 (x))u = f (x)

(3)

where the rule of thumb is to take β > 0.5. Due
to the complex shift the problem can be solved by
multigrid and (3) is often used as a preconditioner
[5].
However, it can also be used as a solver [1]. If
the volume integral for the far field map is formulated along a complex contour only the numerical
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solution of a complex shifted Schrödinger equation is
required to calculate the far field amplitude. Indeed,
the potentials in the Schrödinger equation are usually analytical functions so the far field map integral
can be calculated along a Complex Scaling contour
instead of an Exterior Complex Scaling contour. Result is that the Schr”odinger equation only needs to
be solved along the complex scaling contour where it
is equivalent to a Complex Shifted Helmholtz problem [1] and can be solved with multigrid.
Numerical Validation. To validate the new
approach we illustrate the approach on a model
Schrödinger equation derived from a partial wave expansion of a three body problem. The equation is
 
∂2
1 ∂2

− 12 ∂x
2 − 2 ∂x2 + V (x) + V (y)




+V12 (x, y) − E) ψ(x, y) = φ(x, y) x, y ≥ 0,

ψ(x, 0) = 0 ∀x ≥ 0,




ψ(0, y) = 0 ∀y ≥ 0,
(4)
where V (x) = −4.5 exp(−x2 ) and V12 (x, y) =
2 exp(−(x + y)2 ). The coordinates x, y must be interpreted as two radial coordinates.
The system has a single ionized bound state with
energy −1.0215. For energies E = −1.025 between
E = 0, the scattering states are single ionization
states that are localized along the edges of the problem where either x or y is small. These are solutions
of the Schrödinger equation that correspond to a
quantum state where one particle is in a bound state
and the second particle is in a scattering state. These
solution are oscillatory in on direction and smooth in
the other direction. They can also be interpreted as
evanescant waves. The amplitude of these waves as
a function of the energy is shown in Fig. 1.
For energies above E > 0 there are both single ionization and double ionization and result in scattering
solutions that cover the whole domain. This results
in a double ionization amplitude also shown in Fig. 1.
The figure also shows these amplitude calculate
with the new method (abbreviated with CC). Both
agree with the results calculated in the traditional
way. The red line shows the total cross section, single and double ionization calculated with the optical
theorem.
Conclusions. This paper discusses the initial application of the complex contour multigrid method
originally proposed for the Helmholtz equation in [1]
to solve the scattering solution of the Schrödinger
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Figure 1: Total cross section for single and double
ionization as a function of the energy E for the
model problem. The single and double ionization
cross sections are calculate both through the
traditional way and over the complex valued
contour. The later solves the scattering equation
along a complex contour and evaluates the integral
for the far field along this contour.
equation. The proposed method is attractive since
the equation can be solved with a multigrid solver.
In this paper we have validated the approach and
shown that the results agree with a traditional ECS
calculation.
However, further work is necessary to illustrate its
performance for problems with long range potentials
such as Coulomb potentials that appear in all realistic problems.
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Abstract
We propose methods for computing Fresnel integrals based on modified trapezium rule approximations to integrals on the real line. Our approximations are exponentially convergent as a function of
N , the number of quadrature points, with an explicit
error bound which shows that relative accuracies of
10−15 uniformly on the real line are achievable with
N = 12, this confirmed by numerical computations.
The approximations we obtain are attractive, additionally, in that they are analytic on the real axis
(echoing the analyticity of the Fresnel integrals), and
are straightforward to implement.
Introduction
The trapezium rule can be a very accurate method
to approximate integrals of the form
Z ∞
2
f (t)e−t dt.
(1)
−∞

In particular, it is well known – the proof uses contour integration and Cauchy’s residue theorem and
dates back to Turing [1] – that the trapezium rule
is exponentially convergent when f is analytic and
bounded in a strip surrounding the real axis.
Let C(x), S(x), and F (x) be the Fresnel integrals
defined by
Z x
Z x


C(x) :=
cos 21 πt2 dt, S(x) :=
sin 21 πt2 dt,
0

0

(2)

and
e−iπ/4
F (x) := √
π

Z

∞

2

eit dt.

(3)

x

F , C, and S are related through
p

√ iπ/4
2e
F (x) = 12 − C
2/π x

p

+i 21 − S
2/π x , (4)
and our normalisation of F is such that
F (x) = 1 − F (−x).

(5)

Fresnel integrals arise in applications throughout science and engineering, especially in problems of wave
diffraction and scattering, so that methods for the
efficient and accurate computation of these functions
are of wide application.
1

New Methods for Fresnel Integrals
Our approximation of F (x) is built on a method for
computation of the complementary error function of
complex argument developed by Matta and Reichel
[3] and improved by Hunter and Regan [4]. Both
these papers propose modifications of the trapezium
rule in the case where the integrand has a pole singularity near the real line. These modifications follow
naturally, as residue contributions, from the contour
integration arguments used to prove that the trapezium rule is exponentially convergent. The starting
point for applying the method of [4] is the well-known
integral representation (e.g., [4])
Z

∞

2

e−t
dt, for x > 0.
2
2
−∞ x + it
(6)
Our approximation to F (x) is an extension and truncation of the modified trapezium rule approximation
of [4] applied to (6). Our approximation is analytic
on the real line, in contrast to the piecewise analytic
approximation of [4], and our approximation is fully
explicit in that we make clear how the trapezium rule
step-size should be chosen given a choice of the number of terms (2N + 1) to retain in the trapezium rule
sum. Explicitly our approximation (see [2]) can be
written as
x i(x2 +π/4)
F (x) =
e
2π

FN (x) =

1

exp 2AN xe−iπ/4 + 1
+

(7)

2
N
x i(x2 +π/4) X e−tk
e
, (8)
AN
x2 + it2k

k=1

where
(k − 1/2) π
tk := p
,
(N + 1/2) π

AN :=

p

(N + 1/2)π. (9)
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The corresponding approximations to C(x) and S(x)
are obtained by substituting this approximation in
(4) and separating real and imaginary parts. We note
that, echoing (5),
FN (x) = 1 − FN (−x),
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maximum relative error by at most a factor of 10.
Further, with N as small as 12 it appears that we
achieve a maximum relative error in FN (x) which is
< 9.3 × 10−16 .

(10)

so that FN (0) = F (0) = 1/2. Matlab functions
for evaluating these approximations are given in [2].
These use (7) for x ≥ 0 and then extend the approximation to the negative real axis using (10).
2

Error bounds
Our main numerical analysis result is the following
bound on the relative error:
Theorem 1 For the Fresnel integral F (x) and its
approximation FN (x) we have that, for all real x,
|F (x) − FN (x)|
≤ c∗N e−πN .
|F (x)|

(11)

Here c∗N is a decreasing sequence of positive constants given explicitly in [2], with c∗1 ≈ 10.4 and
limN →∞ c∗N = 100e−π/2 /9 ≈ 2.3. The derivation of
this result makes use of a bound on the absolute error and a new sharp lower bound on |F (x)| for x ≥ 0
(see [2] for details).
The bound (11) shows exponential convergence of
the relative error, |FN (x) − F (x)|/|F (x)|, uniformly
on the real line, in particular that the relative error
is ≤ 1.6 × 10−16 on the whole real line if N = 12.
3

Figure 1: Relative error, |(F (x) − FN (x))/F (x)|,
and its upper bound (51) in [2] (−), plotted against
x. Here N = 9 and F (x) is approximated by F20 (x).

Numerical Results
Numerical computations in [2] confirm and illustrate the theoretical error bound (11), and explore
the accuracy and efficiency of our new method. We
present some of these results below.
In Figure 1 we plot against x the relative error in
FN (x) for N = 9 and the rigorous pointwise upper
bound that is equation (51) in [2]. We see that the
theoretical error bound is an upper bound as claimed,
and that the theoretical upper bound captures the
shape of the behaviour of the true error. In Figure 2
we plot against N the maximum value of the relative
error, |F (x) − FN (x)|/|F (x)|, on x ≥ 0, approximating this maximum value on [0, ∞) by computing at
40,000 equally spaced points between 0 and 1,000
and replacing F (x) by F20 (x). It can be seen that
the exponential convergence predicted by the bound
(11) is achieved, indeed this bound overestimates the

Figure 2: Maximum relative error,
maxx≥0 |(F (x) − FN (x))/F (x)|, and its upper
bound (11) (−−), plotted against N , where F (x) is
approximated by F20 (x).
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Abstract
This contribution outlines a robust strategy to generate a structured nonorthogonal finite-difference discretisation of the differential form of Maxwell’s equations when a circular material interface is present inside a problem domain with rectangular boundaries.
Introduction
Solving a system of PDEs using a structured discretisation grid when an object with a circular shape
is embedded in rectangular domain boundaries can
be a challenging problem [1]. This manuscript describes the key issues that must be considered in
order to generate a structured nonorthogonal finitedifference discretisation of Maxwell’s equations in 2D when a circular material interface is present inside
a problem domain with rectangular domain boundaries. Most of the previously proposed strategies resort to a polygonal approximation of the circular interface to facilitates the enforcement of the field continuity conditions (e.g. [2, 3]); however, by using a
suitable coordinate mapping and staircased overlapping grid partitions, it is possible to create a structured finite-difference discretisation without introducing any polygonal approximations. The motivation for proposing a new approach that avoids the
introduction of geometrical approximations is that,
when the geometrical representation of the material
interfaces and boundaries of a problem is exact, the
global error behaviour is dominated by the local truncation error of the finite-difference approximations
used to discretise the partial derivatives of Maxwell’s
equations rather than by the crudeness of the geometrical representation of the interfaces and boundaries of the problem. This opens up the possibility
of exploiting high-order approximations effectively.
Proposed Strategy
Under a structured approach [4], the general strategy for incorporating curved material interfaces and
boundaries is to employ a spatial mapping
xp → uq

for p, q = 1, 2

(1)

!1
x

1
c

d 2

xc2
!2

x2

µ0 , ! 0

x1
Legend:!

Dimensions:!
!1 = 2 cm ! 2 = 1 cm
PEC!
Vacuum!
x1c = 1 cm xc2 = 0.5 cm
Dielectric material! d = 0.5 cm
Fig. 1: 2-D cavity with perfect electric conductor (PEC)
boundaries and a circular vacuum-dielectric interface.

where uq stands for the coordinates of a general curvilinear coordinate system and xp for the two Cartesian
coordinates (x1 = x and x2 = y). The mapping is
constructed in such a way that all the material interfaces and boundaries of the problem can be described
by uq coordinate lines, that is to say, by lines specified by equations of the form
uq = constant

for q = 1, 2.

(2)

By constructing (1) in this way, a uniform finitedifference discretisation with respect to the uq coordinates maps onto a structured nonorthogonal discretisation in Cartesian coordinates where the grid
cells conform to the curvature of the material interfaces and boundaries of the problem. This approach
is easy to formulate when the mapping in (1) transforms the metric tensor from a Kronecker delta in
Cartesian coordinates to a second-rank tensor, gpq for
p, q = 1, 2, whose components are discontinuous only
along coordinate lines; however, to have the ability
to place a circular material interface inside a domain
with rectangular boundaries, it is necessary to allow
the components of the metric tensor to have a discontinuity that cuts diagonally across the computational
domain along a line described by
uq = ±up + constant

for

p 6= q.

(3)
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Fig. 3: Proposed partition of the computational domain.
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Fig. 2: Plots for a mapping that can be used to model
the problem described in Fig. 1. The coordinate lines
plotted in (a) map to the lines plotted in (b).

To illustrate this point, consider the 2-D structure
in Fig. 1. Coordinate line plots for one of the mappings that can be used to model this structure are
provided in Fig. 2; the mapping was generated by
making small modifications to the mapping proposed
in [1]. When the coordinate mapping described in
Fig. 2 is employed, the metric tensor components
are discontinuous along the six black lines marked
in Fig. 3. Such discontinuities are the result of employing coordinate lines that have sudden changes
in direction (see Fig. 2 (b)). A discontinuity in the
metric tensor that lies along a coordinate line can be
handled through a conventional grid partition with
overlapping regions [5]; nonetheless, when a discontinuity lies along a diagonal line, it is necessary to
staircase the grid partition in the adjacent regions to
accommodate the structure of the discontinuity. For
this reason, when employing the mapping described
in Fig. 2, the computational domain must be partitioned as shown in Fig. 3. It is important to understand that staircasing a grid partition is not the same
as staircasing the geometry of the circular interface
(a strategy that is often employed when discretising directly in Cartesian coordinates). The point of

partitioning the computational domain is to create
overlapping extensions of the grid along the boundaries of each region (which are typically only a few
cells wide) as a way to generate smooth overlapping
extensions of the electric and magnetic field profiles
that make explicit use of the field continuity conditions to cope with sudden changes in the structure of
the metric tensor.
Conclusion
To summarise, the partition of the computational
domain outlined in Fig. 3 and the mapping described
in Fig. 2 can be used to embed a circular material interface in a rectangular domain without making any
polygonal approximations of the interface. Such feature is attractive because it opens up the possibility
of exploiting high-order finite-difference approximations in a meaningful way.
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Abstract
In this paper the wave propagation problem is
studied for the rectangular waveguide with randomly
rough walls. Using the perturbation method and
Fourier analysis the eigenvalue correction consistent
with that obtained by Bass et al.[1] is derived. The
approach is based on the asymptotically consistent
boundary-value problems at each asymptotic order
and it does not involve the Dyson-type integral equations. The eigenvalue correction describes the attenuation factor in the studied waveguide and it depends
on the correlation function of the randomly rough
surface. In the plane wave regime the approximations are compared with the numerical results obtained with the finite element method (FEM).
Introduction
The scattering of waves by randomly rough surface
has been analyzed with different approaches[2]. For
the case of single reflection (i.e. half-space bounded
by the rough surface) the small perturbation method
(SPM) and Kirchhoff approximations have been developed to find the analytical solution of the wave
problem[1], [3], [4].
In the case of multiple reflections occurring in the
waveguide with small irregularities SPM can be applied. In works written by Isakovich [5] and Lapin [6]
the finite rough section of the waveguide wall is replaced by the extraneous sources and the wave problem is solved with SPM that allows obtaining the
intensity of the scattered wave field. The averaged
scattered wave field as well as the dispersion relation have been also obtained with SPM [7]. Based
on the randomly rough small roughness the Dysontype integral equation can also be derived to find the
Green function and the dispersion relation that involves mass operator of the volume scattering [1].
In this paper the wave propagation problem in the
rectangular acoustic waveguide with the randomly
rough rigid walls is studied. It is assumed that the
rough surface is subject to the Gaussian distribution
with the small standard deviation σ compared to
the waveguide width h and the typical wavelength
L where h ∼ L. This defines the small parameter

ǫ = σ/h ≪ 1. The smallness of the irregularities is
used to decompose the acoustic wave field into the
deterministic (averaged) pa and small random components pr . The application of the Fourier transform and expansion of the transformed components
with respect to the small parameter leads to the the
asymptotically consistent boundary value problem at
each asymptotic order. The derived approach allows
obtaining the correction to the eigenvalue ξn of the
smooth waveguide. The eigenvalue correction characterises the attenuation in the rough waveguide. In
the plane wave regime the averaged acoustic pressure
can be approximated by the single exponential function dependent on the derived eigenvalue correction.
The approximations are compared with the numerical results obtained with FEM. In the numerical approach realizations of the rough section of the waveguide wall are simulated with random number generator in accordance with the normal distribution.
1

Eigenvalue correction
In this study, total acoustic pressure p is the solution of the Helmholtz equation subject to the boundary conditions



−ηx

∂
∂
+
∂x ∂z

∂p
= 0, at z = h,
∂z


p = 0, at z = η(x),

(1)
(2)

where η(x) describes stochastically rough bottom
wall and it is function that belongs to the sample
space defined by the Gaussian distribution with the
standard deviation σ, correlation length l and zero
mean value.
The random component of the solution p is generated by the randomly rough surface. Due to the small
irregularities the acoustic pressure can be presented
as a superposition of the averaged and random wave
fields, i.e.
(1)
2 (2)
3
p = p(0)
a + ǫpr + ǫ pa + O(ǫ ),

(3)

(0)

where in the leading order pa is the solution for the
(1)
smooth waveguide, random component pr is linked
1
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to the first moment of the probability distribution
(2)
and scattered solution pa is defined by the second
moment of the probability distribution (i.e. correlation function W(x)).
In order to solve the problem for the given wavelength regime
(i.e. h ∼ L) the Fourier transform
Z

0.986

0.984

|pa |

+∞

p̂(z, ξ) =

0.988

p(x, z)e−iξx dx is applied first. The

0.982

−∞

wavenumber q in the transformed equation
is dep
2
fined through perturbed eigenvalue qn = k − ξn2 =
πn/h of the smooth waveguide so that q 2 = qn2 +
2 +O(ǫ4 ). Collecting the same order of smallness
ǫ2 qn,2
in the transformed Helmholtz equation and boundary
conditions gives asymptotically consistent boundary
value problems. By solving them one can derive the
perturbed eigenvalue as

0.98

0.978

0.17 0.20 0.22 0.24 0.26 0.28 0.31 0.33 0.35

Dimensionless parameter, h/λ

M
1
i σ2 X
×
(4)
ξ = ξn +
+
2
2 h m=0 ξn ξm (1 + δ0n )(1 + δ0m )
h
i
+ 2
+
+ 2
+
(k2 − ξn ξm
) Ŵ (ξn − ξm
) + (k2 + ξn ξm
) Ŵ (ξn + ξm
) ,

where M corresponds to the total number of propagating modes in the waveguide. In the plane wave
regime the averaged solution is approximated by
pa ≈ A0 ei(k+ξ0,2 )x .

[2] T.M. Elfouhaily and Charles-Antoine Guerin, A
critical survey of approximate scattering wave
theories from random rough surfaces, Waves
Random Media, 14 (2004), R1–R40
[3] M. A. Isakovich, Wave scattering from a statistically rough surface, Journal of Experimental
and Theoretical Physics, 23 (1952), 305-314 (in
Russian)

(5)

within which the excitation coefficient A0 = 1 and
eigenvalue correction can be reduced to
√
i σ2 2
2 2
k Ŵ (2k) and Ŵ (ξ) = πle−ξ l /4 . (6)
2
2h
Figure 1 shows that the attenuation of the propagated wave exhibits minimum in the vicinity of the
dimensionless frequency parameter h/λ = 0.24 with
λ = 2πc/ω. This coincides with the maximum of the
eigenvalue correction (6) at

[4] E.I. Thorsos and D.R. Jackson, The validity of
the perturbation approximation for rough surface
scattering using a Gaussian roughness spectrum,
The Journal of the Acoustical Society of America, 86 (1989), 261–277

ξ0,2 =

h
h
= √
λ
2 2πl

Figure 1: Averaged absolute pressure obtained
with FEM (’o’) and compared with the
approximation (5) (’–’) for roughness with
σ/h = 0.9/20 and l = 1.37d

[5] M. A. Isakovich, “Scattering of acoustic waves
at small inhomogeneities in a waveduct”, Soviet
Physics-Acoustics, 3 35–45 (1957)

(7)

[6] A.D. Lapin, “Sound attenuation in a multimode waveguide by means of periodic wall irregularities and inhomogeneities”, Soviet PhysicsAcoustics, 23 515–518 (1977)

The accuracy of the approximation (5) is within
5% from the numerical result that was obtained with
the finite element method. As the parameter h/λ approaches the first cut on value 1/2 the accuracy deteriorates and the solution (5) should include higher
order modes.

[7] G.A. Maximov,
E.V. Podjachev,
K.V.
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pipe with internally rough walls, The Journal of
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1248–1259
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Abstract
Full waveform inversion (FWI) of seismic data requires repeated solutions of the wave equation in either time or frequency domains. Industry practice
is currently to solve the wave equation in the time
domain in part due to challenges in devising scalable parallel and fast solvers for the 3D Helmholtz
equation. We have investigated the moving perfectly
matched layer (PML) sweeping preconditioner of Engquist and Ying [2] and explored modifications for
distributed memory clusters. In particular, we use a
recursive multilevel form of the sweeping preconditioner coupled with optimized Schwarz methods [4]
to avoid issues with distributed memory parallel direct solvers.

Introduction
In seismic inversion, we must solve the wave equation for many different right hand sides: an overview
of full waveform inversion is given in [1]. Here we consider the heterogeneous scalar Helmholtz equation
ω2
2
− c(x)
2 u − ∇ u = f , which is well known to be a challenge in designing fast preconditioners [3]. Engquist
and Ying [2] proposed the sweeping PML preconditioner for the Helmholtz equation that uses low-rank
approximations to half-space Green functions to construct a powerful fast preconditioner with complex4
ity O(N 3 ) setup cost and O(N logN ) per iteration,
with O(N logN ) memory requirement. We consider
a 3D grid of dimension (n, n, n) with N = n3 the
number of unknowns. For 3D models, it is necessary
to solve O(N ) related quasi-2d problems on slabs of
size (n, n, b) where b = O(1). For large-scale parallel
applications on a distributed memory cluster, using
available parallel direct solvers to factor and solve
all the quasi-2D problems in parallel for large n is
problematic, not the least because the memory requirement is huge. These methods extend to elastic
waves, although we confine this study to the acoustic case in order to explore the key algorithms and
parallel implications.

Hybrid preconditioning
Poulson et al. [5] show that a special purpose parallel direct solver, designed around the moving PML
problems is very effective for solving 3D problems
using the sweeping preconditioner. Here, we investigate replacing the direct solver in each moving PML
with a hybrid strategy, aiming to achieve a practical
strategy for 3D frequency-domain FWI on generalpurpose clusters. Our approach is not weakly scalable.
We explore optimized domain decomposition and
recursive application of the sweeping preconditioner,
which reduces the work of the direct solver on slabs.
Each quasi-2D problem on a slab of size (n, n, b) is
decomposed and parallelized in the xy-directions by
the optimized Schwarz method of Gander et al [4].
We have a three-level preconditioner: The outer level
uses flexible GMRES with the moving PML sweeping
preconditioner operating in the z-direction. The second level employs a variant of the optimized Schwarz
method of [4] operating across an xy-decomposition
in each slab, within a truncated BicgStab or GMRES iterative solver. At the third level, each domain within the Schwarz procedure is further preconditioned by means of a recursive application of
the moving PML preconditioner in the x-direction
(Figure 1).
We explored truncating the inner solver after a
few iterations of the optimized Schwarz method to
provide a usable parallel algorithm, with options for
multicolouring and overlap. This is ongoing work and
conclusions are tentative at this stage, but there are
several possibilities for approximation of the transmission conditions in the optimized Schwarz method
[4]. The transmission operators are of the form
∂
∂n u + Su = 0 where n is the normal on the domain interface and S is a non-local operator acting
along the interface.
Within the moving PML method, it is attractive to
explore the PML to construct a DtN operator [6] in
the optimized Schwarz method. We compare transmission operators based on Robin conditions and the
PML within the sweeping preconditioner. Numerical

PAUL C HILDS , I VAN G RAHAM AND D OUGLAS S HANKS

Figure 1: Use of sweeping preconditioner within a
single domain. An inner recursive sweep is used
within each moving PML

results and preliminary analyses are shown for 3D
seismic inversion.
Example
We apply the hybrid preconditioner for the SEG
salt model at 7Hz. Figure 2 shows the velocity
model. The mesh size is 676×676×220 before adding
the PML and employs a Robin condition in the
Schwarz iterations. After one outer iteration of the
hybrid preconditioner, slices through the wavefield
are shown in Figure 3. Here, it was necessary to iterate the second level solver to a 10−5 tolerance, imposing a serious performance penalty on the present hybrid method. We are continuing to investigate faster
alternatives for parallel inversion applications.

Figure 2:

SEG salt model
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Figure 3: One application of the hybrid
sweeping/domain decomposition preconditioner for
the SEG model at 7 Hz.
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Abstract
Complete radiation boundary conditions (CRBCs)
are proposed for solving a time-harmonic wave propagation problem in R2 . For numerical computation of
wave propagation, the unbounded domain surrounding a wave source is truncated and CRBCs are imposed on the fictitious boundaries. We present that
CRBCs provide corner compatibility conditions in
case where absorbing boundaries form a corner and
verify that the resulting truncated problem supplemented with CRBCs is well-posed. Numerical experiments show that CRBCs are efficient and well-suited
for finite elements methods.
Introduction
In this talk, we study the complete radiation
boundary conditions applied to time-harmonic wave
propagation problems on a domain with corners. The
simple model problem under consideration is to find
the acoustic pressure u defined in the quarter plane
Ω∞ = {(x, y) ∈ R2 : x > 0 and y > 0} satisfying
∆u + ω 2 u = f in Ω∞ ,

(1)

u = 0 for x = 0 or y = 0, (2)
¶
µ
∂u
− iωu = 0,
(3)
lim r1/2
r→∞
∂r
where ω is positive wavenumber and f is a compactly supported wave source such that supp(f ) ⊂
Ω = (0, 1) × (0, 1). We truncate the unbounded domain Ω∞ to the finite computational region Ω and
introduce CRBCs on the two artificial boundaries to
capture the behavior of the radiating solutions. The
original CRBCs [1] were proposed for solving wave
propagation in time-domain. For time-domain calculations, CRBCs are derived in term of the auxiliary
function formulation, which leads to a more efficient
and natural implementation of high order radiation
conditions than those proposed by Higdon [2] and by
Givoli and Neta [3].
For frequency-domain application, the p-th order
CRBCs on the East boundary ΓE are defined by recursive formulations for auxiliary functions φj satis-

fying the Helmholtz equation on a neighborhood of
ΓE : with φ0 = u
(

∂
∂
+ aj )φj = (−
+ aj )φj+1 ,
∂x
∂x
φp+1 = 0 on ΓE ,

(4)
(5)

where aj = σj − iωcj are damping parameters such
that 0 < cj < 1 and σj > 0. The CRBCs for the
North boundary ΓN are defined analogously.
As other high-order absorbing boundary conditions based on Fourier analysis, they are wellunderstood in such a case where absorbing boundaries are simply lines or segments. However in case
that absorbing boundaries form a corner of a truncated domain, corner conditions become a crucial issue for well-posedness and accuracy [4], [5]. In this
talk, corner compatibility conditions are provided by
investigating a spectral problem associated with CRBCs. We show that the truncation procedure with
CRBCs and the corner conditions leads to a wellposed problem.
Eigenfunction expansion
We first study the eigenvalue problem associated with CRBCs to find Φ = (φ0 , . . . , φp+1 )t ∈
(L2 (0, 1))p+2 satisfying Φ′′ + λ2 Φ = 0 and the three
conditions, φ0 (0) = 0, the recursions (4) given
in the interval (0, 1) and the terminal condition
(5). We prove that the eigenpairs −λ2n and Φn =
(φ0,n , . . . , φp+1,n ) for each n ≥ 0 satisfy
•

ℑ(λ2 ) < 0

•

The asymptotic behaviorPof the eigenvalues for
large n is λ2n = n2 π 2 + 4 pj=0 aj + O(n−1 )

•

The eigenfunctions {Φn }∞
n=0 are complete in
(L2 (0, 1))p+1 .

By exploiting the completeness of eigenfunctions, the
wave source f can be written as
f (x, y) =

∞
X

n,m=0

fn,m φ0,n (x)φ0,m (y).

(6)
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It then follows that the solution can have the series
representation
u(x, y) =

un,m φ0,n (x)φ0,m (y),

(7)

n,m=0

where un,m = fn,m /(ω 2 − λ2n − λ2m ). We notice
that the Fourier coefficients of the solution u is welldefined since the imaginary part of λ2n is negative.
Corner compatibility conditions
Denoting
φj,k (x, y) =

∞
X

un,m φj,n (x)φk,m (y)

n=1

1
H 1 (ωr) sin(2nθ)
(2n)2 2n

(9)
(10)

(11)

in polar coordinates, where ω = 10 and χ is a smooth
cut-off function vanishing for 0 < r < 1/4 and having one for r > 1/2. The parameters aj for CRBCs
imposed on ΓE ∪ ΓN are chosen to be
aj =

sin2 θj
− iω cos(θj ),
cos θj

−5

10

0 1 2 3 4 5

(12)

10

15

p
Figure 1:

Illustrations
This section presents numerical examples illustrating the performance of CRBCs. The source function
f is prescribed in a way that the analytic solution is
given by
u(r, θ) = χ(r)

−4

10

(8)

with the terminal conditions φj,p+1 = φp+1,k = 0 at
the NE corner for j, k = 0, . . . , p + 1.
Motivated by the above recursions, we derive the
practical boundary conditions of CRBCs with the
corner conditions by eliminating all the tangential
derivatives on ΓE ∪ ΓN and all derivatives at the NE
corner. It can be shown that the problem with the
practical CRBCs admits a unique solution. See [6]
for the derivation of the practical CRBCs and verification of well-posedness.

3
X

−3

−6

for j, k = 0, . . . , p + 1, we observe that the solution u
and the doubly indexed auxiliary functions φj,k satisfy the Helmholtz equation and the following recursions
∂
∂
+ aj )φj,k = (−
+ aj )φj+1,k on ΓN ,
∂x
∂x
∂
∂
(
+ ak )φj,k = (−
+ ak )φj,k+1 on ΓE
∂y
∂y

h=1/200
h=1/500
h=1/1000

10

10

n,m=0

(

Relative errors

∞
X

−2

10

Relative errors as a function of p

where θj = π(j + 1)/(2p + 4) for j = 0, 1, . . . , p.
The relative L2 errors obtained by finite elements
with different mesh sizes h are reported in Figure 1.
The convergence of approximate solutions satisfying
CRBCs can be observed in Figure 1 until the mesh
size errors dominate.
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Pays de l’Adour, Pau, France. Emails: firstname.lastname@inria.fr
2 Department of Mathematics, Faculty of Sciences at Monastir, University of Monastir, Monastir, Tunisia.
Email : chokri.bekkey@gmail.com

Abstract
We construct and analyze the performance of a
new second-order radiation boundary condition for
the Helmholtz equation. The condition involves a
fractional power of the wave number which comes
from the modeling of grazing waves. By performing
a collection of numerical experiments, we show how
it impacts on the accuracy of the solution and, in
particular, how it outperforms standard second-order
conditions like BGT ones.
Introduction
The diffraction of acoustic waves is governed by the
Helmholtz equation. Its numerical solution currently
involves a truncated problem posed in a bounded
computational domain. This is a classical problem
that has been widely studied. Regarding its discretization, Finite Element Methods are surely the
most efficient but there is always a need in designing new FEM to make for the solution of complex
Helmholtz problems involving high frequency and/or
heterogenities. Another important issue concerns
the performance of the boundary condition which is
placed on the outer boundary of the computational
domain. This condition, called Radiation Boundary
Condition (RBC), should express the exact transmission of the wave field from the truncated domain
to the outside to ensure the external surface is fictitious. In practice, reflections are observed and they
can be mitigated by improving the modeling effected
by RBC. Several attempts have been made to the
Helmholtz equation [1,2,3]. In [1], the RBC is improved by taking the variation of the curvatures of
the fictitious surface into account. In [3], a new
condition is obtained by including evanescent waves
into the modeling. In [2], the condition is derived
by constructing an analytical extension of the principal symbol of the Dirichlet-to-Neumann (DtN) operator that minimizes the contributions of grazing
modes. The construction is possible only if the fictitious boundary is close to the surface of the scatterer.
This condition is thus mainly adapted to an On Sur-

face Radiation Condition (OSRC) approach [5]. We
propose here a new RBC that includes a fractional
power of the wave number. Its construction differs
from the condition proposed in [2] because it is based
on the representation of the DtN operator for glancing waves. It is more general since its construction
applies for general situations, not only in the OSRC
context.
1

Problem setting
Let Ω be a bounded domain representing the scatterer and let Γ be its boundary. We denote by n the
normal vector defined on Γ and inwardly directed to
Ω. The scatterer is supposed to be perfectly conducting and immersed into a fluid Ωf . It is well-known
that an approximate scattered field can be computed
by solving the mixed boundary value problem:
∆p + k 2 p = 0

in Ωtf

(1)

p = −pinc

on Γ

(2)

on Σ

(3)

∂n p + αp − β∆Σ p = 0

The scalar field p represents the approximate pressure in the fluid and k denotes the wave number.
This modeling is obtained by introducing an exterior
boundary Σ that modifies Ωf into the truncated domain Ωtf . By this way, the computational domain
is bounded and any numerical method based on a
grid can be used. The obstacle Ω is illuminated by
the incident wave pinc propagating into the exterior
fluid. The boundary condition on Σ is an ABC which
involves the Laplace-Beltrami operator ∆Σ and the
coefficients α and β are complex valued functions incorporating the geometry of Σ. They are respectively
given by:

−1
2/3
1/3 Γ(2/3)
α = κ/2 − ik + (ik) (6κ)
Γ(1/3)

(4)

and


2
2/3
1/3 Γ(2/3)
− k (κ/2 − ik). (5)
β = α (ik) (6κ)
Γ(1/3)
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2

Construction of the new ABC
Most of the ABCs are obtained as approximations
of the DtN operator. The approximation process is
based on the fact that the symbol of the DtN operator admits an asymptotic development. The approximation is then valid for a given set of frequencies
which is defined in the propagation region [4]. The
simplest approximation that includes the geometry
of the surface is given by:
∂n p − ikp + κ/2p = 0 on Σ

(6)

where κ denotes the curvature of Σ. It is obtained
by approximating the symbol of DtN operator by the
two first terms of its asymptotic development. This
condition can be enriched by considering higher orders of approximation [1]. In that case, the set of
frequencies is the same than for the simplest condition but the DtN operator is approximated by using
a truncated symbol composed of more than the two
first terms of its asymptotic development [1]. This is
what we call a regular ABC.
This is not the only way for improving the performance of an ABC. Indeed, another approach consists in combining a regular ABC with another condition that is obtained by considering another set of
frequencies. In [3], a condition is obtained for the
acoustic wave equation by combining condition (6)
with a Robin condition depending on a parameter
that is fixed empirically. The combination improves
the performance of the regular condition (6) and it
outperforms the BGT condition proposed in [1]. The
Robin condition corresponds to the simplest approximation of the DtN operator in the set of frequencies
corresponding to evanescent waves.
Now, let us consider the principal part of the
Helmholtz equation written in a system (r, s) of coordinates representing locally the surface Σ. To consider the principal part of the Helmholtz operator
amounts to work with frequencies in the glancing region [6]. In the vicinity of Σ, it is given by:
∂r2 p + k 2 p + (1 − 2rκ)∆Σ p = 0

(7)

and by applying a partial Fourier transform in the
variable s, we get an Airy equation. By solving this
equation, we then get the following result:
Theorem. In the vicinity of glancing points, the
symbol of the DtN operator is given by:

′
2/3 (2κ)1/3 η
2/3
1/3 Ai (iξ)
 (8)
σ(DtN) = (iξ) (2κ)
Ai (iξ)2/3 (2κ)1/3 η

292

k2 − ξ 2
. We then propose to model glanc2ξ 2 κ
ing waves by setting the boundary condition
where η =

∂n p + (ik)2/3 (6κ)1/3

Γ(2/3)
p = 0 on Σ
Γ(1/3)

(9)

where Γ denotes the classical gamma function.
An enriched ABC is then obtained by combining
(6) with (9) which corresponds to condition (3) after eliminating the term ∂n2 thanks to the Helmholtz
equation.
3 Performance assessment of the enriched ABC
It is very interesting to observe that the new ABC
formulates as BGT-like ABCs. It is thus absolutely relevant to compare their numerical performance since they involve exactly the same computations. Nevertheless, the new ABC includes the behavior of glancing waves while BGT-like conditions
represent propagating waves only. This should improve the performance of the condition when Σ is
close to the scatterer surface Γ. Indeed, it has been
shown in [2] that including the modeling of glancing waves improves regular ABCs. It is now worth
noting that the radiation condition obtained in [2] is
different from the enriched ABC that we proposed in
this work. In particular, the condition in [2] involves
k 1/3 while our condition includes k 2/3 . To compare
these two conditions is thus necessary and we will
show that our condition is the more efficient in most
of the cases.
References
[1] X. Antoine, H. Barucq and A. Bendali, JMAA,
229 (1999), pp. 184-211.
[2] X. Antoine, M. Darbas and Y.Y. Lu, CMAME,
195, (2006), pp. 4060-4074.
[3] H. Barucq, J. Diaz and V. Duprat, CiCP, 11, 2
(2012) pp. 674-690.
[4] B. Engquist and A. Majda, Math. of Comp., 31
(1977), pp. 629–651.
[5] G. A. Kriegsmann, A. Taflove and K. R.
Umashankar, IEEE Trans. Antennas Propag.,
35 (1987), pp. 153–161
[6] M.E. Taylor, Pseudodifferential Operators,
Princeton University Press (1981).

293

WAVES 2013
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Abstract
A new perfectly matched layer (PML) is proposed
for convex truncated domains in the context of timedependent acoustics. With this formulation, the size
of the computational domain can be reduced when
classical shapes of truncated domains are less appropriate. A numerical discretization based on the discontinuous Galerkin method is then described and
validated. An example of realistic three-dimensional
application is finally proposed.
Introduction
Perfectly matched layers (PMLs) are used to truncate the computational domain of wave-like problems
defined on unbounded spatial domains. Various versions have been proposed in the classical curvilinear coordinate systems to deal with planar, cylindrical or spherical truncations. In [4], the PML is
extended to general convex truncated domains in a
time-harmonic electromagnetic context. A general
convex truncation permits the decrease of the computational cost by diminishing the size of the computational domain when the classical shapes of truncation are less appropriate.
In this paper, we derive a new PML for convex truncations in the time domain. In Section 1,
the PML equations are written for three-dimensional
problems. In Section 2, we propose a numerical discretization using the discontinuous Galerkin finite element method. The obtained numerical scheme is
validated using a three-dimensional reference benchmark. A realistic application is finally presented in
Section 3.
1

Governing equations in the PML
We consider the time-evolution of the pressure
p(x, t) and the velocity u(x, t) in the convex bounded
domain Ω ∈ R3 , that is surrounded by a PML Ωpml
with a constant thickness δ. The external boundary
Γ of Ω is assumed to be sufficiently smooth.
Employing the strategy proposed in [2], the gov-

erning equations in the PML are built by using a
complex stretching of spatial coordinates in the frequency domain. For this purpose, the time-harmonic
equations are firstly written in a convenient curvilinear coordinate system. Following [4], we consider
the system associated to the orthonormal local basis (n, tϕ , tθ ) where, for a point P of Ωpml , the unit
vectors n, tϕ and tθ are the external normal and the
two principal directions of the surface Γ at the closest point P Γ of Γ to P . The curvilinear coordinate r
associated to the direction n, that corresponds to the
distance between P and P Γ , is then stretched using
Rr
1
0
0
r → r̃ = r − iω
0 σ(r )dr ,

where σ(r) is the absorption function. Following [3],
we use the hyperbolic function σ(r) = cr/(δ −t), that
does not require any optimization. Time-dependent
cartesian equations are finally obtained by performing an inverse Fourier transform in time, by defining
additional differential equations and by moving back
to the cartesian coordinate system.
In both Ω and Ωpml , the fields are then governed
by the equations
∂t p + ρc2 ∇ · u = sp ,
−1

∂t u + ρ

∇p = su ,

(1)
(2)

where ρ and c are positive constants. In Ω, the classical equations are recovered considering the source
terms sp and su equal to zero while, in Ωpml , these
terms are
sp = −σpn − κ̄ϕ σ̄pϕ − κ̄θ σ̄(p − pn − pϕ ),

(3)

su = −σn(n · u) − κ̄ϕ σ̄tϕ (tϕ · u) − κ̄θ σ̄tθ (tθ · u),
−1
−1
−1
with
(κ−1
ϕ + r) , κ̄θ = (κθ + r) , σ̄ =
R r κ̄0 ϕ =
0
0 σ(r )dr , where κϕ and κθ are the main curvatures
Γ
of Γ at P . Finally, the two additionnal fields pn and
pϕ introduced in the equation (3) are governed by

∂t pn + ρc2 [n(n · ∇)] · u = −σpn ,
2

∂t pϕ + ρc [tϕ (tϕ · ∇)] · u = −κ̄ϕ σ̄pϕ .

(4)
(5)
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0

10

−2

Relative mean error ξr

2 Numerical scheme
Discontinuous Galerkin method
The equations above are solved using a nodal DG
finite element scheme [1] with a mesh made of tetrahedra. The scheme is built by considering the conservative form of the governing equations and by multiplying them by test functions. Integrating the resulting equations over a cell and using integration by
part leads to the weak form. The numerical fluxes
used in the interface terms of the first two equations
(1) and (2) are defined using a Riemann solver, while
Lax-Friedrichs fluxes are considered for the two additional equations (4) and (5). Each scalar field and
each cartesian component of u is approximated by a
first-order Lagrange polynomial. The time-stepping
is made with the fourth-order Runge-Kutta method.
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Figure 1: Convergence of the relative mean error.
NDOF is the total number of degrees of freedom.

Validation
To validate the method, we consider a truncated
domain shaped as an ellipsoid of revolution and
surrounded by a PML of thickness δ = 500 m.
The lengths of the axis of the ellipsoid are 6.6 km
(x−direction) and 2.4 km (y− and z−directions). A
Gaussian is prescribed as initial condition on p, i.e.
p(x, 0) = e−kx−x0 k

2

/R2

with x0 = (−2.45 km, 0, 0.4 km) and R = 150 m,
while the other fields are initially equal to zero. We
use c = 1.5 km/s and ρ = 1 kg/m3 . As time goes by,
spherical waves are generated and reach the PML
with different incidences.
During the simulation, the numerical solution is
compared with the exact solution in the truncated
domain Ω. Figure 1 shows the convergence of the
relative mean error ξr defined by
R tf R 
0

Ω


− pnum )2 + ρ2 kuana − unum k2 dΩ dt

R tf R  1
2 + ρ ku
2 dΩ dt
(p
)
k
ana
2
0 Ω 2ρc2 ana
1
(p
2ρc2 ana

and computed for the duration tf = 4 s.
3

Realistic benchmark
A submarine is added in the geometry described
above. Figure 2 shows the snapshot of p at two instants of the simulation. The spherical waves are not
deformed near the external boundary of the domain
Ω and are damped in the PML.

Figure 2: Iso-surfaces of p at t = 0.8 s (top) and
t = 2.4 s (bottom) for the realistic benchmark.
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Abstract
We study a 2D dielectric cavity with a metal inclusion. The permittivity  of the metal depends on
the frequency ω and, in a given frequency range, the
metal can be (almost) dissipationless (|Im((ω))| 
|Re((ω))|) and such that Re((ω)) < 0. We look
for the cavity resonance values ω. Due to the dependence of  with respect to ω, this is a non linear eigenvalue problem. Below we consider mainly
the linearized-problem where this dependence is frozen. Under some conditions on  and the inclusion’s
geometry, the linearized-problem principal operator
is self-adjoint with compact resolvent. Besides when
the inclusion has corners adding to the fact that  is
sign changing at the boundaries between the metal
and the dielectric, self-adjointness and compactness
of the resolvent may be no longer true. This is due
to very singular phenomena at the corners, which require a new functional framework for the theoretical
analysis, and a specific numerical treatment. The non
linear case which requires a fixed point algorithm is
briefly discussed.
Introduction
Let’s consider a cavity Ω, Ω = Ω1 ∪ Ω2 , with a dielectric material Ω1 , and a metal inclusion Ω2 . Let’s
call the interface Σ = Ω1 ∩ Ω2 . We study the followingeigenvalue problem :

Find u 6= 0, ω ∈ R s.t. :
1
(1) −div( (ω)
∇u) = ω 2 µ(ω)u in Ω


u = 0 on ∂Ω
where the electric permittivity (ω) is a non linear
real valued function of the frequency ω.
Ω1

>0

A : D(A) ⊂ L2 (Ω) −→ L2 (Ω)
u 7→ − µ1 div( 1 ∇u)

Ω1 Ω
2
b)

Figure 1: : Examples of a cavity. The configuration
b) will provide support for numerical illustrations.
For simplicity we consider the linearized eigenvalue problem in ω, which consists in replacing (ω)

with

D(A) = {u ∈ H01 (Ω), µ1 div( 1 ∇u) ∈ L2 (Ω)} and
consider
the weighted L2 inner product (u, v) 7−→
R
Ω µuv dΩ. Thus our goal is to find the eigenvalues of
A. For a given  and depending on the interface Σ,
the operator A can be self-adjoint or not. The next
part is dedicated to solving the self-adjoint case, the
one after that to solving the non self-adjoint case.
We also present some computations in each section,
with a specific numerical treatment in the second one
because of particular phenomena near the corners.
1

The self-adjoint case

When  > 0 almost everywhere, the operator A is
self-adjoint with compact resolvent (noted for simplicity SC. in the rest of the paper). The eigenvalues are
positive with finite multiplicity and tend to infinity.
When  changes sign, one can still have SC. properties for A under some conditions on  and the
interface Σ (precised below)[1], [2] : the eigenvalues
then consist in two sequences of real numbers with
finite multiplicity tending respectively to ±∞ (see
fig.5a).
For a regular interface Σ (fig.1a), A is SC. if and
|
only if |ΩΩ2 6= −1. When Σ has corners (fig.1b), the
1

Ω2
(ω) < 0
a)

by  in (1) and, we focus our attention on the case
where  < 0 in the inclusion. More precisely, we take
 and µ piecewise constant functions, µ > 0 almost
everywhere and  sign changing at the interface Σ.
Let’s define the principal operator :

|

operator is SC. if and only if |ΩΩ2 doesn’t belong to a
1
critical interval containing −1, which is determined
by the sharpest corner of the interface.
In this case, we have made computations with standard Finite Element for the geometry fig.1b. We observe stability of the results with respect to the mesh
size (see fig.2). In fig.3 we observe that the modes are
confined outside or inside the metal inclusion depending on the eigenvalues’ sign.
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Nodes
1st ev > 0
1st ev < 0

3469
1.4836
-4.083

7325
1.4837
-4.0771

32049
1.4807
-4.0762

132001
1.4805
-4.0758

Figure 2: : First positive and negative eigenvalues (of
smallest modulus) for several mesh sizes.

Figure 4: : Third and fifth modes of operator A+
(associated to the smallest eigenvalues in modulus :
λ3 = 3.7426 − 1.0046i and λ5 = 5.0821 − 1.1043 ×
10−3 i).
Figure 3: : First positive (left) and negative (right)
modes of the SC. operator, associated to the two previous eigenvalues.
2

The non self-adjoint case
For

|Ω2
|Ω1

|Ω2
|Ω1

chosen in the critical interval (excluding

= −1), due to singular phenomena at the corners, the SC. properties of A are no longer satisfied in
the classical functional framework. In this case, the
spectrum of A is the whole complex plane.
In [2], [3] (see also [4]) is given an extension of the
operator A which has a compact resolvent, called A+ .
+
It is defined by D(A+ ) = D(A)⊕span{s+
1 , · · · , sk } ⊂
+
L2 (Ω), where s+
1 , · · · , sk , k ∈ N are singular functions at k corners (k 6 total corners’ number of the
interface Σ) that don’t belong to H 1 . These singularities, selected by a limiting absorption principle (see
[3]), can be interpreted as waves propagating along
the interface Σ towards the k corners : they are called
black-hole plasmonic waves.
Numerically, there is no Finite Element convergence due to these black-hole waves. Thus, in order
to capture confined plasmonics waves near the corners, a specific numerical treatment is performed. We
operate an original use of PMLs (Perfectly Matched
Layers) : by the Euler change of variables (r, θ) 7−→
(log(r), θ) we transform a disk centered at a corner into a waveguide [2] which we can troncate with
PMLs. The PMLs domain corresponds to the small
hole at the corner in fig.4. Numerical results confirm
that the PMLs’ method is efficient to ensure the stability of the Finite Element approximation. The A+ ’s
spectrum contains complex eigenvalues which clearly
proves its non self-adjointness. We can prove that the
eigenvalues belong to {z ∈ C s.t. Im(z) ≤ 0}, which
is numerically almost satisfied (see fig.5b).

(a)

(b)

Figure 5: : (a) Spectrum of the SC. operator in the
complex plane. (b) Spectrum of operator A+ in the
complex plane. (The scales are different.)
3 Conclusion/Ongoing work
Once we are able to understand the linearized eigenvalue problem, we could solve in principle our
starting non linear problem (1). The cavity modes
could be obtained for instance with a fixed point algorithm.
We thank the DGA for financial support.
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Abstract
We propose a new Perfectly Matched Layer for the
linearized Shallow Water Equations. Its construction
is similar to the one we proposed in [2], but it does
not require the use of an auxiliary variable in the
whole computational domain. Moreover, it can be
extended to derive an Absorbing Layer for non linear
Shallow Water Equations.
Introduction
Shallow Water Equations, which are a simplification of Navier Stokes equations when the vertical length scale is much smaller than the horizontal length scale, are widely used in atmospheric and
ocean modeling. A important example of application
can be found in meteorological forecasting models
which take into account the Earth’s rotation (Coriolis Forces). In such applications, the physical domains are huge (for instance the whole ocean) and
to compute an accurate numerical solution to these
equations is not possible, even with High Performance Computing techniques. The simulations are
then performed on smaller domains whose boundaries, which are artificial, should be transparent.
In the case of acoustic wave equation, this can be
achieved by using Absorbing Boundary Conditions
or Perfectly Matched Layers (PML). The principle of
this latter consists in surrounding the computational
domain by a non-physical absorbing layer. They are
called Perfectly Matched because their interface with
the computational domain does not generate any reflection, whatever the frequency and the angle of incidence of the waves. However, the extension of this
technique to non linear equations is still an open issue. A absorbing layer has been proposed in [1] but
it required the introduction of a small damping term
to be stable, and is not perfectly matched. In [4],
the instabilities in the layer are removed by a filter,
which does ensure the perfect matching neither.
In [2], we have proposed a PML for linearized Shallow Water Equations, which required the introduction of an auxiliary variable in the whole computation domain. We propose here a new formulation of

this PML which overcomes this drawback, and we
show that the technique we use can be extended to
construct an efficient Absorbing Layer for the non
linear Shallow Water equations.
PML for Shallow Water equations
We consider here the nonconservative form of the
2d-Shallow Water equations on an f −plane:

 ∂t h + u∂x h + v∂y h + h (∂x u + ∂y v) = 0,
∂t u + u∂x u + v∂y u + g∂x h − f v = 0,
(1)

∂t v + u∂x v + v∂y v + g∂y h + f u = 0,

where h is the elevation of the water from z = 0, u
and v are the components of the velocity field, g is
the gravity constant and f is the Coriolis parameter.
Supposing that h, u and v vary weakly around a
mean state, denoted respectively by H, U and V ,
the linearized equations for 2d read as

 (∂t + U ∂x + V ∂y ) h + H (∂x u + ∂y v) = 0
(∂t + U ∂x + V ∂y ) u + g∂x h − f v = 0
(2)

(∂t + U ∂x + V ∂y ) v + g∂y h + f u = 0
where h is the water elevation from the mean value
and u and v are such that u = U + u and v = V + v.
We only consider in this work the subsonic regime,
i.e. such that U 2 +V 2 < gH. The dispersion relations
for (2) are known to be

(ω + U kx + V ky )2 = gH kx2 + ky2 + f 2
(3)
for inertia-gravity adjustment waves and
ω + U kx + V ky = 0

(4)

for geostrophic adjustment waves. The main difficulty of forming PML equations for oblique mean
flow is that both types of waves present inconsistencies between their group and phase velocities.
It is well-known [3] that this induces instabilities
with classical Perfeclty Matched Layers. However,
geostrophic adjusment waves are divergence free and
satisfy transparent conditions on the boundary of the
computational domain. Hence, an efficient strategy
consists in deriving Perfeclty Matched Layers acting only on inertia-gravity adjusment waves and in
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Gh + Hδ = 0,

(5)

Gξ + f δ = 0,

(6)

Gδ + g∆h − f ξ, = 0

(7)

where we have denoted G = ∂t + U ∂x + V ∂y .
To uncouple the rotational free waves from the divergent free ones, we formally left multiply (5) by
∆ and (7) by G and substract the first equation
from the second one. Using finally (6), we check that
the divergent part of the flow satisfies the advective
Klein-Gordon equation
2

2

G δ − gH∆δ + f δ = 0.

(8)

The dispersion relation of this equation is once again
given by (3). The quantity φ = h/H − ξ/f is
called the potential vorticity and satisfies the transport equation Gφ = 0. Hence, stable PML for the
linear shallow water system can be obtained by a)
applying a preliminary change of variable to remove
the inconsistent waves; b) applying the PML change
of variable only to equation (8) and c) applying the
inverse change of variable to a).
We have performed numerical simulations in order
to assess the performance of the method.
√ The external Rossby deformation radius rE = gH/f is
set to rE = 100Km and g = 10ms−2 . The Coriolis
parameter is f = 1.0285.10−4 (s−1 ) (i.e.; evaluated
at mid-latitude 45◦ -northern hemisphere) so that the
corresponding mean height is H = 10.578m. Assume also that an oblique background flow is moving
with constant velocity U = V = 13.1Km/h (orientation of√45◦ ) such √
that the Froude number defined
by F = U 2 + V 2 / gH is equal to 0.5 flow. Initial
conditions for the shallow-water equations are tested
with radial Gaussian pulses as follows:
(

(x−x0 )2 +(y−y0 )2
−
L2

h(x, y, 0) = Ae
u(x, y, 0) = v(x, y, 0) = 0

for inertia-gravity waves, and

(x−x0 )2 +(y−y0 )2

L2
 h(x, y, 0) = Ae−
g
u(x, y, 0) = − f ∂y h(x, y, 0)


v(x, y, 0) = fg ∂x h(x, y, 0)

for geostrophic adjustment waves, where L = 2.5rE
is the width of the Gaussian, A denotes its amplitude
and (x0 , y0 ) its center placed at the geometric center
of the computational domain. Namely, we have set
the amplitude A = 0.5H to get nonlinear effects, because the choice of small amplitudes leads simply to
level contours approximately the same as in the linear
case. We evaluate the effectiveness of the proposed
PML model on a domain of width D = 4000km including an absorbing layer of width l = 10%D. To
validate our method, we have compared our results to
the ones obtained on a larger computational domain
Dref = 24000km. We have calculated the relative
error in time near the upper corner (two grid points
points away from the corner). The solid line depicts
−3

16

Geostrophic adjustment waves

x 10

Nonlinear
Linear

14
Relative error : (h−href)/max(href)

absorbing geostrophic waves by a transparent conditions at the end of the layers.However, when considering the 2d shallow water system, this method requires
the computation of an additional auxilliary variable
in the whole computational domain. To avoid this
drawback, we propose to rewrite system (2) by using
the divergence of the flow, δ = ∂x u + ∂y v and its rotational ξ = ∂x v − ∂y u. Then, linear combinations of
equations in system (2) yields the following div-rot
formulation for the unknowns (h, δ, ξ)
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the relative error obtained for the linearized Shallow
Water equation while the dashed one depicts the relative error obtained for the non-linear Shallow Water
equation, using an extension of the new PML to the
non linear case. We obtain a relative error below
1% in each case, which shows the efficiency of the
method.
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Abstract
We study the stability of a perfectly matched layer
(PML) for systems of symmetric second order hyperbolic partial differential equations on a half plane.
We are particularly interested in boundary conditions
supporting surface waves, and will focus on the elastic wave equation subject to the traction free boundary condition. In the PML the traction free boundary
condition must be modified to achieve perfect matching. Using a mode analysis, we can show that for
a constant coefficient layer, the boundary condition
does not support temporally growing modes. In particular Rayleigh waves decay in the layer. Numerical
computations demonstrate the validity of the result
also for a variable coefficient layer of finite extent.
.
Introduction
There are many wave propagation problems where
boundary phenomenon such as surface waves and
wave reflections are important. Typical examples
are in non-destructive testing, seismology, earthquake engineering, ultrasonics, and ground penetrating radar technologies. These situations can be modeled by systems of second order symmetric, hyperbolic, timedependent partial differential equations in
semi-bounded domains. To perform numerical simulations the domain must be truncated and artificial
boundary conditions must be introduced. A popular technique is to surround the artificial boundaries with a perfectly matched layer (PML). In the
PML the underlying equations are transformed such
that waves decay rapidly in the layer. A very important property of the PML is perfect matching. This
means that waves propagate from the physical space
into the PML without reflections. A PML is usually
derived by assuming a homogeneous media and an
infinite domain in all directions. In a domain with
physical boundaries, the application of the PML introduces boundary corners where physical boundary
conditions interact with the PML. In order to ensure perfect matching, the underlying boundary conditions must be accurately extended from the inte-

rior into the PML. We will discuss derivation of layer
equations, and explain how to extend boundary conditions.
Even if the PML is perfectly matched, there is no
guarantee that solutions decay with time. Analysis of
temporal stability of PMLs is therefore a main topic
of research. For Cauchy problems, the stability of the
PML can be predicted by the geometric stability condition, [2]. Numerical experiments have shown that
PMLs which are Cauchy stable can exhibit growth
when some physical boundaries are imposed. Below
we apply a normal-mode analysis to the half-plane
problem for the elastic PML, and show that growing
modes are not supported when the boundary condition is correctly extended. The same technique shows
that the PML for the elastic wave equations subject
to Dirichlet boundary conditions, and to the PML for
the curlcurl Maxwells equation subject to insulated
walls and perfectly conducting walls boundary conditions do not support temporally growing modes.
We will present numerical computations demonstrating how different types of waves are damped. In
particular we show an example with a Rayligh wave.
The computations use high-order finite difference discretizations based on the summation-by-parts technique, and impose boundary conditions weakly.
The Elastic Wave Equation
Consider the second order system
utt = (Aux )x + (Cuy )x + (C T ux )y + (Buy )y ,
on a half-plane , 0 ≥ y > ∞, −∞ < x < ∞. In
the standard isotropic case the coefficient matrices
are given by






2µ + λ 0
µ
0
0 λ
A=
,B =
,C =
,
0
µ
0 2µ + λ
µ 0
where µ, λ are the lame parameters. In this paper
the parameters will be constant. A boundary condition admitting boundary waves is the free surface
condition
Buy + C T ux = 0 at y = 0.
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This initial-boundary-value problem satisfies an energy estimate.
The Perfectly Matched Layer
At x = L we add a layer. The layer equations can
be derived by a complex coordinate transformation
in the dual space (Laplace transform in time) ,
x̃ = x̃(x),

dx̃
σ(x)
=1+
,
dx
α+s

see [1]. Here σ(x) is a positive, smooth function with
σ(L) = 0 and α ≥ 0 is the so called complex frequency shift. Before inverting the Laplace transform
auxillary variables need to be introduced. The resulting layer system in time domain is
utt + σut = (
−
vt =
wt =
qt =

Aux + Cuy )x + (Buy + C T ux )y −
A(σv)x + B(σw)y + σα(u − q),
−(σ + α)v + vx ,
−αw + uy ,
α(u − q).

To ensure perfect matching boundary conditions
must also be transformed as above. In the dual space
the traction free boundary condition becomes
B ûy +

α+s
C T ûx = 0,
α+s+σ

which corresponds to
Buy + C T ux + σBw = 0,
in physical space.
Normal mode analysis
To understand the effect of the PML on boundary
modes we perform a normal mode analysis. Introduce
r(x, y, t) = eikx x+st r̂(y),
for the variables r = u1 , u2 , v, w, q in the frozen coefficient PML system. The auxilary variables can be
eliminated, leaving a second order system of ordinary
differential equations. The general solution consists
of terms of the form
κy

û = e ψ,
where κ satisfies a characteristic equation. Only
roots with Re(κ) > 0 are admissible. If F0 (s, kx , κ) =
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0 is the characteristic equation for the original, undamped system, then the characteristic equation for
the PML is
F0 (s,

α+s
kx , κ) = 0.
α+s+σ

Standard analysis shows that the original system has
two admissible roots, which will be admissible roots
also in the PML. Thus the general solution consists of two components with unknown coefficients.
By inserting the general solution into the boundary
condition we obtain a linear system for these coefficients, described by a 2 × 2 matrix C0 (s, k̃x ), where
k̃x = kx (α + s)/(α + s + σ). As above C0 (s, kx ) is
the corresponding matrix for the undamped problem.
Modal solutions are determined by |C0 (s, k̃x )| = 0.
For the undamped problem
|C0 (s, kx )| = 0
is the Rayligh dispersion equation with solutions
s = 0, s = ±iβ. The non-zero values correspond to
boundary modes, the so-called Rayligh waves, while
the zero corresponds to the trivial solution. We can
now straightforwardly analyze how the PML changes
the temporal behavior of the boundary modes. The
result is that the corresponding roots move into the
stable half-plane, indicating that the Rayligh waves
are damped by the PML.
To rigorously establish well-posedness of the PML
we would need to construct and derive an estimate
of the solution of the PML equations with forcing
only on the boundary. Following the same steps as
above we can use Laplace transform technique for
the construction. A bound in Laplace-space can then
be transformed to physical space. This construction,
together with the well-posedness of the corresponding
Cauchy problem would leads to well-posedness for
the PML problem.
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Abstract
In this paper we discuss the stability of the perfectly matched layer (PML) for a first order system
of the elastic wave equation on the lower half-plane
with free-surface boundary conditions at y = 0, and
on the left half-plane with characteristics boundary
conditions at x = δ ≥ 0. In both cases the PML truncates a boundary in the x-direction. Using a modal
analysis we prove that the lower half-plane problem
and the left half-plane problem do not support temporally growing modes. A stable and high order accurate discretization is developed using summation-byparts (SBP) operators to approximate spatial derivatives and imposing boundary conditions weakly using
penalties. Numerical experiments are presented corroborating the theoretical results.
Introduction
Let us assume that we want to solve the elastic
wave equation in the quarter plane x ≤ 0, y ≤ 0,
where x = 0 is a boundary introduced to limit the
computational domain. In order to absorb outgoing
waves at x = 0, we introduce the PML [1] of width
δ > 0 outside the quarter plane, that is in 0 ≤ x ≤ δ,
∂u
∂t
∂v
∂t
∂w
∂t
∂p
∂t
∂q
∂t

ρ

∂v ∂w
+
− σq,
∂x
∂y
∂u
∂u
=A
+C
− σAp,
∂x
∂y
∂u
∂u
=B
+ CT
− σC T p,
∂y
∂x
∂u
=
− (σ + α) p,
∂x
∂v
=
− (σ + α) q.
∂x
=

(1)

Here, ρ is the density of the medium, σ (x) ≥ 0 is the
damping function, α ≥ 0 is the complex frequency
shift (CFS), and the unknowns p = (p1 , p2 )T and
q = (q1 , q2 )T are auxiliary variables introduced to
localize the PML in time. Inside the domain, x ≤ 0
and y ≤ 0, the damping function vanishes σ (x) ≡ 0

and we recover the elastic wave equation, with v =
(v1 , v2 )T and w = (w1 , w2 )T being the stresses and
u = (u1 , u2 )T being the velocities. We set the freesurface boundary condition w = 0 on the surface at
y = 0. In order to complete the statement of the
problem
we set the characterics boundary condition
√
Au + v = 0 at x = δ. The coefficient matrices are
given by the Lamé parameters λ, µ:






0 λ
µ
0
2µ + λ 0
.
,C =
,B =
A=
µ 0
0 2µ + λ
0
µ
Stability
The stability of the PML (1) is essential in order
for it to be computationally useful. For first order
hyperbolic systems in unbounded domains the temporal stability of the PML is well known, see [1],
[2]. In bounded and semi-bounded domains stability is not as straightforward. For instance, numerical
experiments [3] have shown that growth can occur
when a free-surface boundary condition is imposed.
That said, it has been shown [4] that when (1) is
written in second order form the PML is stable when
the boundary conditions are correctly chosen. Here,
we extend the analysis of [4] to the first order system
(1). We also investigate the stability of the boundary
condition at x = δ, terminating the PML.
To extend the analysis we freeze all coefficients and
split the problem into: 1) a Cauchy problem; 2) a
lower half-plane problem with the free-surface boundary condition w = 0 at y = 0; 3) a left
√ half-plane
problem with the boundary condition Au + v = 0
at x = δ. Each of the three problems above can
be analyzed separately. The Cauchy problem 1)
is analyzed using standard Fourier methods as in
[1]. Since the elastic medium is isotropic, we know
from [1] that the Cauchy problem is stable. One
of the major contributions of this work is showing
stability of the half-plane problems 2) and 3) using normal mode analysis. That is we prove that
there are no non-trivial solutions of 2) and 3) on the
form Ψa = Ψ̂a (y) exp (st + ikx x), |Ψ̂a | < ∞ and
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Numerical experiments
Consider a rectangular waveguide with the domain
(x, y) ∈ [−50, 50] × [0, 50]. A free-surface boundary
condition w = 0 is used at√y = 50 and a characteristics boundary condition Bu − w = 0 is imposed
at y = 0. In the x-direction we introduce two additional layers, having 50 ≤ |x| ≤ 50 + δ in which
the PML equations are solved. The PML
is termi√
nated with the boundary conditions Au ± v = 0
at x = ± (50 + δ). The initial data for thevelocities

is u1 = u2 = exp − ln (2) x2 + (y − 25)2 /9 , and
zero initial data is used for the stresses and auxiliary variables. The damping profile is a cubic mono
3
mial σ (x) = d0 (|x| − 50) /δ , where d0 ≥ 0 is the
damping strength; in all experiments d0 = 2 and α =
0.5. A 6th–order SBP operator is used for the spatial
discretization with all boundary conditions enforced
weakly. Temporal discretization is done with the
classical fourth order accurate√Runge–Kutta scheme
using the time step k = 0.5/ 3µ + λh. In the first
experiment we evaluate the numerical errors , i.e., artificial reflections. We consider an aluminum waveguide defined by the velocity ratio γ = cs /cp = 0.4593,
where cp , cs are the P–wave
and the S–wave
p
p velocities, defined by cp = 2µ + λ/ρ, cs = µ/ρ. Note
that a PML for this material has also been investigated in the frequency domain [5]. To quantify
the numerical reflections we use a wide PML width,
δ = 50. We compute the solution until t = 40. We
also compute a reference solution in a larger domain
without the PML. Defining the error as the maximum
difference between the two solutions we see O(h4 )
convergence as shown in table 1.
To investigate the long time stability of the PML
we use a spatial step h = 0.5, and run the simulation
to t = 5000 using a PML width δ = 10, i.e., a width
closer to what would be used in practical calculations.
Figure 1 shows the time history of the maximum en-

h
1.0
0.5
0.25
0.125
Table 1: Numerical

error
rate
2.32×10−7
–
−9
8.81×10
4.72
5.05×10−10 4.12
3.10×10−11 4.03
errors and convergence rate.

ergy for simulations with γ = 0.1, 0.2, . . . , 0.5. As
seen for all values of γ the energy decays down to
10−3 , showing the stability of the PML. This is particularly noteworthy, because in [3] numerical instabilities were seen to be more severe for small γ.
γ = 0.1
γ = 0.2
γ = 0.3
γ = 0.4
γ = 0.5

0

10

−1

10
energy

Ψb = Ψ̂b (x) exp (st + iky y), |Ψ̂b | < ∞, respectively,
with <s ≥ 0.
Extending the analysis above to discrete approximations to prove numerical stability without further
simplifications is not trivial. The second major contribution of this work is proving stability of the discrete problem, a non-trivial task. This is done by
constructing a semi-discrete energy estimate for sufficiently small damping σ > 0 which mimics the continuous estimate.
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Figure 1:

Time history of the maximum energy for
γ = 0.1, 0.2, 0.3, 0.4, 0.5.
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[2] E. Bécache, S. Fauqueux, P. Joly, Stability of
Perfectly Matched Layers, Group Velocities and
Anisotropic Waves, J. Comp. Phys. 188 (2003),
pp. 399–433.
[3] C. Zeng, J. Xia, R. Miller and G. Tsoflias, Application of the multi-axial perfectly matched layer
(M-PML) to near-surface seismic modeling with
Rayleigh waves. Geophysics 76 (2011), pp. 43–
52.
[4] K. Duru and G. Kreiss, Boundary waves and stability of the perfectly matched layer. Dept. Info.
Tech., Uppsala University, (2012), Tech. rep.
2012–007.
[5] E. A. Skelton, S.D.M. Adams and R. V. Craster, Guided elastic waves and perfectly matched
layers, Wave Motion, 44 (2007) pp. 573–592.

303

WAVES 2013

Perfectly Matched Layers and Harmoniously Matched Layers: a numerical comparison for 2D
acoustic propagation in heterogeneous media

1 LAGA,

L. Halpern1 , L. Métivier2,∗ , J. Rauch3
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Abstract
The Harmoniously Matched Layers (HML) were
introduced by Halpern et al. in 2011 [2] for general
hyperbolic operators. This method is based on an extrapolation of solutions using first-order layers. For
constant coefficient problems, its numerical performances are comparable to those of Bérenger’s PML
[1], while preserving the strong well-posedness of the
hyperbolic system. In homogeneous media, the PML
are nonreflecting and absorbing. This is no longer
true in heterogeneous media. In that case, other
methods may become more attractive. Numerical
experiments involving the propagation of 2D acoustic waves in an inhomogeneous medium show smaller
amplitude reflections at the interface for the HML.

keep the well-posedness of the original hyperbolic
system by using a classical first-order damping layer
(named SMART layer in the sequel). The reflectivity
of the layer is controlled by an extrapolation technique which annihilates first-order reflections in the
high frequency regime. The aim of this study is to
compare PML and HML methods in the simple case
of 2D acoustic waves propagation.

Introduction
The numerical simulation of wave propagation in
unbounded media occurs in numerous industrial applications, such as radar detection or seismic imaging.
In these contexts, the use of Perfectly Matched Layer
(PML), introduced by Bérenger for the Maxwell system, has rapidly become the state-of-the-art technique to perform such simulations [1]. The domain
of interest is surrounded with a damping layer, where
the incident waves should be absorbed without reflections for any incidence angle. The original unknowns
of the hyperbolic system related to the wave equation
are split into non-physical unknowns, and a damping
factor is introduced in the resulting equations. Years
of successful applications due to its efficiency and its
ease of implementation have followed Bérenger’s discovery.
In the context of variable background coefficients,
the model can still be used, but needs some care in
the implementation and the mathematical analysis,
as the reflectivity of the layer becomes non negligible, and strong well-posedness can be lost [3]. In this
study, we are interested in a new layer method, introduced by Halpern et al [2], named Harmoniously
Matched Layers (HML). This method is designed to


 ∂ u − 1 ∇p
= 0
t
ρ
 ∂ p − ρc2 divu = 0,
t

PML and HML formulation for 2D acoustic
wave propagation within the subsurface
Consider the first-order velocity-stress formulation
for the 2D propagation of acoustic waves in Ω =
[0, L]2 ⊂ R2 , with variable density ρ(x1 , x2 ) and velocity c(x1 , x2 )1 ,
u(x1 , x2 , 0) = 0,
p(x1 , x2 , 0) = p0 (x1 , x2 ).

(1)
Here, u = (u1 , u2 ) is the displacement velocity vector, p is the pressure wavefield, and p0 is the initial
pressure wavefield. The PML equations associated
with system (1) are defined on Ωl = [−l; L + l]2 ⊂ R2

 ∂ u − 1 ∂ (p + p ) + σ u = 0
t j
j 1
2
j j
ρ
 ∂ p − ρc2 ∂ u + σ p = 0
t j

j j

(2)

j j

where pj denote the non-physical split pressure wavefields, and σj (xj ) are the absorbing coefficients non
zero only in Ωl \Ω. This system is weakly well posed:
for piecewise continuous velocity and impedance, energy estimates with one loss of derivatives have been
obtained in [4]. The SMART equations add to the
operator the zero order perturbation defined by the
projectors on the relevant eigenspaces in each direc1
For convenience, we restrict our notations to the square domain case. Extension to rectangular domains is straightforward.
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tion.

∂t uj − ρ1 ∂j p + 1+ρ12 c2 Fj (u, p)



 ∂ p − ρc2 divu + ρc X F (u, p) = 0.
t
j
1+ρ2 c2
j=1,2

h
i


 F (u, p) = σ + (u + ρcp) + σ − (u − ρcp)
j
j
j
j
j

(3)

where σj+ = (σj )|[L;L+l] , σj− = (σj )|[−l;0] (see [2]
for a detailed derivation of these equations). The
SMART equations keep the strong well-posedness of
the original system (1). Denote U (σ) = (u1 , u2 , p)
the solution of the SMART system for an absorption
σ = (σ1 , σ2 ). The HML strategy consists in computing an extrapolation UHM L such that
UHM L = U (2σ) − 2U (σ).

(4)

Numerical study of reflectivity in a varying
medium
Consider Ω and Ωl such that L = l = 5. The density ρ is taken constant equal to 1. The non constant
velocity c is
c(x1 , x2 ) = 2 + sin(3(x1 − L)).

(5)

The absorption coefficients σj are the usual order
3 polynomials (exact formula are given for instance
in [4]). Homogeneous Dirichlet boundary conditions
are imposed at the boundary of Ωl . We choose
the initial condition p0 such that, for x = (x1 , x2 ),
xC = (4.5, 2), v = (1, −1), k = 3, r = 0.8:
p0 (x1 , x2 ) = f (x1, x2 )χkx−xC k≤r

Ck
C)
cos kπ v.(x−x
f (x1 , x2 ) = cos2 π kx−x
r
r



(6)
A“beam” centered on xC propagates along the line
x = −z and hits the absorbing layer with an nonnormal incidence angle. We present on figure 1 the
resulting pressure wavefield at time t = 0.75 s and
the difference of the PML, SMART and HML solution with the exact solution. The PML layer generates a reflected wave at the interface with the interest
domain, whose infinity norm is close to 10−4 . The reflection generated by the SMART layer reaches 10−3
in infinity norm. Conversely, the extrapolation technique used for the HML method yield a significant
decrease of the reflection, which only reaches 10−7 in
infinity norm in this case.

Figure 1. Exact pressure wavefield (top left). Difference between exact and results from SMART (top
right), PML (bottom left), HML (bottom right).
Conclusion and perspectives
This preliminary experiment demonstrates that,
for variable coefficients problems, the HML method
can yield improvements in terms of reflectivity compared to the PML method. Another advantage is
that the HML formulation keeps the well-posedness
of the initial set of equations, which may yield more
robust absorbing layer formulations for the simulation of wave propagating in elastic and anisotropic
medias. The mathematical analysis of these models
is undergoing.
References
[1] J.-P. Berenger, A perfectly matched layer for
absorption of electromagnetic waves, Journal of
Computational Physics, 114 (1994), pp. 185–200.
[2] L. Halpern,
S. Petit-Bergez,
and
J. Rauch, The Analysis of Matched Layers,
Confluentes Mathematici, 3 (2011), pp. 159–236.
[3] J. Hesthaven, On the analysis and construction
of perfectly matched layers for the linearized euler
equations, Journal of Computational Physics, 142
(1998), pp. 129–147.
[4] L. Métivier, Utilisation des équations EulerPML en milieu hétérogène borné pour la
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Abstract
In this study, we are investigating the
acoustic equations which arise by perturbation techniques of the compressible NavierStokes equations around a stagnant uniform
fluid, with mean density ρ0 , mean velocity
c0 and without heat flux on an unbounded
domain. Our goal is to derive a Dirichletto-Neumann boundary condition to limit the
computation domain. We give here the way
to compute this Dirichlet-to-Neumann map
and give some properties when the viscosity
η tends to 0.

lation on the bounded domain Ωc with artificial boundary Γc defined by
Ωc = {(x, y) ∈ Ω / x < 0}

is, denoting by n = ex the unit normal vector
and t = −ey the unit tangential vector of Ωc
on Γc :

−iηω

Z

− ρ0 c20 − iηω
Ωc



Z

Z

Γc

Formulation of the problem
Let Ω ⊂ R2 be a compact perturbation of
a flat semi-infinite waveguide of width L (see
figure 1).

supp(f )

Γc

outgoing

We consider time-harmonic acoustic velocity v and acoustic pressure p (the time regime
is exp(−iωt), ω > 0) which are described by
the coupled system in the framework of Landau and Lifshitz [1], [2]
ω 2 ρ0 v + c20 ρ0 ∇(div v) − iωη∆v = iωf , in Ω,
−iωp +

div v(ϕ · n)

ηcurl2D v(ϕ · t) = iω

Z

Ωc

f ·ϕ
(3)

Our goal is to build a Dirichlet-to-Neumann
(DtN) map that links both div v and
η curl2D v to both components of v.

div v = 0, in Ω,
v = 0, on ∂Ω.

w−j (y) =

s

2
L

sin



2jπy
L



, w0 (y) =

s

1
L

, wj (y) =

s

2
L

cos



2jπy
L




αj exp(λj x)wj (y) + βj exp(µj x)w−j (y)

j>0

X

γj exp(λj x)w−j (y) + δj exp(µj x)wj (y) 

X

Perturbed waveguide Ω

ρ0 c20

Γc

v·ϕ

Ωc

and we decompose v over the Fourier basis,
using the following ansatz

ex
Figure 1:



Z

Projection on Fourier modes
We introduce wp the normalized Fourier
basis of L2 (0, L):

ey

Ωc

Ωc

Z

2

x=0

L

div v div ϕ + ω 2 ρ0

curl2D v curl2D ϕ + ρ0 c20 − iηω
+iω

1

(2)

Γc = {(x, y) ∈ Ω / x = 0}

(1a)
(1b)
(1c)

In the momentum equation (1a) with some
known source term f the viscous dissipation
in the momentum is not neglected. The
continuity equation (1b) relates the acoustic pressure linearly to the divergence of the
acoustic velocity. The system is completed
by no-slip boundary conditions (1c). Here
we assume that f = 0 on ∂Ω and f (x, y) = 0
for x > 0. The associated variational formu-



v(x, y) = 


j>0

(4)

with the convention β0 = γ0 = 0. We use
ansatz (4) in (1a) and get, for any j > 1:

  
αj
0
M (λj )
=
(5)
γj
0

  
βj
0
M (λj )
=
(6)
−δj
0
with matrix M (λj ) that depends only on j
and the physical parameters of the problem.
Systems (5), (6) have trivial solution unless
there exists λj ∈ C with negative real part
such that
det(M (λj )) = 0
(7)
Equation (7) admits two different solutions
that correspond to two different behaviours:
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•

a “fast” solution that corresponds to


2jπ 2
2
ηλj,f = η
− iωρ0
(8)
L
√
One can see in (8) that η|λj,f | tends to
a constant as η tends to 0

•

a “slow” solution that corresponds to


η 3
2 2
2jπ 2 c0 ω + i ρ0 ω
2
λj,s =
−
(9)
2
L
c40 + ω 2 ηρ2
0

One can see in (9) that λj,s tends, as η
tends to 0, to
v
u 2


uω
2jπ 2
ωL
−
,
it
,j <
2
c0
L
2c0 π

v
u

u 2jπ 2
ωL
ω2
−t
,j >
−
L
c2
2c0 π
0

For j = 0, systems (5) and (6) become degenerated and lead to the following equations

α0 ω 2 ρ0 + c20 ρ0 λ20,s − iωηλ20,s = 0
(10)

δ0 ω 2 ρ0 − iωηλ20,f = 0
and have the following solutions
λ20,s =

− i ηρ ω 3
2
c40 + ω 2 ηρ2
0

−c20 ω 2

j∈Z

−

X
j∈Z

and λ20,f =

−



2

ρ0 c0 − iηω


Z
2
− ρ0 c0 − iηω

Z

X

Γc j∈Z

−iω

Building the DtN maps
According to results of the previous section, we modify the ansatz (4) to:



α0 exp(λ0,s x)w0 (y)
X
X


 +
αj,f exp(λj,f x)wj (y) +
βj,f exp(λj,f x)w−j (y)




j>1
j>1




X
X


αj,s exp(λj,s x)wj (y) +
βj,s exp(λj,s x)w−j (y) 
 +




j>1
j>1



v(x, y) = 


 δ exp(λ

0,f x)w0 (y)
 0



X
X


 +
δj,f exp(λj,f x)wj (y) +
γj,f exp(λj,f x)w−j (y) 




j>1
j>1




X
X
 +
δj,s exp(λj,s x)wj (y) +
γj,s exp(λj,s x)w−j (y) 

X
j∈Z

X
j∈Z

(13)
R|j|,t hv · t, wj i wj
sgn(j)R|j|,n hv · n, w−j i wj

(14)
with D|j|,n , D|j|,t , R|j|,n and R|j|,t depending
on λj,i and physical parameters. The boundary terms of variational formulation (3) with
DtN maps (13),(14) becomes:

−iωρ0
η

3

sgn(j)D|j|,t hv · t, w−j i wj

η curl2D v(x = 0) = −

−iω

that corresponds formally to (9) and (8) taking j = 0.

j>1

(βj,i , δj,i ), for i = {f, s} let us rewrite v in
(11) in terms of normal and tangential traces.
Finally, we build our DtN maps computing
div v(x = 0) and η curl2D v(x = 0) as functions of v:
X
div v(x = 0) =
D|j|,n hv · n, wj i wj

Z

X

D|j|,n v · n, wj

ϕ · n, wj

sgn(j)D|j|,t v · t, w−j

ϕ · n, wj

Z

R|j|,t v · t, wj

ϕ · t, wj

R|j|,n v · n, w−j

ϕ · t, wj

Γc j∈Z

X

Γc j∈Z

X

Γc j∈Z

One can remark that the limit behaviour of
these coefficients is
lim Dj,n = −

η→0

ω2
and lim Dj,t = 0
η→0
c20 limη→0 λj,s

lim Rj,n = 0 and lim Rj,t = 0

η→0

η→0

which is expected (we obtain formally these
DtN maps considering η = 0 in (1)).
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j>1

(11)

where (αj,i , γj,i ) and (βj,i , δj,i ), for i = {f, s}
are linked through (5) and (6). In addition,
we have the following
αj,f + αj,s = hv(x = 0) · n, wj i

βj,f + βj,s = hv(x = 0) · n, w−j i

γj,f + γj,s = − hv(x = 0) · t, w−j i

(12)

δj,f + δj,s = − hv(x = 0) · t, wj i

where h. · .i is the L2 scalar product on (0, L).
To solve the systems defining (αj,i , γj,i ) and
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Introduction
Many industrial applications require to check the
quality of structures such as plates, for instance in
aircraft design. A common way to inspect structures is to propagate ultrasonic waves and detect
from the experimental results the presence or not
of a defect or a crack. However, in aeronautics,
structures are often complex media like anisotropic
elastic plates for which the interpretation of these
results is complicated. Therefore, efficient and accurate numerical methods of simulation are required.
In our work, we want to study the diffraction of
a time harmonic wave by a bounded defect in an
anisotropic elastic plate. In order to study the
diffraction properties of the defect, we consider it in
an infinite plate. Since the defect has an arbitrary
geometry, we want to use a finite element method in
a box that surrounds the defect. On the boundary
of this artificial box, we need to find transparent
conditions to simulate an infinite domain.
To develop this method, we start with the acoustic,
dissipative and isotropic case for which we present
the construction of new transparent boundary conditions that can be easily extended to the anisotropic
case. We mainly use the ideas developed in [1], [2].
1 Model problem and reformulation
Let us consider
(
∆u + k2 u = f in Ω
∂ν u = 0 on ∂O

(PΩ )

where O is a bounded obstacle, ν the exterior normal
of ∂O, Ω is defined as R2 \ O, and f is compactly
supported. We suppose that k2 = k 2 + i with  > 0
so that the problem (PΩ ) has a unique solution in
H 1 (Ω).
We intend to formulate an equivalent problem defined on a bounded domain. Let surround O and
the support of f by an artificial square denoted Σaa ,

centered in (0, 0) and of length 2a. We also define
a second square denoted Σbb of length 2b > 2a (see
figure 1) and denote by Ωi the domain [−b, b]2 \ O.
⌃1bb
a

⌃2bb

O

⌃ab ⌃0bb

⌃3bb
⌃a

Figure 1:

Geometry and notations

To make the presentation easier, we consider that
f and O are symmetric with respect to {y = x},
{y = −x} and {x = 0}. In this case, we will see in
the following that the problem can be restricted to a
coupled system where the only unknowns are
•

ui , the restriction of u in Ωi ,

•

ϕa , the trace of u on Σa = {x = a} × R.

First, let us remark that by definition the unknowns
verify

∆ui + k2 ui = f in Ωi


(P )
∂ν ui = 0 on ∂O


ϕa = ui on Σab = {x = a} × [−b, b].
1

Let us introduce for all ϕa ∈ H 2 (Σa ), uH (ϕa ) the
unique solution in H 1 (ΩH ) of
(
∆uH + k2 uH = 0 in ΩH = {x ≥ a} × R
(PH )
uH = ϕa on Σa .
This half space problem can be analytically solved
by using a Fourier transform in y and solving the
ODE in x. We can then determine analytically two
operators defined by

A NTOINE T ONNOIR , A NNE S OPHIE B ONNET-B EN D HIA AND S ONIA F LISS

1

1

•

D : ϕ ∈ H 2 (Σa ) → Dϕ ∈ H 2 (Γa ) where Dϕ =
uH (ϕ)|Γa where Γa =]b, +∞[×{y = a},

•

Λ : ϕ ∈ H 2 (Σa ) → Λϕ ∈ H − 2 (Σ0bb ) where Λϕ =
∂x uH (ϕ)|Σ0 .

1
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the Fourier integral is replaced by a quadrature
formula.

1

bb

Using continuity of the normal trace of u on Σ0bb , we
have ∂x ui = Λϕa on Σ0bb and by symmetry og ui with
respect to {y = x} and {y = −x}, we can deduce
∂νi ui = Λϕa on Σibb

To validate this discretization, we suppose
p that g is
the trace of the Hankel function (ie H(k x2 + y 2 ))
on Σab and we know that we should find ϕa as the
trace of this Hankel function on Σa . On figure 2, we
see that the reconstruction (cross line) matches with
the exact solution (continuous line).

(1)

where νi is the exterior normal of Ωi . Moreover, by
symmetry with respect to {y = x}, we have
ϕa |{y≥b} = Dϕa

(2)

and by symmetry with respect to {x = 0}, we have
ϕa = Dϕa for y ≤ −b too.
The coupled system that satisfy (ui , ϕa ) is then

∆ui + k2 ui = f in Ωi





∂ν ui = 0 on ∂O


∂ν ui = Λϕa on Σibb









(P )

ϕa = ui on Σab

ϕa |{±y≥b} = Dϕa

Let us remark that even if the thickness b > a is not
natural, we expect that it will have the same benefit
for an iterative resolution as an overlap for decomposition domain methods. Using [1], we know that for
the case b = a, this problem has a unique solution.
For b > a, this is still an open question.
Contrary to the usual method for isotropic media (using Fourier series or Green function), this formulation can be extended to a homogeneous anisotropic
medium since it only use Fourier transform.
2 Numerical validation
The main difficulty in discretizing (P ) is that the
operators D and Λ have an integral form.
2.1 Computation of ϕa
We first focus on the problem satisfied by ϕa which
can be reduced, using again symmetry with respect
to {x = 0}, to
(
ϕa = g on [0, b]
(PΣa )
ϕa = Dϕa on [b, +∞[
1

for a given g ∈ H 2 ([0, b]). To compute this problem,
we approximate ϕa by a piecewise P1 function, and

Figure 2:

Solution of (PΣa ) (b = 2)

2.2 Solution of the coupled system
We use to approximate ui a classical finite element
discretization. To validate the numerical method, we
compute the solution for O a circle of radius r < a
and ∂ν u = 1 on ∂O. We obtain a solution of the
coupled system (P ), represented in Figure 3, which is
as expected an approximation of the Hankel function.

Figure 3:

Solution of (PΣa )
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Abstract
We consider some 2D wave equation problems defined in an unbounded domain. For their solution,
by means of standard finite element or finite difference methods, we propose a non reflecting boundary
condition (NRBC) on the chosen artificial boundary
B, which is based on a space-time integral equation
defining a relationship between the solution of the
differential problem and its normal derivative on B.
Such a NRBC is exact, non local both in space and
time and allows the treatment of incoming and outcoming waves. We discretize it by using a fast convolution quadrature in time, based on a second order
BDF rule, and a collocation method in space based
on continuous piecewise linear approximants. The
proposed NRBC has the property of being suitable
for artificial boundaries of general shapes (even of
non-convex type, and having also corners, if necessary). From the computational point of view, it is
competitive with well known existing NRBCs of local type. Furthermore, it allows the treatment of far
field sources that do not have to be necessarily included in the finite computational domain.
Introduction
Let Ωi ⊂ R2 be an open bounded domain with a
sufficiently smooth boundary Γ; define Ωe = R2 \ Ω̄i .
We consider the following wave propagation problem
in Ωe :


uett (x, t) − ∆ue (x, t) = f (x, t) in Ωe × (0, T )



 u(x, t)
= g(x, t) in Γ × (0, T )
e

u (x, 0)
= u0 (x) in Ωe



 ue (x, 0)
= v0 (x) in Ωe ,
t

where the initial condition u0 , the initial velocity v0
and the source term f are either trivial or have local supports. We truncate the infinite domain Ωe by
introducing an artificial smooth boundary B. This
boundary divides Ωe into two sub-domains: a finite
computational domain Ω, which is bounded internally by Γ and externally by B, and an infinite residual domain D.

The artificial boundary is chosen in such a way
that it detects the region where one is interested in
computing the solution. This region does not necessarily have to contain the supports of the source
term and of the initial data. When the support of
a datum is contained in the residual domain D, the
datum is taken into account by a corresponding term
of the artificial boundary condition.
We impose on B the integral relation that the solution u and its outward normal derivative ∂nD u have
to satisfy. This is:
1
u(x, t) =
2

V∂nD u(x, t) − Ku(x, t) + Iu0 (x, t)
+Iv0 (x, t) + If (x, t) x ∈ B,

Vλ(x, t) :=
Kϕ(x, t) =

Z tZ
0

Z tZ
0

B

B

G(x − y, t − τ )λ(y, τ )dBy dτ,

∂nD G(x − y, t − τ )ϕ(y, τ )dBy dτ,

where G(x, t) is the wave equation fundamental solution in R2 , Iu0 , Iv0 and If are possible “volume”
terms generated by the non trivial source and the
non homogeneous initial conditions whose supports
are in D (see [1]).
1

Restriction of the model problem to the
domain of interest
Let X = {u ∈ H 1 (Ω), u = g on Γ} and X0 =
{u ∈ H 1 (Ω), u = 0 on Γ}; denote by λ(x, t) =
λ(t)(x) := ∂n u(x, t), which is defined only on the
boundary B, and set u(t)(x) = u(x, t). We consider
the weak formulation: find u(t) ∈ C 0 ([0, T ]; X) ∩
C 1 ([0, T ]; L2 (Ω)) and λ(t) ∈ C 0 ([0, T ]; H −1/2 (B))
such that for all w ∈ X0
 2
d


 dt2 (u(t), w)Ω + a(u(t), w) − (λ(t), w)B = (f (t), w),

 1 u(x, t) + Vλ(x, t) + Ku(x, t)
= 0 on B
2

u(0)
= u0



 du (0)
= v0 .
dt

for t ∈ (0, T ] (here for simplicity we suppose that the
supports of u0 , v0 and f are contained in Ω, so that
Iu0 = Iv0 = If = 0).

S ILVIA FALLETTA AND G IOVANNI M ONEGATO

1.1 FEM/ Lubich-collocation method coupling
To solve the problem in the finite computational
domain Ω, we discretize the space-time integral equation by combining a second order (in time) BDF convolution quadrature (see [2]) with a classical space
collocation method. Such a discretization is then
coupled with an unconditionally stable ODE time integrator and a FEM in space. If we use, for example,
the Crank-Nicolson ODE rule, the final global linear
system takes the following form:

∆2 
M + t A Un+1
4
∆2
Λn
+ t QΛ
4


−
+


∆2t
∆2 
Λn+1 = M − t A Un
QΛ
4
4

∆2t 
Fn+1 + Fn
∆t MVn +
4


1
I + K0 UB
n+1 + V0Λ n+1
2

= −
−

n
X
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Figure 1:

Example 1. Snapshots of the solution with a
non trivial initial datum u0 , at different times.

Figure 2:

Example 2. Snapshots of the solution at
different times: a non trivial initial datum with two
humps and a nut shape artificial boundary.

Kn+1−j UB
j,

j=0

n
X

Vn+1−j Λ j .

j=0

where M , A and Q are the finite element mass,
stiffness and boundary mass matrices respectively;
Vn and Kn represent the discretizations of the single and double layer operators in terms of the Lubich/collocation technique. For each row index, the
corresponding row elements of all the matrices Vn
and Kn can be computed simultaneously by means
of the FFT algorithm. Moreover, when the boundary B is that of a circle, and a uniform partition of
it is considered, then all the matrices Vj and Kj ,
j = 0, · · · , N have a Toeplitz structure. This property reduces significantly the storage and the computational cost of this ABC. When we have to deal with
a general boundary, or with a nonuniform partition,
then the above property does not hold. Nevertheless,
the matrices Vj and Kj , j = 0, · · · , N can be approximated by corresponding very sparse matrices. This
phenomenon is even more relevant in the 3D case.
Thus, also in the case of a boundary B with no special properties, the computational cost of our NRBC
can be drastically cut down. Memory and computational cost issues of the proposed approach will be
discussed, as well as other features that can allow
a significant save of storage and computational overhead. Its generalization to 3D domains is straightforward. We will present some results we have obtained
in the case of non trivial initial data, sources which
are away from the computational domain Ω, multiscattering and artificial boundaries with corners.

Figure 3:

Example 3. An example of artificial
boundary with corners: comparison between the
approximate and the exact solution at the point P
0.4

P
0.3

12

0.2

10

0.1

8

0

6

−0.1

4

−0.2

2

−0.3

−0.4
−0.4

0

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

ABC in P
Exact sol

0

5

10

15

20

25

30

35

40

0.4

References
[1] S. Falletta, G. Monegato and L. Scuderi, A
space-time BIE method for nonhomogeneous exterior wave equation problems. The Dirichlet
case, IMA J. Numer. Anal., 32 (2012), pp. 202–
226.
[2] Ch. Lubich, Convolution quadrature and discretized operational calculus. I, Num. Math.,52
(1988), pp. 129–145.

311

3.13

WAVES 2013

High frequency approximation and numerics

313

WAVES 2013

Error Estimates for Helmholtz Gaussian Beam Superpositions
H. Liu1 , J. Ralston2 , O. Runborg3,4,∗ , N. Tanushev5
1 Department of Mathematics, Iowa State University
2 UCLA Department of Mathematics
3 Department of Mathematics, KTH
4 Swedish e-Science Research Center (SeRC)
5 Z-Terra Inc.
∗ Email: olofr@math.kth.se
Abstract
In this work we construct and estimate the error
in Gaussian beam superposition approximations to
solutions of the high frequency Helmholtz equation
with a localized source.
Introduction
We are interested in the accuracy of Gaussian
beam approximations to solutions of the high frequency Helmholtz equation,
∆u + (iαk + k2 )n2 u = f,

x ∈ Rd .

(1)

Here k > 0 is the wave number, assumed to be large,
n(y) is the index of refraction and f (y; k) is a source
function which in general also depends on k. The
nonnegative parameter α represents absorption.
Gaussian beams constitutes a high frequency
asymptotic model for wave propagation [6], [1]. It is
closely related to geometrical optics [3] and assumes
a solution of the form
u = aeikφ ,

rigorous error estimates of this type available for the
Helmholtz equation.
Direct numerical simulation of (1) becomes expensive when the wave number k is high, since a
large number of grid points is then needed to resolve
the wave oscillations. Numerical methods based on
Gaussian beam superpositions have a much weaker
cost dependence on the frequency. They go back to
the 1980’s but in the past decade there has been a
renewed interest in such methods for waves following
their successful use in seismic imaging. Development
of new beam based methods are now the subject of
intense interest in the numerical analysis community,
see e.g. [2] for a survey.
1

Construction of Gaussian beams
The construction of the phases and amplitudes for
Gaussian beams has become standard (see, for example, [6]). For first order beams
φ(y) = S(s) + (y − x(s)) · p(s)
1
+ (y − x(s)) · M (s)(y − x(s)),
2

(2)

where φ is the phase, and a is the amplitude. Unlike
geometrical optics, the phase φ is complex-valued,
and there is no breakdown of this model at caustics. The solution is concentrated near a single ray
of geometrical optics. The phase function is realvalued along the ray and its imaginary part is chosen
so that the solution decays exponentially away from
the central ray, maintaining a Gaussian-shaped profile. More general high frequency solutions that are
not necessarily concentrated on a single ray can be
described by superpositions of Gaussian beams.
We study the accuracy in terms of k of Gaussian
beams superpositions for (1). This would give a rigorous foundation for beam based numerical methods
used to solve (1) in the high frequency regime. In
the time-dependent case several such error estimates
have been derived in recent years, see e.g. [4] and references therein. There have, however, not been any

and
a(y) = A0 (s),
where s is a function of y (see below). Each beam
concentrates on a geometrical optics ray γ = {x(s) :
s ∈ R}, which is the spatial part of the bicharacteristics (x(s), p(s)) defined by the ODEs,
ẋ = 2p,

ṗ = −∂x n2 (x).

(3)

The ODEs for S, M, A0 are
Ṡ = 2n2 (x(s))

Ṁ = (n2 )xx (x(s)) − 2M 2

Ȧ0 = −tr(M (s))A0 − αn2 (x(s))A0 .

With these definitions, the phase φ can be any function satisfying φ(x(s)) = S(s), φx (x(s)) = p(s) and
φxx (x(s)) = M (s). However, to write down such a

H AILIANG L IU , JAMES R ALSTON , O LOF RUNBORG AND N ICK TANUSHEV

function we need to have s as a function of y. We let
x(s(y)) be the closest point on γ to y. This is only
well-defined in a tubular neighborhood of γ. Therefore, we also restrict the support of u to this neighborhood by multiplying it with a smooth cutoff function.
Note that s(y) is constant on planes orthogonal to γ.
Higher order beams can be constructed in a similar
way.
1.1 Source
To define how the source function generates beams,
we introduce the surface Σ = {x : ρ(x) = 0} with
|∇ρ| = 1 on Σ. We construct Gaussian beams
u± centered on the forward (s > 0) and backward (s < 0) portions of a ray that leaves Σ in
the normal direction when s = 0. Hence, both u+
and u− will have the form (2) but they will correspond to γ traced in opposite directions. The initial
data of the corresponding bicharacteristics satsifies
x± (0) =def x0 ∈ Σ and p± (0) is normal to Σ at
x0 . We next choose the two beam phases φ± so that
φ+ = φ− and ∇φ+ = −∇φ− on Σ. If their amplitudes A± are chosen so that A+ = A− = A on Σ,
then uGB = u+ + u− will satisfy
∆uGB + (iαk + k2 )n2 uGB =
(4)


  +
−
−
+
∂φ
∂A
∂A
∂φ
+
−
−
A+
eikφ δ(ρ)
ik
∂ν
∂ν
∂ν
∂ν
+ fGB =def g0 δ(ρ) + fGB ,
where ν = ∇ρ is the unit normal to Σ. We consider
the singular part of the right hand side g0 δ(ρ) as a
fundamental source term, and fGB as the error from
the Gaussian beam construction; it tends to zero with
increasing k. Note that g0 = g0 (y, x0 , k) where x0 is
the initial point.
1.2 Superpositions
To construct superpositions of Gaussian beams we
denote by uGB (y; z) the Gaussian beam constructed
above for starting point z ∈ Σ. Then
  d−1 Z
2
k
uGB (y; z)h(z)dAz
(5)
u(y) =
2π
Σ

is an approximation to the exact solution for the
source
  d−1 Z
2
k
g(y, k)δ(ρ) =def
g0 (y, z, k)δ(ρ)h(z)dAz ,
2π
Σ
(6)
where g0 is the fundamental source term in (4) and
h(z) is any smooth compactly supported function.
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2

Error estimate
We now state our main result on the error for superposition (5). We assume that there is a number R > 0 such that the (smooth) index of refraction satisfies n(x) ≡ 1 when |y| > R and that the
source function g(y, k) in (6) is compactly supported
in {|y| < R}. The essential additional hypothesis for
our estimate is that the index of refraction does not
lead to trapped rays, more precisely that there is an
L such that |x(L)| > 2R for all solutions of (3) with
|x(0)| < R and |p(0)| = n(x(0)). We then have
Theorem 2.1 Let uE be the exact solution to (1)
with the source in (6), and let u be the Gaussian beam
superposition defined in (5). Under the assumptions
above, we then have the following estimate
ku − uE kL2 (|x|≤R) ≤ Ck−1/2 ,

(7)

where C is independent of x and k, but may depend
on R.
We note that this is the same error dependence on k
that has previously been derived for time-dependent
wave equations [4]. As in that case, for higher order
beams we expect k−1/2 be replaced by k−n/2 where
n is the beam order.
In the proof the Gaussian beam solution uGB is
first modified at infinity by a version of the procedure used in [5], such that it satisfies (1) exactly for
large enough |y|, but also slightly modifying fGB for
small |y|. The small change in fGB is estimated by
stationary phase arguments and techniques similar to
those in [4] are used to estimate fGB itself. Finally,
the estimates derived by Vainberg [7] for compactly
supported sources can be applied to uE − u.
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Abstract
A nonstationary model that relies on the spatial
nonlinear Schrödinger (NLS) equation with the timedependent refractive index describes laser beams in
photopolymers. We consider a toy problem, when
the rate of change of refractive index is proportional
to the squared amplitude of the electric field and the
spatial domain is a plane. In the present work, we derive the NLS approximation from a two-dimensional
quasi-linear wave equation and rigorously justify this
model for appropriately small time intervals and
smooth initial data. Numerical simulations illustrate
the approximation result in the one-dimensional case.

2

Model and results
A photopolymer occupies typically a half-space
z ≥ 0 and its face z = 0 is exposed to a laser beam. If
the beam is localized in the x-direction and uniform
in the y-direction, then the electric field has polarization in the y-direction with the amplitude E being
y-independent, hence E (x, z, t) = (0, E (x, z, t) , 0) is
the electric field. The initial beam is assumed to
be spatially wide-spreaded, small in amplitude, and
monochromatic in time.
Neglecting polarization effects and uniform material losses, the electric field satisfies a onedimensional quasilinear wave equation in the form
∂x2 E + ∂z2 E − n2 ∂t2 E = 0,

1

Introduction

Mathematical models for laser beams in photochemical materials used in physical literature [2] are
based on a spatial nonlinear Schrödinger (NLS) equation with a time-dependent refractive index. These
models are normally derived from Maxwell equations
using heuristic arguments and qualitative approximations (see e.g. [3]). Numerical simulations of such
models are performed by experimentalists [1], [6] for
theoretical explanations of complicated dynamics of
laser beams in photopolymers. The complexity of
the NLS equation modeling photochemical materials
is related to the fact that the spatial coordinate in the
direction of the beam propagation serves as an evolution time in the NLS equation, whereas the nonlinear
refractive index depends slowly on the temporal coordinate. Physically, laser beams described by the
NLS approximation induce waveguides in polymers,
which affect the shape and dynamics of laser beams
via nonlinear refractive index. In the present work we
study how to justify a time-dependent NLS model
derived from a toy model resembling the Maxwell
equations. The toy model is written as a system of
a two-dimensional quasilinear wave equation and an
empirical relation for the change of the refractive index.

(1)

where n is referred to as the refractive index of the
photopolymer. The refractive index n changes in
time t because of the nonlinear effects induced by
the squared amplitude of the electric field E.
Let us write the squared refractive index in the
form n2 = 1 + m and assume that the rate of change
of m is governed by the empirical relation
∂m
= E2.
∂t

(2)

The system (1)-(2) resembles approximation of a
more complicated system of governing equations in
physical literature [2]. We note that all physical constants in this system are normalized to unity.
Asymptotic solution to the system is given by the
multi-scale expansion [5]
E (x, z, t) = 

s+2
2

A(X, Z, T )eiω0 (z−t) + c.c.

m (x, z, t) = 2 M (X, Z, T ),

(3)
(4)

where c.c. stands for complex conjugated terms, X =
x, Z = 2 z, T = s t are slow variables and s ≥ 2.
If s = 2, the leading-order terms read as follows:

and

2
∂X
A + 2iω0 (∂Z A + ∂T A) + ω02 M A = 0

(5)

∂T M = 2 |A|2 ,

(6)
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which will be the subject of our studies.
If s > 2, at the leading order, we have the spatial
NLS equation
2
∂X
A + 2iω0 ∂Z A + ω02 M A = 0.

(7)

Because M depends on T by means of the same
equation (6), A depends on T implicitly in the spatial
NLS equation (7). The system (6)-(7) was used in
the previous works on photochemical materials (see
review in [2]). While justification of the system (6)(7) still remains an open problem, we focus on the
system (5)-(6). We shall consider solutions of the
original system (1)-(2) in an unbounded domain for
(x, z) ∈ R2 supplemented by the initial conditions
at t = 0. We hence work with the scaling X = x,
Z = 2 z, T = 2 t and represent exact solution to the
system (1)-(2) as


E(x, z, t) = 2 A(X, Z, T )eiω0 (z−t) + c.c. +U (x, z, t)
(8)
and
m(x, z, t) = 2 M (X, Z, T ) + N (x, z, t),

(9)

where U (x, z, t) and N (x, z, t) are error terms to estimate. Feeding (8)-(9) into (1)-(2) and assuming
validity of (5)-(6), we arrive at the system

∂x2 U + ∂z2 U − 1 + 2 M + N ∂t2 U

= −2 R1 N

− 6 R2 (10)

and
∂t N = 4 R3 + 2 R4 U + U 2 ,

(11)

where R1 , . . . , R4 are some functions of A and its
derivatives.
In our work [4], we establish local well-posedness of
the systems (1)-(2) and (5)-(6), formulate a criterion for continuation of local solutions of (1)-(2) and
obtain a priori energy estimates from residual equations derived from (10)-(11) by suitable near-identity
transformations. As a main outcome, we have the
following justification result forinitial pulses lying
in Sobolev Hilbert space H k R2 := W k,2 R2 with
sufficiently high index k.

Theorem. Given initial data A0 ∈ H 8 R2 , let
A, M be local solutions to the system (5)-(6) for
T ∈ [0, T∞ ), where T∞ > 0 is the maximal existence
time. There exist 0 > 0 and T0 ∈ (0, T∞ ) such that
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for every  ∈ (0, 0 ) there is a unique solution E, m
of the system (1)-(2) for t ∈ 0, T0 /2 satisfying




5/2
sup
=
O

,
E − 2 Aeiω0 (z−t) + c.c.
3
2
H (R )

t∈[0,T0 /2 ]

sup
t∈[0,T0 /2 ]

m − 2 M

H 2 (R2 )



= O 5/2 .

3

Discussion and further challenges
We expect justificaton analysis of the NLS model
(5)-(6) to be easily extended to the case of time evolution of a pulse in R3 . But, in view of conventional
experimental set-up, it would be more interesting to
reformulate a problem in a half-space setting. However, justification happens to be problematic since
the applied technique is incompatible with spaces in
which we are able to prove well-posedness of the system (5)-(6). Moreover, in a priori energy estimates,
there are non-vanishing boundary terms arising from
integration by parts. In case of the spatial NLS model
(6)-(7) for X ∈ R, Z ∈ R+ , the inapplicability of
the energy method is obvious because kAkL2 (R×R+ )
becomes infinite due to conservation in Z of L2X (R)norm of solution of the NLS equation (7).
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Abstract
In this study, it is presented a method that aims
to overcome some of the limitations of beam propagation based on high- frequency ray tracing in complex velocity models that contain complex interfaces.
The method is based on local smoothing of the interface. With a modest increase in computational cost,
the method presented captures the wave kinematics
and dynamic that are comparable to finite-difference
wave propagation with higher fidelity while staying
within the ray-tracing framework, without requiring processing or alteration to the original model.
There is presented comparison of the method with
finite-difference wave propagation in numerical simulations.
Introduction
In the paper [3] there were presented frequencydependent ray-tracing through rugose interfaces.
This approach is based on usage of boundary integrals. Outside the boundary it is a conventional ray
tracing. And on the boundary this is way of wave
length smoothing. This smoothing depends on Fresnel volume that depends on frequency, ray direction
and ray length.
Gaussian beams are ray based solutions and therefore they have all the problems that are connected
with ray tracing through rugose interfaces. Moreover
Gaussian beams have additional dependency with respect to curvature of the interface (see [2]). Therefore
Gaussian beam propagation through non flat boundaries has additional restrictions on the shape of the
boundaries (see [1]).
In this paper is suggested the way of Gaussian
beams propagation on the basis of frequency dependent ray tracing through rugose interfaces. This way
is similar with the method presented in [3] but here
is specified for the beam propagation. Outside the
boundary it is a conventional dynamic ray tracing.
And on the boundary this is way of smoothing. This
smoothing depends on the incident Gaussian beam
itself not just on Fresnel volume like in [3]. Also this
smoothing gives beam dependent interface curvature
that is crucial thing for beam propagation.

Method
Gaussian beam propagation through smooth interfaces is described in [2]. There were derived
conditions that connect dynamic parameters of
an incident beam and dynamic parameters of reflected/transmitted beam. These connections depend on curvature of an interface. Particularly, on
an interface connecting two homogeneous layers these
conditions for the transmitted beam are:
P t = D(

1
1
cos(γ i ) i
i
−
)Q
+
P ,
ct cos(γ i ) ci cos(γ t )
cos(γ t )
Qt =

cos(γ t ) i
Q,
cos(γ i )

(1)

here Qi , P i - dynamic parameters of an incident beam
on the interface, Qt , P t - dynamic parameters of the
transmitted beam, γ i - angle between interface normal and incident ray, γ t - angle between interface
normal and transmitted ray, D - curvature of the
interface in the point of incidence. As one can see
the main influence on the dynamic parameters gives
high frequency Snell’s law that connects incident and
transmitted ray directions and curvature of the interface. Also the main restrictions of beam propagation
are connected with high frequency Snell’s law and
interface curvature (see [2],[1]).
In the paper [3] were shown there is effective interface that describes physical ray propagation through
irregular boundaries. In a similar fashion in order to
overcome some of the restrictions of Gaussian beam
propagation it is suggested to get effective interface,
effective interface normals and effective interface curvature. It is proposed local smoothing of the interface
that depends on incident Gaussian beam itself:
i

X ef f (x

, uigb )

=

Z

xi +ǫ

xi −ǫ

|uigb (xs ; xi ; ω)| · xs ds.

(2)

The same trick is done for the interface tangent (or
normal) vector and for the interface curvature:
i

K ef f (x

, uigb )

=

Z

xi +ǫ

xi −ǫ

|uigb (xs ; xi ; ω)| · k(xs )ds. (3)

M AXIM P ROTASOV

=

Z

xi +ǫ

xi −ǫ

1.4

|uigb (xs ; xi ; ω)|

s

· D(x )ds. (4)

After that we will get effective point of incidence and
effective local plane boundary. And we can apply
conventional Snell’s law with respect to this effective
local plane boundary and get effective incident angle
i
t
γef
f and effective transmitted angle γef f . Finally efi , γt
fective curvature Def f and effective angles γef
f ef f
are used in formula (1) in order to get dynamic parameters for the effective transmitted beam.
Illustrations
We compare the Gaussian beam results obtained
using the averaging method and high frequency approximation with finite-difference modeling. For this,
we consider a velocity model that is composed of
two homogeneous mediums with an oscillating interface. We choose the velocities of the upper and
lower mediums to be 1500 m/s and 4500 m/s, which
correspond to the speed of sound in water and salt,
respectively. The interface is chosen to be a sine function. In the Figure 1 are presented seismograms for
both solutions. Red one is finite-difference solution
and blue one is high frequency ray based solution.
In the Figure 2 are presented seismograms for both
solutions also. Again red one is finite-difference solution and blue one is effective beam solution. In
this specific case high frequency ray and effective ray
are the same. But the widths of the high frequency
Gaussian beam and effective beam are crucially different. The same we can say about the beam front
curvature. Seismograms show that results obtained
by smoothing method are rather close to the results
obtained by finite-difference modeling while results
obtained by high frequency solution are rather different. The method has been applied on the Sigsbee
synthetic data set whose results are left for our final
presentation.
Conclusions
It is suggested and investigated solution that describes beam propagation through irregular boundaries. This solution gives effective interface, effective interface normal and effective interface curvature
that depends on incident beam. Also this solution
describes physical beam propagation while staying in
the framework of conventional dynamic ray tracing.
It is computationally cheap and stable with respect
to interface perturbations. Suggested solution can
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Figure 1: Seismogram of finite difference based
beam (red) and high frequency ray based beam
(blue).
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Figure 2: Seismogram of finite difference based
beam (red) and high frequency ray based beam
(blue).
improve results of beam based applications. For example it can improve subsalt beam imaging results.
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Abstract
We develop an efficient high-order algorithm for simulation of the statistical properties of quantities of interest
(QoI) in a class of stochastic acoustic wave propagation
models. In particular, the moments of the QoI play an
important role in quantifying random uncertainty in the
multiple obstacle acoustic scattering and absorption models. The stochastic nature of configurations governing the
models may include randomness in location and orientations of the obstacles, their shapes, and their material
properties.
1

A model problem and QoI
Let ΩM (ω) denote a two (or three) dimensional configuration of M disjoint particles DI (ω) for I = 1, . . . , M .
Dependence of ΩM (ω) on ω indicates random uncertainty in the configuration that may include the location
and orientations of the particles, their shapes, and their
material properties. The nature of the randomness in the
configuration is specified through the choice of a probability space (f, F, P) where f is a sample space, F is a
σ-algebra, and P is a probability measure on (f, F). In
particular, all of the uncertain properties of the configuration are described by ω ∈ f.
We assume that the configuration is illuminated by the
b
incident plane wave uinc (x) = eikx·d with wavenumber
k = 2π/λ where λ is the wavelength, and incident direcb When illuminated by the
tion given by the unit vector d.
plane wave the stochastic configuration ΩM (ω), with ω in
the probability space, induces a time-harmonic scattered
random field us (x, ω) that satisfies the n-dimensional
(n = 2, 3) exterior Helmholtz equation
4us (x, ω) + k 2 us (x, ω) = 0,

x ∈ Rn \ ΩM (ω), (1)

and the Sommerfeld radiation condition
 s

∂u
(n−1)/2
s
lim |x|
(x, ω) − iku (x, ω) = 0, (2)
∂|x|
|x|→∞
b = x/|x|. Let utot =
uniformly in all directions x
inc
s
u + u be the total exterior field and let uint be field
inside those particles in DI (ω) that are penetrable. If
DI (ω) is a penetrable obstacle for some I = 1, . . . , M ,

then the restriction of uint to DI (ω) satisfies the interior
Helmholtz equation in DI (ω) with corresponding interior wavenumber kIint . Each particle DI (ω) in the configuration is assumed to be either sound-soft, or soundhard, or absorbing or penetrable (in the electromagnetic
case TM-polarized dielectric), and hence the total field
utot (x) satisfies one of the following boundary conditions
for x ∈ ∂DI (ω)
utot (x) = 0 ,
(3)
∂utot
(x) = 0 ,
(4)
∂n
∂utot
utot (x) + µI
(x) = 0 , µI ∈ C,
(5)
∂n
∂utot
∂uint
utot (x) = uint (x),
(x) =
(x). (6)
∂n
∂n
Thus we have mixed boundary conditions on the stochastic boundary ∂ΩM (ω) and hence the induced scattered
field us (x, ω) is a random process.
In applications, typically the QoI is derived from the
far field
x
b=
u∞ (b
x, ω) = lim |x|(n−1)/2 e−ik|x| us (x, ω), x
.
|x|
|x|→∞
(7)
It is useful to expand our notation for the far field to indib
cate that the far field depends on the incident direction d,
∞
b ω). We denote the QoI by f (b
thus we write u (b
x, d,
x, ω)
and it is typically of the form
f (b
x, ω) = (Fu∞ )(b
x, ω)

where F is an appropriate operator. For example, the
scattering cross section [6] of the configuration as a function of incident direction is given by
Z
∞
b , ω)|2 ds(b
y, x
y ),
(Fu )(b
x, ω) = |u∞ (b
S

where S is the set of all unit vectors in Rn . This QoI is
important in atmospheric science applications [1],[2].
Important moments metrics of the dependence of the
QoI on ω are the expected value
Z
E[f (b
x, ·)] =
f (b
x, ω) dP(ω)
(8)
Ω
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and the variance
h
i
var[f (b
x, ·)] = E f (b
x, ·) − E[f (b
x, ·)] .

(9)

These are measures of the mean and spread, respectively,
of the QoI.
2

A high-order algorithm for QoI
A standard tool for computing the expected value and
the variance is the Monte-Carlo method
EMC [f (b
x, ·)] =

m
1 X
f (b
x, z j ),
N

(10)

j=1

where z j for j = 1, . . . , N are independent samples of
the random vector z(ω). For each sample z j , the QoI
f (b
x, z j ) is computed by a scattering simulation involving solving the governing equations (1)–(6) for a fixed
configuration described by z j . A disadvantage
of the
√
Monte-Carlo method (10) is its slow 1/ N convergence
rate, which necessitates a very large number of simulations even for a couple of digits accuracy.
In this work we reduce the number of simulations using a fully discrete version of the high-order polynomial
chaos Fourier-Galerkin projection of the QoI. The resulting stochastic high-order pseudospectral method (based
on approximating integrals in the coefficients of the projection by high-order quadratures) belongs to the well
known class of the generalized Polynomial Chaos (gPC)
methods [7].
Our hybrid approach is based on developing (i) efficient high-order decomposition approximations of the
QoI; (ii) high-order approximations of the forward acoustic model in the spatial variable (using the methods developed by the authors [3], [4], [5]); and (iii) fully discrete spectrally accurate approximations of the process in
the stochastic variable. Efficient approximations for the
forward model are required because of the need to simulate for tens of thousands of incident waves, for each realization. Consequently, we obtain substantial reductions
in both the number of simulations and efficient computations for each realizations. Figure 1 demonstrates the
efficiency of our high-order algorithm, compared to the
standard Monte Carlo based simulations.
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A high frequency boundary element method for scattering by two-dimensional screens
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Abstract
We propose a numerical-asymptotic boundary element method for problems of time-harmonic acoustic scattering of an incident plane wave by a soundsoft two-dimensional (2D) screen. Standard numerical schemes have a computational cost that grows at
least linearly with respect to the frequency of the incident wave. Here, we enrich our approximation space
with oscillatory basis functions carefully designed to
capture the high frequency behaviour of the solution.
We show that in order to achieve any desired accuracy it is sufficient to increase the number of degrees
of freedom only in proportion to the logarithm of the
frequency, as the frequency increases, and for fixed
frequency we demonstrate exponential convergence
with respect to the number of degrees of freedom.
Introduction
There has been much recent interest (see, e.g., [1])
in the development of numerical-asymptotic boundary element methods for time-harmonic scattering
problems. In these methods, knowledge of the high
frequency asymptotic behavior of the solution is incorporated into the approximation space, leading to
improved performance at high frequencies and, in
many cases, rigorous error estimates demonstrating
sublinear (often logarithmic) growth in the number of
degrees of freedom required to maintain accuracy as
frequency increases. Here, we apply this idea to the
problem of scattering by a 2D screen. This represents
the first application of this approach (supported by
error estimates) to any problem of scattering by separated multiple scatterers (in this case the separate
components of the screen).
1

Problem statement
We consider the 2D problem of scattering of the
time harmonic incident plane wave ui (x) = eikx·d ,
where x = (x1 , x2 ) ∈ R2 , k > 0 is the wavenumber
and d is a unit direction vector, by a sound soft screen
Γ := {(x1 , 0) ∈ R2 : x1 ∈ Γ̃}. Here Γ̃ ⊂ R is a union
i
of disjoint open intervals, i.e. Γ̃ = ∪nj=1
(s2j−1 , s2j ),
where 0 = s1 < . . . < s2ni = L, with ni denoting the
number of intervals making up Γ̃ and L being the

length of the screen in the case ni = 1. We denote
the propagation domain by D := R2 \Γ̄, where Γ̄ is
the closure of Γ.
The boundary value problem (BVP) we wish to
solve is: given the incident field ui , determine the
1 (D) such that
total field u ∈ C 2 (D) ∩ Hloc
∆u + k 2 u = 0 in D,

u = 0 on Γ,

and the scattered field us := u − ui satisfies the
Sommerfeld radiation condition. The precise sense
in which u = 0 holds on Γ is explained in [2].
For the solution of the above BVP, a form of
Green’s representation theorem holds:
 
Z
∂u
i
u(x) = u (x) + Φk (x, y)
(y) ds(y), x ∈ D,
∂n
Γ
(1)

where Φk (x, y) = 4i H0 (k |x − y|) is the fundamen ∂u 
is
tal solution of the Helmholtz equation and ∂n
∂u
the jump in the normal derivative ∂n across Γ. It
 ∂u 
is shown in [2] that φ = ∂n
satisfies the boundary
integral equation
Sk φ(x) = ui (x), x ∈ Γ,
R
where Sk φ(x) := Γ Φk (x, y)φ(y) ds(y), x ∈ Γ.

(1)

2

Analyticity and regularity of solutions
Our approximation space for the solution of (1) is
adapted to the high frequency asymptotic behaviour
of the solution, which we now consider. Representing
x ∈ Γ parametrically by x(s) := (s, 0), where s ∈ Γ̃ ⊂
(0, L), the following theorem is proved in [2]:
Theorem 2.1 Let k ≥ k0 > 0. Then for any j =
1, . . . , ni there exists a constant C > 0, dependent
only on k0 and minm=1,...,2ni −1 {sm+1 −sm }, such that
φ (x(s)) = Ψ (x(s))+vj+ (s−s2j−1 )eiks +vj− (s2j −s) e−iks ,
(2)
for s ∈ (s2j−1 , s2j ), where Ψ := 2∂ui /∂n, and the
functions vj± (s) are analytic in the right half-plane
Re [s] > 0, where they satisfy the bound
1

vj± (s) ≤ C(1 + kL)k |ks|− 2 .
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3

Approximation space
Using the representation (2) we can now design an
appropriate approximation space VN,k to represent
 

1
∂u
ϕ(s) :=
(x(s)) − Ψ (x(s)) , s ∈ Γ̃.
k
∂n
The function ϕ, which we seek to approximate,
can be thought of as the scaled difference between
[∂u/∂n] and its “Physical Optics” approximation Ψ,
with the 1/k scaling ensuring that ϕ is nondimensional. As alluded to earlier, instead of approximating ϕ directly by conventional piecewise polynomials
we instead use the representation (2) with vj+ and vj−
replaced by piecewise polynomials (of order p) supported on overlapping geometric meshes (each with n
layers) on each interval (s2j−1 , s2j ), graded towards
the singularities at s = s2j−1 and s = s2j respectively. This leads to an identical approximation space
on each interval to that used on each side of a convex
polygon in [3]. For full details we refer to [2], where
the following best approximation result is shown.
Theorem 3.1 Let n and p satisfy n ≥ cp for some
constant c > 0 and suppose that k ≥ k0 > 0. Then
there exist constants C, τ > 0, dependent only on ni ,
k0 , c and minm=1,...,2ni −1 {sm+1 − sm }, such that
inf kϕ − vk

v∈VN,k

−1
H̃k 2

(Γ̃)

≤ Ck 1/2 L3/2 e−pτ .

Whereas our estimates for classes
e.g., [1], [3]) hold in L2 , here we
appropriate Sobolev spaces. For a
of the k-dependent norm k · k − 21
H̃k

of polygons (see,
need to work in
precise definition
, we refer to [2].

(Γ̃)

4

Galerkin method
Having designed an appropriate approximation
space VN,k , we use a Galerkin method to select an
element so as to efficiently approximate ϕ. That is,
we seek ϕN ∈ VN,k such that

1 i
u − Sk Ψ, v Γ , ∀v ∈ VN,k , (3)
k
where the duality pairings in (3) can be evaluated
simply as L2 inner products. The following error
estimate is proved in [2].
hSk ϕN , viΓ =

Theorem 4.1 If the assumptions of Theorem 3.1
hold, then there exist constants C, τ > 0, dependent
only on ni , k0 , c and minm=1,...,2ni −1 {sm+1 − sm },
such that
kϕ − ϕN kH̃ −1/2 (Γ̃) ≤ CkL2 e−pτ .
k
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5

Numerical results
We now present numerical √
results √
for the solution of (3). We take d = (1/ 2, −1/ 2), ni = 1,
and L = 2π. We take the same number of layers
n = 2(p + 1) on each graded mesh, giving a total
number of degrees of freedom N = 4(p + 1)2 . Since
N depends only on p, we write ψp (s) := ϕN (s). In
Figure 1 we plot on a logarithmic scale the relative
L1 errors kψ6 − ψp kL1 (Γ̃) / kψ6 kL1 (Γ̃) (used for simplicity of computation) against p for a range of k.
The linear plots demonstrate exponential decay as

Figure 1:

Convergence results

the polynomial degree, p, increases, as we might expect from Theorem 4.1. For fixed p, the relative error
increases only very slowly as k increases. For further
numerical results, see [2], [4].
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Abstract
We consider the problem of time-harmonic scattering of waves by a flat convex plate. The total
diffracted field can be expressed in terms of the solution of an integral equation [1]. This does, in fact,
constitute a novel formulation of the scattering problem, not restricted to high frequency ranges. We shall
present an exploration of this integral equation formulation and the advantages and disadvantages it
poses for numerical computations.
Introduction
Consider the time-harmonic scattering of scalar
spherical and plane waves, ui , by a flat convex plate,
D, subject to a Neumann boundary condition. Letting us denote the scattered wave, it satisfies an equation
∆us + k 2 us = 0 R3 \D
(1)
∂us ∂ui
+
=0
∂n
∂n

on ∂D,

in addition to a radiation condition, which ensures
that the scattered field is outgoing. Solving the PDE
as posed in (1) is one option for solving this problem.
This involves truncating the unbounded space somehow, which is why a BEM method might be favoured,
where one solves an integral equation on ∂D [2]. This
is thus a second option for solving this problem. In
high frequency ranges, k  0, the solution us as well
as surface fields are oscillatory, and CPU time goes
up dramatically; the number of unknown needed to
represent the solution is at least O(k 3 ) for PDE methods and O(k 2 ) for BEM. In this case, asymptotics,
such as geometrical optics, GTD, UTD etc., [3], are
favoured. However, the usefulness of asymptotics is
limited in intermediate frequency ranges, since only
limited accuracy can be attained with such methods.
An alternative is hybrid methods: Combining
asymptotics and numerics has come a long way in reducing the work and storage load to something closer
to O(1). An extensive review of such efforts is presented in a recent survey paper in Acta Numerica

[5]. We particularly note pp. 264–269 in [5], where a
problem of the type (1) is treated.
The topic of this work is an exploration of a third
option, which is particularly well suited for the given
problem, Eq. (1). In a recent work by the authors,
[1], it has been shown that the total diffracted field
from such a scattering setup can be expressed in
terms of an integral equation for an unknown edge
source density. However, this integral equation is of
a non-standard form, and there is potential to solve it
in efficient ways, especially for intermediate frequencies. As such this formulation can be useful for bridging the gap between asymptotics and FEM/BEM.
1

Edge source integral equation
Taking the view of geometric optics, we can decompose the total field in terms of direct, reflected
and diffracted components,
ui + us = udir. + urefl. + udiff. .
Computing the direct and reflected components is
straightforward. Note that udir. and urefl. are discontinuous fields, and by the continuity of the total field
udiff. is discontinuous as well. Computing a first or(1)
der diffracted field, udiff. , in terms of edge diffraction
has been demonstrated in [4]. Letting xS denote the
source position, and xR the receiver position, we have
Z ik|xS −z| ik|xR −z|
e
e
(1)
udiff. (xR ) =
Ω(xR , z, xS )dsz ,
|x
−
z|
|xR − z|
S
Γ
(2)
where Γ denotes the edge of D. The function Ω is
a function which only depends on the sender and receiver direction, relative to an edge point z. For a
given edge point z denote by θR and θS the angle
of the directions to xR and xS from z with respect
to the plate plane, measured from a reference side.
Likewise φR and φS the angles with respect to the
edge tangent at z. Then
Ω(xR , z, xS )

=

R
)
γ X cos( θS ±θ
2
−
,
R
2π ± γ 2 − sin( θS ±θ
)
2
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where
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R
cos( φS −φ
)
2
γ=√
.
sin φS sin φR

In [1] it is shown that the sum of all higher order
diffracted components can be written in terms of a
directional monopole density q : Γ × Γ → C, which
solves the integral equation,
q(z1 , z2 ) = q0 (z1 , z2 )+
Z
eik|z2 −z|
q(z2 , z)
Ω(z1 , z2 , z)dsz , (3)
|z2 − z|
Γ
where now q0 represents the first order diffracted
field, and Ω is evaluated in the plane, and thus simplifies,
√
1 cos φS cos φR
Ω(zR , z, zS ) = −
.
π cos( φS −φR )
2
Under an assumption that all diffraction can be expressed in terms of type (2) and higher order rediffractions of these, an assumption that appears to
hold in the current setting, the total diffracted field
is given as
udiff. (xR ) =

u1diff. (xR )

+

eik|xR −z1 |
|xR − z1 |
2

ZZ

q(z1 , z2 )
Γ×Γ

eik|z1 −z2 |
|z1 − z2 |

Ω(xR , z1 , z2 )dsz1 dsz2 . (4)

Numerical considerations
The numerical advantage of using this formulation is two-fold. First, the integral equation (3) is
not expressed with a global operator, unlike in the
Kirchhoff-Helmholtz integral equation. In practical
terms, this means that a discretisation of (3) can be
sparse. Secondly, the unknown q is non-oscillatory
in terms of its first argument – this can be realised
by studying (3), given that q0 is non-oscillatory in
terms of its first argument. This should mean that
the number of unknowns needed to represent the solution is only O(k). A disadvantage is that the fields
we are computing are discontinuous, and thus need
special numerical treatment.
Initial numerical tests confirm these observations.
Brute-force computing does show that the discontinuity of the geometrical optics fields are canceled by
the diffracted field, providing a qualitatively correct
field, see Fig. 1.

Figure 1: Computed field from the scattering of a
field from a point-source at z = 3, k = 10,
impinging on an ellipse in the xy-plane with
semi-axes of length 1 and 3.
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Abstract
The computation of highly oscillatory integrals has
enjoyed renewed interest in the last years, fueled by
new applications such as high frequency scattering
problems (see [1] and references therein).
We show how to approximate efficiently such integrals by combining: (a) non-linear changes of variable to rewrite the oscillations in a simpler way; (b)
Filon-Clenshaw-Curtis rules for approximating these
new integrals; and (c) graded meshes for an adequate
treatment of the singularities in the integrand.
We prove that the use of these techniques gives
rise to a simple, efficient and robust method. In
fact, the rule converges very fast for non-, mildly and
highly oscillatory integrals. Furthermore, we show
that the error decreases, for fixed number of quadrature nodes, as the oscillations become stronger.
1

Introduction
This work is devoted to showing an efficient way
to approximate
Z b
[a,b]
f (x) exp(ikψ(x)) dx
Ik (f, ψ) :=
a

with ψ and f smooth except possibly at a where f
is allowed to have an integrable singularity and ψ
is allowed to have a stationary point.The methods
extend in an obvious way to the case where singularities or stationary points may appear (not necessarily
at the same place) in the interior of (a, b). Without
loss of generality, we will assume that ψ 0 (x) > 0 for
x ∈ (a, b] and that k > 0.
Such integrals appear in many areas of numerical
analysis. For instance, we can find them in boundary element methods for scattering problems where
k > 0 is the wave-number and (in 2D) f may have a
logarithmic singularity. In high frequency problems
where k  1, the integrand becomes strongly oscillating so that the use of classical quadrature rules is
prohibitively expensive.
Clearly, the phase function ψ governs greatly the
behavior of the integral. We will show first how the
problem can be reduced to a simpler one, namely

with a linear oscillator ψ(x) = x via a non-linear
change of variables. If a is stationary point, i.e. if
ψ 0 (a) = 0, this change of variables adds a new singularity to the non-oscillatory part of the transformed
integrand. One of the contributions of this paper is
a characterization of this singularity.
For the linear oscillator we present a modified
Clenshaw-Curtis rule for which we derive convergence rates in terms of k, the number of nodes N
and the regularity of f . For smooth functions f the
rule is robust, converges superalgebraically respect
N and both the absolute and relative error decrease,
for fixed N , as k → ∞. If f is singular at a, either
because so was the original function or due to the
existence of a stationary point in the phase function
ψ, we must consider instead compound rules which
give in this context better results. Thus, we show
how to construct graded meshes to restore the very
good convergence properties fulfilled in the smooth
case.
2

General oscillator
Clearly, in the notation introduced before,
[a,b]

Ik

[ψ(a),ψ(b)]

(f, ψ) = Ik

(g, x)

−1
where g := (f ◦ ψ −1 ) ψ 0 ◦ ψ −1
. Obviously if
ψ 0 (a) 6= 0, then f and g enjoy the same regularity
properties. Otherwise, if a is a stationary point of
order n, i.e. ψ (j) (a) = 0 for j = 0, . . . , n, we face a
very different situation.
To explore properly the smoothness of the new
function g we introduce for β ∈ (−1, 1)\{0} and
m ≥ 1, the Banach space Cβm [a, b] endowed with the
norm,
n
(x − a)−β
kf km,β,[a,b] := max
f
,
1 + (x − a)−β L∞
(a,b)
o
k(x − a)j−β f (j) kL∞
,
j
=
1,
.
.
.
,
m
.(1)
(a,b)

Clearly, if f ∈ Cβ [a, b], then when β < 0, f can blow
up at a whereas for β > 0, its derivatives may blow
up. The definition can be extended in an obvious
way to allow log singularities for β = 0 [3].
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Theorem 1 ([3]) Under the notations and hypotheses stated above, if a is a stationary point of order
n and f ∈ C m [a, b] then g ∈ Cβm [ψ(a), ψ(b)] with
β = −1/(n + 1).
The computation of g is feasible in practice, since
ψ −1 could be efficiently computed by using secanttype solvers as the Dekker’s method.
Linear oscillator
In view of the previous result, we can concentrate
our attention to the case of linear oscillators

3.2 Compound rules for singular functions f
For M a positive integer we will consider the mesh
q
M
{xj }M
j=0 := {a + (j/M ) (b − a)}j=0 . In these meshes,
first proposed in [4], the parameter q > 1 controls
the refinement of the grid at a. For fixed N ≥ 2,
consider then the composite rule
[a,b]

:=

[a,b]
Ik (f, x)

=

Z

b

f (x) exp(ikx) dx.

a

3.1 Simple Clenshaw-Curtis rules
For N ≥ 0, we define the “product” or “modified
Clenshaw-Curtis” quadrature rule
[a,b]
Ik,N (f )

:=

Z

a

b

QN f (x) exp(ikx) dx

where
PN 3 QN f s.t. QN f (sj ) = f (sj ),

j = 0, . . . , N,

with sj := (a + b)/2 + ((b − a)/2) cos(jπ/N ). That is,
QN f interpolates f at Chebyshev nodes. Implementation of this rule requires the integration of exp(ikx)
against a suitable polynomial basis - this can be done
efficiently and stably for all N and k [2].
Theorem 2 ([3]) Let r ∈ [0, 2] and 0 ≤ m ≤ N + 1.
There exists constants σm,N independent of f so that
[a,b]

|Ik

[a,b]

(f ) − Ik,N (f )|

≤ σm,N k −r N −m+ρ(r) (b − a)m+1−r kf (m) kL∞ (a,b)

where ρ(r) = r, if r ∈ [0, 1] and ρ(r) = 7r/2 − 5/2.
It turns out that σm,N → Cm < ∞ for fixed m as
N → ∞, and so this result implies superalgebraic
convergence with respect to N . Actually, for fixed
N , both, the absolute and relative error (the integral
can be proved to be O(k −1 )), decrease as k → ∞. If
the rule is going to be applied in a composite manner,
the key point is the power (b − a) appearing in the
estimate. This is exploited in next section.

[a,x1 ]

Ik,M,N (f ) := Iek

3

[a,b]
Ik (f )
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[a,x ]

(f ) +

M
−1
X

[x ,xj+1 ]

j
Ik,N

(f ) ,

j=1

[a,x1 ]

where Iek 1 (f ) = 0 for β ∈ (−1, 0), and Iek
[a,x ]
Ik,2 1 (f ), a two-point rule, for β ∈ (0, 1).

(f ) =

Theorem 3 ([3]) Let f ∈ CβN +1 [a, b] with β ∈
(−1, 1) \ {0}. Then for r ∈ [0, 1 + β), and q >
(N +1−r)/(β +1−r) there exists C > 0 independent
of f so that
[a,b]

[a,b]

|Ik,M,N (f )−Ik

(f )| ≤ Ck −r M −N −1+r kf kN +1,β,[a,b] .

Remark 4 As mentioned above, functions with logarithmic singularities can be accommodated as the case
β = 0, with an appropriate definition of CN +1,0,[a,b] .
In this case we can show that for r ∈ [0, 1) and
q > (N + 1 − r)/(1 − r)
[a,b]

[a,b]

|Ik,M,N (f ) − Ik
≤ C(k

−1

(f )|

log k)r M −N −1+r (log M ) kf kN +1,0,[a,b] .

References
[1] S. N. Chandler-Wilde, I. G. Graham, S. Langdon
and E. A. Spence. Numerical-asymptotic boundary integral methods in high frequency acoustic
scattering. Acta Numerica, 21, 89-305, 2012.
[2] V. Domı́nguez, I.G. Graham, V.P. Smyshlaev. Stability and error estimates for FilonClenshaw-Curtis rules for highly-oscillatory integrals. IMA Journal of Numerical Analysis 31
(2011), 1253-1280.
[3] V. Domı́nguez, I.G. Graham, T. Kim. FilonClenshaw-Curtis rules for highly-oscillatory integrals with algebraic singularities and stationary points. Submitted
[4] J. R. Rice. On the degree of convergence of nonlinear spline approximations, in Approximations
with Special Emphasis on Spline functions, (I.
J. Schoenburg, Ed.) Academic Press, New York,
1969.

327

WAVES 2013

Hybrid numerical-asymptotic approximation of high frequency scattering
by penetrable convex polygons

1

S. P. Groth1,∗ , D. P. Hewett1 , S. Langdon1
Department of Mathematics and Statistics, University of Reading, Reading, UK.
∗ Email: s.groth@pgr.reading.ac.uk

Abstract
We consider time-harmonic scattering by penetrable convex polygons. Standard numerical methods
for such problems become prohibitively expensive in
the high frequency regime. High frequency asymptotic methods, on the other hand, are non-convergent
and may be insufficiently accurate at low to medium
frequencies. Here, we describe a beam tracing algorithm that calculates the leading order high frequency asymptotics and we present an ansatz for
the oscillatory remaining terms which represent the
diffracted field. We demonstrate that including oscillatory basis functions in the approximation space
enables an accurate approximation of the solution on
the boundary of the scatterer with a cost independent
of frequency.
Introduction
We consider the two-dimensional problem of scattering of a time-harmonic wave by a penetrable convex polygon, Ω. We wish to determine the total field
u1 in the exterior domain D and the total field u2
within the polygon such that
∆u1 + k12 u1 = 0,

in D,

(1)

∆u2 + k22 u2 = 0, in Ω,
(2)
∂u1
∂u2
u1 = u2 and
=
on ∂Ω, (3)
∂n
∂n
where k1 , k2 are the exterior and interior wavenumbers, respectively. An example solution for Ω an equilateral triangle is shown in Figure 1.
This problem arises in numerous areas of physical interest in which the relative size of the particle
to the wavelength can vary between one and thousands. Conventional numerical methods using piecewise polynomial approximation spaces suffer from the
limitation that a fixed number of degrees of freedom
is required per wavelength in order to represent the
oscillatory solution. This leads to prohibitive computational expense when the size of the scatterer is
large relative to the wavelength.
Much work has been done on developing Hybrid
Numerical-Asymptotic (HNA) methods (see [1] and

Figure 1: Scattering by a highly absorbing
penetrable equilateral triangle.
the references therein) which overcome this limitation by approximating the solution, u, in a Boundary
Element Method (BEM) framework using an ansatz
of the form
u(x, k) ≈ ugo (x, k)+

M
X

m=1

vm (x, k) exp(ikψm (x)), x ∈ ∂Ω.

(4)
In this representation, ugo is the known leading order
high frequency asymptotics, namely the Geometrical
Optics (GO), the phases ψm are chosen a priori using
knowledge of the high frequency asymptotics and the
amplitudes vm are approximated numerically. The
expectation is that if ugo is calculated correctly and
ψm are chosen wisely, the amplitudes vm will be much
less oscillatory than u and so can be efficiently approximated by piecewise polynomials.
To date, the HNA approach has been applied solely
to problems of scattering by impenetrable scatterers. The main difficulty in the generalisation of the
HNA method to the penetrable case is that the high
frequency asymptotic behaviour is much more complicated than in the impenetrable case. In particular, the diffracted waves are reflected infinitely many
times within the scatterer, so there are infinitely
many phases ψm in (4). This complicates the development of our ansatz because, to create a viable
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method, we must choose a finite number of these
phases.
In this paper, we briefly describe a Beam Tracing Algorithm (BTA) for determining ugo and then
go on to make a sensible choice of ψm in the ansatz
(4). This involves truncating the infinite series of
diffracted terms. To do this, we begin by examining
highly absorbing scatterers for which relatively few
terms are required and then investigate how to include additional terms as the absorption is reduced.
Beam Tracing Algorithm
The GO term, ugo , in (4) is calculated using a
BTA. Consider the hexagon in Figure 2 illuminated
from the top left by a plane wave ui . This wave
strikes 3 sides, from each side part of the wave is reflected and part is transmitted into the hexagon, as
depicted in Figures 2a, 2b, 2c, obeying Snell’s laws
of reflection and refraction and the Fresnel formulae.
The transmitted portions or ‘beams’ go on to strike
further interfaces giving rise to more beams as shown
in Figures 2d, 2e, 2f. This process continues indefintely, however we terminate it when the amplitudes or
the beams reflected back into the shape are smaller
than a user defined tolerance.

(a) Beams arising (b) Beams arising (c) Beams arising
from ui .
from ui .
from ui .

(d) Beams arising
from transmitted
beam in (a).

Figure 2:

(e) Beams arising
from transmitted
beam in (b).

(f) Beams arising
from transmitted
beam in (c).

Beam tracing in a hexagon

Ansatz for highly absorbing scatterers
For large absorption we anticipate that the influence of diffraction on each side is only due to adjacent
corners, so a sensible ansatz for the solution on one
side is
u ≈ ugo +v1+ eik1 s +v2+ eik2 s +v1− e−ik1 s +v2− e−ik2 s , (5)
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where v1+ , v2+ , v1− , v2− are slowly varying amplitudes
to be approximated using piecewise polynomials on
overlapping graded meshes as shown in Figure 3. In

P2

s

v1+ eik1 s , v2+ eik2 s
v1− e−ik1 s , v2− e−ik2 s
P1

Figure 3: Approximate v1+ , v2+ , v1− , v2− by
piecewise polynomials on overlapping meshes,
graded towards the corners.
order to demonstrate the suitability of this ansatz,
we perform a least squares fit of (5) to a reference
solution, u, obtained using a standard BEM. This is
done at varying frequencies and the error examined.
Table 1 shows how the error in the best fit U compares to the error in using the GO alone. We see a
significant improvement over GO using a small, fixed
number (168) of degrees of freedom.
k

||u−ugo ||
||u||

||u−U ||
||u||

5
1.88 × 10−1 1.66 × 10−2
10
1.37 × 10−1 1.03 × 10−2
20
1.00 × 10−1 8.41 × 10−4
40
7.25 × 10−2 2.23 × 10−4
80
5.19 × 10−2 2.58 × 10−4
160 3.69 × 10−2 2.31 × 10−4
Table 1: Best fit and GO errors for a highly absorbing
triangle.

Reducing absorption
Reducing the scatterer’s absorption causes the influence of diffraction from non-adjacent corners to become significant so we add terms of the form eik1 rj to
the ansatz (5), where rj is the distance from the nonadjacent corner Pj . With these additions, we show
that an accuracy similar to that in Table 1 can be
achieved for absorptions down to 0.0125i. In fact, in
the far-field, better than 1% accuracy can be achieved
for all levels of absorption.
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Abstract
In the context of time harmonic wave equation, we
are interested in the computation of the scattered
field by a small obstacle. The result of a high performance direct numerical simulation is compared to
an approximate solution derived by the method of
matched asymptotic expansions.
Introduction
In the context of acoustic imaging, it is rather difficult to observe heterogeneities with characteristic
length smaller than the wave length emitted by the
scanner. However, it is possible to detect small heterogeneities in homogeneous media by using high performance computing. In this work, we will propose a
way to compute the field scattered by a small obstacle
with low computation burden based on the matched
asymptotic expansions.

equipped with the Dirichlet boundary condition :
uε (x, t) = 0,

x ∈ ∂Ωε , t > 0

(4)

and homogeneous initial conditions :
uε (x, 0) = 0,

∂t uε (x, 0) = 0.

(5)

Remark. For the sake of simplicity we have assumed
that the wave speed is equal to 1.
2 Matching of asymptotic expansions
The matching of asymptotic expansions [1] is an
asymptotic domain decomposition method with overlapping. It consists in representing the solution with
a far-field expansion far away from the obstacle and
a near-field expansion near the obstacle. These two
expansions are matched in a transition zone with the
so-called Van Dyke matching conditions. This approach is equivalent [3] to the corrector method [2].

1 The considered problem
1.1 Domain definition
Let us consider a small obstacle Bε equipped with
Dirichlet boundary conditions :
n
x y z 
o
Bε = εB̂ = (x, y, z) :
∈ B̂ ,
(1)
, ,
ε ε ε

2.1 The far-field expansion
The far-field expansion is defined on the far-field domain Ω∗ = R3 \ {0} consisting of the limit of Ωε for
ε varying to 0. It takes the form of a Taylor series :

with B̂ a reference shape and ∂Bε = ε∂ B̂ its boundary. The propagation domain Ωε consists of the exterior to the obstacle Bε :

The first term of this expansion u0 : R3 −→ R is the
limit of uε for ε varying to 0. It is a regular solution
over all R3 of the time-domain wave equation :

Ωε = R3 \Bε .

(2)

1.2 The system of partial differential equations

We denote by f ∈ D R3 × R+ a source term satisfying : there exists ε0 > 0 such that
f (x, t) = 0,

for kxk < ε0 and t ≥ 0.

(3)

Let us consider the solution of the 3D time-domain
wave equation :
∂ 2 uε
(x, t) − ∆uε (x, t) = f (x, t),
∂t2

x ∈ Ωε , t ≥ 0,

uε,I (x, t) =

I
X

ui (x, t)εi .

(6)

i=0

∂ 2 u0
(x, t) − ∆u0 (x, t) = f (x, t),
∂t2

x ∈ R3 , t > 0,

equipped with the initial conditions :
u0 (x, 0) = 0,

∂t u0 (x, 0) = 0,

x ∈ R3 .

(7)

The next coefficients ui : Ω∗ −→ R of this expansion
are solutions of the homogeneous time-domain wave
equation :
 2
 ∂ ui
(x, t) − ∆ui (x, t) = 0,
x ∈ Ω∗ , t > 0,
∂t2

ui (x, 0) = 0, ∂t ui (x, 0) = 0,
x ∈ Ω∗ ,
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which are singular in the neighbourhood of x = 0.
This power series aims at approximating the solution
uε at fixed x 6= 0 :
uε (x, t) − uε,I (x, t) = O (εI+1 ).

(8)

ε→0

2.2 The near-field expansion
b consists in the normalization
The near-field domain Ω
of the original domain Ωε :

b = Ωε = (X, Y, Z) ∈ R3 : εX, εY, εZ ∈ Ωε
Ω
ε

(9)

Ui (X, t)εi ,

We compare the second order far-field expansion
given in section (2.3) to a direct numerical approximation of uε achieved with an Interior Penalty Discontinuous Galerkin Method (IPDG) associated to
a second order BGT absorbing boundary condition
and to a local space-time mesh refinement [4]. Numerically, we observe that at point A = (0, 0.5, 0),
the relative error defined by :
eεrel =

uε (A, t) − uε,2 (A, t)
max |uε (A, t)|
t

(13)

is lower than 6%.

The near-field expansion takes the form :
+∞
X
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(10)

i=0

which aims at approximating Uε (X, t) = uε (εX, t)
b The coefficients of the near field
at fixed X ∈ Ω.
expansion satisfy the hierarchical Laplace equation :
∆Ui (X, t) = ∂t2 Ui−2 (X, t),

b t > 0,
X ∈ Ω,

(11)

equipped with the Dirichlet boundary condition :
Ui (X, t) = 0,

b
X ∈ ∂ Ω,

(12)

where we have used the convention Ui ≡ 0 for i < 0.

Figure 1: Comparison between the direct
numerical computation of uε (left) and its far-field
expansion (right)
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tant des fentes Thèse de l’Université de Versource term consists in a Rickert localized at point
sailles, 2004.
S = (0, 0.3, 0.3).

333

WAVES 2013

Perturbation of transmission eigenvalues due to small inhomogeneities in the media

2

F. Cakoni1 and S. Moskow2,∗
1 Department of Mathematical Sciences, University of Delaware, Newark, Delaware 19716, USA.
Department of Mathematics, Drexel University, 3141 Chestnut Street, Philadelphia, PA 19104, USA.
∗ Email: moskow@math.drexel.edu

Abstract
The transmission eigenvalue problem is a new class
of eigenvalue problems that have recently appeared
in inverse scattering theory for inhomogeneous media. Such eigenvalues provide information about material properties of the scattering media [3] and can
be determined from scattering data [2]. Hence they
can play an important role in a variety of inverse
problems in target identification and nondestructive
testing. The transmission eigenvalue problem is nonselfadjoint and nonlinear, which makes its mathematical investigation interesting and challenging. In
this work we investigate how transmission eigenvalues corresponding to a given inhomogeneous medium
are perturbed if small volume inhomogeneities are introduced in this medium. Our analysis is based on
the asymptotic techniques developed in in [1] and
[4], here applied to a fourth order inhomogeneous biLaplacian type equation.
Formulation of the problem
We consider an inhomogeneous medium with support D ⊂ Rd , d = 2, 3, which is a bounded connected
region with smooth boundary ∂D and outward unit
normal ν. Let n0 (x) ∈ C 2 (D) be the refractive
index of this medium such that n0 (x) ≥ n0 > 0.
Furthermore we assume that inside D there are m
small subregions Bi ⊂ D, i = 1 . . . m where each
Bi ⊂ Rd is a bounded connected reference domain
which is a smooth deformation of a ball centered at
zi ∈ D, andS > 0 is a small parameter. We denote W := m
i=1 Bi . In each small subregion we
consider a real valued function ni , i = 1 . . . m where
again ni ∈ C 2 (Bi ) is such that ni (x) ≥ ni > 0 and
ni (x) 6= n0 (x) for x ∈ Bi . The refractive index of
the medium with inhomogeneities is n where

n (x) :=



The transmission eigenvalues associated with the
scattering by the medium D with small inhomogeneities W situated in a homogeneous background
with refractive index n = 1 are the values of k for
which the interior transmission problem
∆v + k 2 v = 0
∆w +

k2 n

 (x)w

w=v
∂w
∂v
=
∂ν
∂ν

=0

in D

(1)

in D

(2)

on ∂D

(3)

on ∂D

(4)

has a nontrivial solution v ∈ L2 (D), w ∈ L2 (D) such
that w − v ∈ H 2 (D). It is well-known that an infinite
set of real transmission eigenvalues exist provided
that either n (x)−1 ≥ α > 0 or 0 < β ≤ 1−n (x) < 1
[3]. Since the transmission eigenvalue problem is nonselfadjoint, complex eigenvalues may exist, but their
existence to date has been proven only for the spherically stratified media. Note that transmission eigenvalues are related to non-scattering wave numbers
associated with the medium n (x). It is known that
(1)-(4) is equivalent to the eigenvalue problem for
u = w − v ∈ H02 (D) satisfying the fourth order equation
 1

∆ + k 2 n
∆ + k2 u = 0
(5)
n − 1
which in variational form, after integration by parts,
is formulated as finding a function u ∈ H02 (D) such
that for all v ∈ H02 (D)
Z
1
(∆u + k 2 u)(∆v + k 2 n v) dx = 0.
n − 1
D

Setting k 2 := τ , the latter can be written in the operator form
A u + τ B u + τ 2 C u = 0

n0 (x) x ∈ D \ W
ni (x)
x ∈ Bi .

Figure 1: Dark red regions indicate small
inhomogeneities Bi inside the square medium D.

where A , B , C : H02 (D) → H02 (D) are defined by
mean of the Riesz representation theorem
Z
1
(A u, v)H 2 (D) =
∆u ∆v dx,
D n − 1

F IORALBA C AKONI AND S HARI M OSKOW

Z

1
(∆u v + n u ∆v) dx,
D n − 1
Z
n
(C u, v)H 2 (D) =
u v dx.
n
D −1

(B u, v)H 2 (D) =

The above quadratic eigenvalue problem can be
rewritten as an eigenvalue problem for the nonselfadjoint compact operator K : H02 (D)×H02 (D) →
H02 (D) × H02 (D) given by
1/2

K :=

−A−1
−A−1
 B
 C
1/2
C
0

!

.

Our main goal is to show that as  → 0 the spectrum
of the operator K (i.e. transmission eigenvalues and
eigenvectors corresponding to the medium with small
inhomogeneities) converges to the spectrum of K0
(i.e. to the transmission eigenvalues corresponding
to the reference medium without inhomogeneity, i.e.
with refractive index n0 ). Furthermore we provide
explicit formulas for the main term in the related
asymptotic expansion and in particular for the transmission eigenvalues which can potentially be used to
obtain information about small inhomogeneities.
1

Convergence analysis and asymptotical
formulas
First, analyzing each term of the matrix valued
operator K and K0 , we show that
K → K0 ,

as  → 0

in the operator norm. Furthermore, assuming for
simplicity of presentation that n0 and ni are constants, we obtain
T the following asymptotic formulas:
if u, φ ∈ H02 (D) C 2 (D) then
((B − B0 )u, φ) =


N
X
1
1
d
 |Bj |
−
∆u(zj )φ(zj )
nj − 1 n0 − 1
j=1



nj
n0
+
−
u(zj )∆φ(zj ) + o(d ),
nj − 1 n0 − 1

((C − C0 )u, φ) =


N
X
nj
n0
d
 |Bj |
−
u(zj )φ(zj ) + o(d ),
nj − 1 n0 − 1
j=1
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−1
and if w = A−1
 u and w0 = A0 u,


N
X
n0 − 1
d
mj ∆w0 (zj )∆φ(zj )
(w − w0 , φ) =
 1−
nj − 1
j=1

mj = |Bj | +



+o(d )
where
Z
∂vBj
1
1
dσy
−
n0 − 1 nj − 1
∂Bj ∂νy

acts in place of what was a polarization tensor in the
case of small volume conductivity inhomogeneities
[1], [4]. Note that here we no longer have a tensor,
but we have a scalar mj with a form similar to the
polarization tensor. Finally, combining all the above
and applying an important theorem by Osborn in
[5], we obtain asymptotic formulas for transmission
eigenvalues. In particular, for a simple real transmission eigenvalue this formula takes the form:


N
X
1 1
1 + n0 1 + nj
d
−
∆u(zj )u(zj )
− =
 |Bj |
τ τ0
n0 − 1 nj − 1
j=1

1
+
τ0

N
X
j=1

d





1
1
−
n0 − 1 nj − 1



mj |∆u(zj )|2 +o(d ),

where u is the eigenfunction corresponding to τ0 .
Similar expressions can be obtained for multiple
eigenvalues as well as complex eigenvalues.
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Introduction
This research is developed in the context of the numerical modelling of non-destructive testing experiments by ultrasounds. Some slowly varying background media may be disturbed by small heterogeneities presenting a strong contrast of physical parameters (for instance gravels inside concrete). Simulating the propagation of waves inside such medium
is challenging for classical numerical tools, due to
the small size of the heterogeneities. In figure 1, we
present a result of a numerical simulation obtained
with a full discretization including the use of local
mesh refinement and local time stepping around each
small heterogeneity. To reduce complexity and computational cost, we aim at proposing an approximate
model ’easier’ to solve than the original one.

Remark. It would not be difficult to generalize what
follows to a fixed (maybe large) number of inclusions,
namely if
J
X
ρδ = ρ (1 +
aj χδj ).
j=1

2

A numerical approach
Our approach is inspired by the Born approximation method which consists in seeing the ”medium”
ρδ as a perturbation of the medium ρ and rewriting:
ρ ∂t2 uδ − ∆uδ = f − a ρ χδ ∂t2 uδ .
In the spirit of [2], we reintroduce the second source
term as an additional unknown : v δ = λ χδ uδ where
λ 6= 0 is a real parameter whose interest will appear
later, and to rewrite (Pδ ) as a system:
Find (u, v) : t → (u(t), v(t)) ∈ U × Vδ

ρa

 ρ ∂t2 uδ − ∆uδ + ∂t2 v δ = f,


λ

(P̃δ )
ρ v δ = λ χδ ρ uδ ,




 uδ (x, 0) = ∂ uδ (x, 0) = 0,
t

Figure 1: Snapshot of an acoustic plane wave
scattered by many small obstacles.
1 A model problem
We consider the diffraction of an acoustic wave by
a small inclusion in Rd , d ≤ 3, Bδ := δB where B is
a reference domain of diameter 1 and δ > 0 is small.
For simplicity, we will only consider a variation of
the density ρ > 0 ∈ L∞ (R) of the reference medium:
find uδ : t → uδ (t) ∈ U := H 1 (Rd ) such that
(Pδ )


 ρδ ∂t2 uδ − ∆uδ = f,

 uδ (x, 0) = ∂ uδ (x, 0) = 0,
t

x ∈ Rd , t ∈ R+ ,
x ∈ Rd ,

where ρδ = ρ (1 + aχδ ), a 6= 0, a > −1, (so that
ρδ > 0) and χδ is the indicator function of Bδ .

such that
x ∈ Rd , t ∈ R+ ,
x ∈ Bδ , t ∈ R+ ,
x ∈ Rd .

with variational formulation
 2
a d2

δ
 d m(uδ , u
e
)
+
a(u
,
u
e
)
+
b(v δ , u
e) = L(e
u)
2
2
dt
λ
dt
(V F )

 δ δ δ
m (v , ve ) = λ b(e
v δ , uδ )
for all (e
u, veδ ) ∈ U × Vδ . The bilinear forms are given
by (we omit the obvious definition of L(·))

Z


m(u,
u
e
)
=
ρ uu
e dx,
∀(u, u
e) ∈ U 2 ,



d
R


Z





a(u, u
e) =
∇u · ∇e
u dx,
∀(u, u
e) ∈ U 2 ,


Rd
Z

δ δ δ

m (v , ve ) =
ρ v δ veδ dx, ∀ (v δ , veδ ) ∈ Vδ2 ,



B
δ


Z



δ

b(v , u) =
ρ v δ u dx,
∀ (v δ , u) ∈ Vδ × U.



Bδ
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To simplify the problem, the idea is that, when δ
is small, v δ should be accurately represented by replacing the space Vδ by a finite dimensional subspace
(still denoted Vδ for simplicity):

Vδ = span wj (·/δ) ], with wj : B −→ R
j=1,...,N

This relies on an asymptotic analysis which moreover provides a characterization of the wj ’s. Doing
so we get a family of approximate problem where the
unknown v δ is ”finite-dimensional”. An important
point is the stability in δ of these approximate problems. We get it by an energy approach that will lead
d δ
us to fix λ. Choosing u
e = dt
u =: u̇δ in the first
equation of (V F ) leads to
 a
1d 
m(u̇δ , u̇δ ) + a(uδ , uδ ) + b(v̈ δ , u̇δ ) = 0. (1)
2 dt
λ
Next, we differentiate once in time the second equation of (V F ) and choose ve = v̈ δ to get
1d δ δ δ
m (v̇ , v̇ ) − λ b(v̈ δ , u̇δ ) = 0.
2 dt

(2)

Adding (1) and (2) leads to

1d 
m(u̇δ , u̇δ ) + mδ (v̇ δ , v̇ δ ) + a(uδ , uδ )
2 dt
(3)

a
δ δ
+
− λ b(v̈ , u̇ ) = 0.
λ
Finally, we differentiate twice in time the second
equation of (V F ) and choose ve = v̇ δ to obtain

1d
m(v̇ δ , v̇ δ ) = λ b(v̈ δ , u̇δ ), by (2).
2 dt

d  δ 1
Therefore, (2) gives
Ec + a(uδ , uδ ) = 0 where
dt
2



Ecδ = 12 m(u̇δ , u̇δ ) + mδ (v̇ δ , v̇ δ ) + λa − λ b(v̇ δ , u̇δ )
Z



1
a
=
ρ |∂t uδ |2 + |∂t v δ |2 +
− λ ∂t uδ ∂t v δ
2 Rd
λ
λ b(v̇ δ , üδ ) =

Choosing λ such that a/λ −Rλ = 2 (which is possible
since a ≥ −1) gives Ecδ = 12 Rd ρ |∂t uδ + ∂t v δ |2 . This
provides uniform estimates with respect to δ of uδ .
For space discretization, we simply approximate the
space U with classical finite elements. We then get
an algebraic problem of the form

2 δ
2 δ

 Mh d Uh + Ah Uδ + a Bδ d Vh = Fh
h
dt2
λ h dt2


Mδ Vhδ = λ t Bδh Uδh
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which appears as a coupling of a standard finite element approximation of the propagation in the reference medium coupled with a finite number of ordinary differential equations.
3

Construction of Vδ via asymptotic analysis
The choice of the space Vδ is guided by the asymptotic expansion of uδ inside Bδ :
uδ (x) =

N
X
j=0

x
uδj (t) wj ( ) + εN (δ)
δ


with εj (δ) → 0, when δ → 0 and εjk +1 (δ) = o εjk (δ)
for some sequence jk → +∞.
There are many methods for analysing the asymptotic behaviour of uδ , particularly for time harmonic
problems (see for instance [1]). There are much fewer
results for time dependent problems [3]. In this work,
we use the method of matched asymptotic expansions, which lead to characterize the profile functions
wj as the restriction to B of solutions of elliptic transmission problems between B and Rd \ B.
The d + 1 first terms do not depend on B
w0 (x) = 1, wj (x) = xj ,

1≤j≤d

ε0 (δ) = δ and εd+1 (δ) = δ 2 . The higher order terms
require to be determined numerically (except, for instance, when B is a ball).
At the conference, we shall present various numerical simulations to illustrate the accuracy and the efficiency of our approximate model. Moreover, some
insights about the error analysis will be given.
References
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Abstract
Industrial and technical applications involve very
small or thin structures, often much smaller than a
whole device at least in one dimension. Examples are
thin sheets of a particular material, or layers with a
microscopic structure. To overcome the difficulty to
generate a mesh and to compute with many small
cells for the thin and possibly microscopic structures
one applies transmission conditions which approximate the solution outside the thin sheets directly and
via post-processing inside. Using boundary element
methods for the transmission problems the problem
reduces further to only a discretisation of an interface. We propose and analyse a boundary element
method for thin conducting sheets in the eddy current model [1].

and we use the notation [·] for the jump and {·} for
the mean of γ`± , ` = 0, 1, which are given by
[γ` U ] (t) :=
{γ` U } (t) :=

1
2

(γ`+ U )(t) − (γ`− U )(t),

(γ`+ U )(t) + (γ`− U )(t) .

In this study we investigate the transmission problem
−∆U = F

[γ1 U ] − β {γ0 U } = 0

[γ0 U ]

=0

in R2 \Γ,

on Γ,

(1b)

on Γ,

(1c)

which arise for example by different asymptotic expansions of the eddy current problem (TM mode)
with a thin conducting sheet [2], [3]. The approximated eddy current problem is given with ξ 2 = iωεµσ
−∆E(x) − ξ 2 (x)E(x) = F (x),

Introduction
Let Γ be the smooth midline of a thin sheet of constant thickness d > 0. Let xΓ (t) the parametrisations
of Γ (dashed line in Fig. 1), where the sheet can be
parametrised as x(t, s) = xΓ (t) + sn(t) with n the
normal vector. The traces and the normal-derivates
from the two sides of Γ are defined by
(γ0± U )(t) := lim U (x(t, ±s)),
s→+0

(γ1± U )(t)

(1a)

in R2 ,

(2)

where ω is the angular frequency, ε, µ and σ the permeability, permittivity and conductivity of the thin
conducting sheet and ξ = 0 outside the sheet. The
thin conducting sheet acts as a shielding of electromagnetic sources F = −iωµ0 j0 due to currents j0 in
live wires. See Fig. 2 for an illustration of the shielding phenomena. Three of the eight studied transmission conditions in [3], that are ITC-1-0, ITC-1-1 and
ITC-2-0, are of the form (1) which differ only by the

:= lim ∇U (x(t, ±s)) · n,
s→+0

d

t

s
F = −iωµ0 j0

0

Ωint
Ωext

Figure 1: Geometrical setting with thin
conducting sheet and current carrying wires.

Figure 2:

Magnetic field for a thin conducting
sheet shielding two live wires.
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10−1

constant β:

βITC-1-1 = ξ 2 d 1 + 61 ξ 2 d2 ,

2 ξ sinh ξ d2

.
=
cosh ξ d2 − ξ d2 sinh ξ d2

10−2

βITC-2-0

kφ − φh kL2 (Γ)

βITC-1-0 = ξ 2 d,

10−3

10−4
2.0

Boundary integral formulation
The solution of (1) can be written with the representation formula [4, Thm. 3.1.8]
U = −S [γ1 U ] + D [γ0 U ] + N F

1.0

10−5

10−6 −2
10

Figure 4:

0
S−1
(Γh )
S01 (Γh )

10−1
meshwidth h

100

Convergence of the BEM.

2

in R \ Γ,

where S and D are the single and double layer potentials and N the Newton potential. Taking the mean
trace on Γ and using (1b) and (1c) we can write for
the new unknown φ = [γ1 U ] the boundary integral
equation (BIE) of second kind
(Id + βV ) φ = βγ0 N F,

(3)

where V is the usual one-sided single layer operator [4]. We can state (3) in variational form: Seek
φ ∈ L2 (Γ) such that for all φ0 ∈ L2 (Γ)
φ, φ0 + β V φ, φ0 = β γ0 N F , φ0 .

(4)

Theorem 1 (Existence and uniqueness). Let
−1 (R2 ).
β 6∈ −R+ , F ∈ Hcomp
Then (4) provides a
unique solution φ ∈ L2 (Γ).
For the three transmission conditions ITC-1-0,
ITC-1-1 and ITC-2-0 the condition is fulfilled as β
has an imaginary part.
Boundary element method
We construct a mesh Γh of (curved) panels Kj ,
j = 1, . . . , Nh by partitioning of the midline Γ. The
length of the largest panel is denoted by h. We call
the space of piecewise constant functions as S0−1 (Γh )
and that of piecewise linear, continuous functions
as S10 (Γh ). Replacing L2 (Γ) in (4) by the finitedimensional subspaces S0−1 (Γh ) or S10 (Γh ) we obtain

linear systems of equations for the approximate solution φh .
−1 (R2 ).
Theorem 2. Let β 6∈ −R+ , F ∈ Hcomp
Then (3) with L2 (Γ) replaced by a subspace S(Γh )
provides a unique solution φh ∈ S(Γh ). Furthermore,
we have for S(Γh ) = S0−1 (Γh )

kφ − φh kL2 (Γ) ≤ C h

and for S(Γh ) = S10 (Γh )

kφ − φh kL2 (Γ) ≤ C h2 .
In the implemenation of the method we approximate all integrals by replacing the curved by planar panels which will not influence the order of the
method essentially (see [4, Chap. 8]).
Numerical experiments for an elliptic sheet justify
the convergence orders of Theorem 2, see Fig. 4. The
reference solution has been computed by high-order
FEM with the numerical C++ library Concepts
(see www.concepts.math.ethz.ch).
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Introduction
This research is developed in the framework of the
numerical modeling of non-destructive testing experiments by ultrasounds. Some media involve thin
layers (for instance of resin), which are difficult to
handle in numerical computations due to the very
small element size required for meshing them. Analogous problems arise for the treatment of thin coatings (see [2] and [3]). To overcome this issue, one
idea consists in using effective transmission conditions (ETCs) across the two interfaces bounding the
layer. This work aims at establishing such ETCs by
means of a formal asymptotic analysis with respect
to the (small) layer thickness, in the spirit of [1] for
Maxwell’s equations.
1

Problem Setting
We consider the case of a thin layer of an isotropic
elastic material, the strip Ωiη = R × [− η2 , η2 ], let Ω+
η
(resp. Ω−
η ) be the upper domain (resp. lower do+
main) of the thin layer. We call ∂Ω+
η and ∂Ωη the
upper and lower boundaries of the layer connected to
each outside domain. We assume that the layer material is isotropic and homogeneous, with mass density
ρi and Lamé coefficients λi , µi . We denote by ρ, λ,
and µ the (possibly heterogeneous) coefficients of the
material in Ω± .
y
6η
Ω+
6
+
n
∂Ω+
2
Ωη

-x

0

−

η
2

Ω−

6
n

∂ 2 uiη
− div σ i (uiη ) = 0,
∂t2
∂ 2 u±
η
ρ
− div σ(u±
η ) = 0,
∂t2

where t(u) := σ(u)n and ti (u) := σ i (u)n are the traction vectors relative to Ω± and Ωη and n is the normal vector to ∂Ω± (see the figure above).

Eliminating formally uiη , we can write a transmission
−
problem for uη := (u+
η , uη ). For any function f :
R2 → Rd , if we use the notation:

{f }η = [f ]η , hf iη : R → R2d
[f ]η (x) := f (x, η/2) − f (x, η/2),


hf iη (x) := f (x, η/2) + f (x, η/2) /2

this transmission condition can be written in the form
{t(uη )}η + Tη {uη }η = 0
where Tη is a (nonlocal) DtN transmission operator
that can easily be defined implicitly from the solution of the interior Dirichlet problem in the strip Ωiη .
The next idea is that, when η tends to 0, Tη becomes local and that one can get explicit analytical
approximations of it.
2

∂Ω−

The displacement field uiη in Ωiη , as well as the dis±
placement fields u±
η inside Ωη satisfy the elastodynamics equations:
ρi

where σ(u) and σ i (u) respectively denote the stress
tensor in the surrounding and layer material, respectively, given by Hooke’s law applied to a given displacement u. Equations (1) and (2) are coupled with
transmission conditions on the interfaces ∂Ω± (we
omit the time variable t for simplicity):



η
η


u±
= uiη x, ±
η x, ±
2

2 η 
(3)
η

±
i
i
 t(uη ) x, ±
= t (uη ) x, ± ,
2
2

in Ωiη ,

(1)

in Ω±
η.

(2)

Principle of construction of ETC’s
This construction is based on an ansatz for the
interior solution uiη of the form
y
y
y
+ η U1 x,
+ η 2 U2 x,
+ ...
η
η
η
(4)
where U0 : Ωi1 → R2 . This implies in particular an
analogous expansion for the traces
uiη (x, y) = U0 x,

η
uiη (x, ± ) = u0± (x) + η u1± (x) + η 2 u2± (x) + ... (5)
2
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Substituting (4) into (1) allows us to compute explicitly the Uk from the uk± by induction on k: these are
polynomial functions in y. These expressions lead us
to introduce a family of differential operators of order
`, A` (∂x , ∂t ), ` ≥ 0, such that
0

A0 (∂x , ∂t ){u } = 0

(6)

and


η
ti (uiη ) x, ±
= t0± (x)+η t1± (x)+η 2 t2± (x)+... (7)
2

where

k

{t } =

k+1
X

Ak+1−j (∂x , ∂t ){uj }

j=0

(8)

and where we have defined

tk + tk−
{tk } = [tk ], htk i , [tk ] = tk+ − tk− , htk i = +
2

and the same for {uk }. Note that from (5) and (7)


{uiη }η = {u0 } + η {u1 } + η 2 {u2 } + ...
(9)
 {ti (ui )} = {t0 } + η {t1 } + η 2 {t2 } + ...
η
η

We rewrite the transmission conditions (3) as
{t(uη )}η = {ti (uiη )}η ,

{uη }η = {uiη }η

X

η k+1

k+1
X
j=0

k≥0

Ak+1−j (∂x , ∂t ){uj }



which, thanks to (6), can be rearranged as
X
 X

η {t(uη )}η =
η ` A` (∂x , ∂t )
η j {uj }
`

=

k
X
`=0

j


η ` A` (∂x , ∂t ) {uη } + O(η k+1 )

The transmission condition of order k + 1 is then
obtained formally by dropping the O(η k+1 ) term.
3

where A, B and J are the following 2 × 2 matrices:
 i

 i



µ
0
µ 0
0 1
A=
,B=
,J=
. (11)
0 λi +2µi
0 λi
1 0
A fundamental point is the well-posedness and uniform stability in η of the transmission problem (2,
10). This is in fact a consequence of an energy conservation result: any smooth enough solution of (2,
10) satisfies:

d
i
Eη + Eη = 0
(12)
dt
where
Z
Z
1
ρ
η 2
|∂t u | dx +
σ(uη ) : ε(uη ) dx
Eη =
2 Ωη
2 Ωη
Z
Z

ηρ
η
[uη ] 
i
η 2
Eη =
|h∂t u i| dx +
Q ∂x uη ,
dx
2 R
2 R
η
and Q(x, y) : R2 × R2 → R is the symmetric
quadratic form (J T = J and (BJ)T = JB):
Q(x, y) := xT JAJ x + 2 xT JB y + yT A y

(13)

The well-posedness and stability result is then a consequence of the:
Theorem. The quadratic form Q(x, y) is positive.

so that, using (9) and (8), we get
η {t(uη )}η =
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A third order transmission condition
Applying the above method with k = 2 leads to
the following transmission conditions

A[uη ]η = η ht(uη )iη − η BJ h∂x uη iη ,



(10)
[t(uη )]η = η ρ h∂t2 uη iη − η JAJ h∂x2 uη iη



− JB [∂x uη ]η ,

At the conference, we shall present various numerical simulations to illustrate the accuracy and the efficiency of our approximate model. Moreover, some
insights about the error analysis will be given.
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Introduction
In this study we are investigating the acoustic
equations as a perturbation of the Navier-Stokes
equations around a stagnant uniform fluid, with
mean density ρ0 and without heat flux. For gases
the (dynamic) viscosity η is very small and leads to
viscosity boundary layers close to walls. To resolve
the boundary layers with (quasi-)uniform meshes the
mesh size has to be at the same order which leads to
very large linear systems to be solved. This is especially the case for the very small boundary layers
of acoustic waves. We propose effective impedance
boundary conditions for curved boundaries by a multiscale analysis, which separate velocity and pressure
into far field and correcting near field [1].
Formulation of the problem
Let Ω ⊂ R2 be a bounded domain with smooth
boundary ∂Ω. We consider dimensionless timeharmonic acoustic velocity v and acoustic pressure
p (the time regime is e−iωt , ω ∈ R+ ) which are described by the coupled system in the framework of
Landau and Lifshitz [2]
−iωv + ∇p − R−1 ∆η v = f , in Ω,

−iωp + div v = 0, in Ω,

v = 0, on ∂Ω.

(1a)
(1b)
(1c)

In the momentum equation (1a) with some known
source term f the viscous dissipation in the momentum is not neglected as we consider near wall regions.
Here, R−1 = η/(ρ0 cL)  1 is a dimensionless number, c the sound velocity, L the characteristic length
of the domain, and ∆η := ∆ + ( 31 + ζ/η)∇ div with
ζ ≥ 0 the second (volume) viscosity. The continuity
equation (1b) relates the acoustic pressure linearly to
the divergence of the acoustic velocity. The system is
completed by no-slip boundary conditions (1c). Here
we assume that f = 0 on ∂Ω, more general results can
be found in [1].
Asymptotic expansion
The acoustic equations (1)
√ show a viscosity boundary layer of thickness O( R−1 ) for the tangential

component of the
√ velocity. Introducing the small
parameter ε = R−1 and curvilinear coordinates
(t, s) close to the boundary where t is the tangential variable and s the normal one, we write the solution of (1) inspired by the framework of Vishik and
Lyusternik [3] as
v=

∞
X
j=0

∞
X

εj vj + ε curl2D φj ; p =
εj p j ,

(2)

j=0

where vj (x, y) and pj (x, y) are terms of the far field
expansion, the near field terms φj (t, sε ) represent the
boundary layer close to the wall, and curl2D =
(∂y , −∂x )> .
The method of multiscale expansion separates the
far and near field terms. The far field velocity terms
vj satisfy the partial differential equation (PDE)
∇ div vj + ω 2 vj = iωf · δj=0 + iω∆η vj−2 ,
j

v (t, 0) · n = ∂t φ

j−1

(t, 0),

(3a)
(3b)

where φ−j ≡ 0 for j < 0, δj=0 the Kronecker symbol
which is 1 if j = 0 and 0 otherwise, and n the outer
normal vector. The far field pressure terms follow as
pj = −

i
div vj .
ω

(4)

The near field terms φj (t, S) for S ∈ [0, ∞) are defined by the ordinary differential equation (ODE)

iωφj + ∂S2 φj = κ 3 iωS + 3S∂S2 + ∂S φj−1 − ∂t2 φj−2

+ − 3 iωκ2 S 2 − 3κ2 S 2 ∂S2 − 2κ2 S∂S φj−2

+ iωκ3 S 3 + κ3 S 3 ∂S2 + κ3 S 2 ∂S + κS∂t2 − κ0 S∂t φj−3 ,
with the boundary condition
∂S φj (t, 0) = vj (t, 0) · n⊥ ,
and decay condition for S → ∞. Here, n⊥ =
(n2 , −n1 )> and κ are tangential vector and curvature
on ∂Ω.
The far field velocity term v0 has only a vanishing
normal component, and the tangential component

A NASTASIA T HÖNS -Z UEVA AND K ERSTEN S CHMIDT

gets zero only if ε curl2D φ0 (t, sε ) is added, see (1c),
where the zeroth order near field function for S = sε

√ 
 s 1 − i
(1 + i) ωs
v0 (t, 0) · n⊥
= √ exp − √
φ0 t,
ε
ε
2ω
2
decays exponentially away from the boundary. The
sum v0 + ε curl2D φ0 (t, sε ) has a non-zero, but small
normal component and is therefore corrected by εv1 .
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Error estimate
Lemma If ω 2 is not a Neumann eigenvalue of −∆,
then, there exist a constant C such that for N =
0, 1, 2
kp− pappr,N kH 1 (Ω) ≤ CR−

N +1
2 .

For a rectangular domain with omitted disk we
have performed numerical simulations for the exact model (1) and the approximative pressure models, see Fig. 1. We have used high-order finite elements within the numerical C++ library Concepts
(www.concepts.math.ethz.ch) to push the discretisation error below the modelling error. Figure 2
shows the modelling error in dependance of the viscosity.

100
Order 1

Figure 1:

Order 2

exact

Comparison of pressure.

Impedance boundary conditions
Outside a O(ε)-neighbourhood
boundary the
PN of jthe
j and pε,N :=
ε
v
far field velocity vε,N :=
j=0
PN j j
ε
p
serve
as
accurate
approximation
to v and
j=0
p, where the error is the smaller the higher N . Approximations vappr,N ≈ vε,N and pappr,N ≈ pε,N shall
be defined by a single PDE, respectively, using again
1
R− 2 instead of ε. In this way we can define PDEs
with impedance boundary conditions for the pressure only, which can be directly computed and not
in post-processing like for the exact model.
Impedance boundary conditions for the pressure.
The approximative models are for N = 0

∇pappr,0 · n = 0,
for N = 1
∆pappr,1 + ω 2 pappr,1 = div f ,
√1+i ∂ 2 pappr,1
2ωR t

= 0,

and for N = 2


2
1 − ( 34 + ηζ ) iω
R ∆pappr,2 + ω pappr,2 = div f ,

∇pappr,2 · n +

√1+i ∂ 2 pappr,2
2ωR t

+

i
2ωR ∂t (κ∂t pappr,2 )

10−2
10−3
10−4
Order N = 0
Order N = 1
Order N = 2

10−5
10−6 −3
10

Figure 2:

10−2
√
η

10−1

The modelling error, N = 0, 1, 2.
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Abstract
The interior transmission eigenvalues play an important role in the area of inverse scattering problems
for inhomogeneous media. These eigenvalues can actually be determined from multi-static far field data,
thus, they could be used in non destructive testing
and others areas of applications. Here, we focus on
the case where the obstacle is a perfectly conducting
body coated by a thin layer of dielectric material. We
derive and justify the asymptotic expansion of the
first interior transmission eigenvalue with respect to
the thickness of the coating for the T M electromagnetic polarization. This expansion provides interesting qualitative information about the behavior of the
first interior transmission eigenvalue and also gives
an explicit formula to compute the thickness of the
coating.
Introduction
A new eigenvalue problem, the so-called interior
transmission eigenvalue problem (ITEP), appeared
in the nineteen eighties in the context of inverse scattering problems (see [5]). More precisely, the interior
transmission eigenvalues are related to non scattering frequencies, which means that when such eigenvalue exists, it corresponds to a frequency for which
there exists an incident wave that almost does not
scatters. Moreover, recently, it has been noticed that
these eigenvalues may be computed from multi static
far field data (see [2]) and therefore they can be used
for non destructive testing of materials (see [1]). For
a survey on the ITEP we refer to [4].
We focus here on the ITEP related to the scattering by an inhomogeneity which is a perfectly conducting body coated by a thin dielectric layer of thickness
δ. Existence of such eigenvalues for the T M electromagnetic polarization has been proven in [3] for small
index of refraction of the coating (see Theorem 1.2).
We go further in understanding the problem by providing a rigorous asymptotic development of the first
transmission eigenvalue with respect to δ up to the
second order.

1

The interior transmission eigenvalue problem
Let Ω be a bounded domain of R2 simply connected and denote Γ its boundary of class C ∞ . For
δ > 0 we denote by Uδ = {x ∈ Ω such that d(x, Γ) <
δ} a thin layer of interior boundary Γδ = {x ∈
Ω such that d(x, Γ) = δ} that defines a bounded and
simply connected domain Ωδ (see Figure 1). Here
d(x, Γ) stands for the distance function to the surface Γ. The interior transmission eigenvalue problem
ν
Γ

Γδ
Ωδ

δ

Uδ
Figure 1:

Thin layer geometry.

then writes: find kδ > 0 such that there exists a
non trivial solution (wδ , vδ ) to the following coupled
problem


∆wδ + kδ2 nwδ = 0 in Uδ ,




∆vδ + kδ2 vδ = 0 in Ω,
∂vδ
∂wδ

=
, vδ = wδ on Γ,


∂ν
∂ν


w = 0 on Γ
δ
δ

(1)

where n ∈ L∞ (Uδ ) denotes the refractive index of the
layer and ν denotes the outward unit normal to Ω.
Definition 1.1 The values kδ2 > 0 for which (2)
has a non trivial solution (wδ , vδ ) are called interior
transmission eigenvalues; the functions wδ and vδ are
the associated eigenvectors.
There is no guaranty of the existence of such eigenvalues for any n, nevertheless we have the following
theorem (see [3]).
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Theorem 1.2 Assume that 0 < n∗ < n(x) < n∗ <
1. There exist an infinite discrete set of transmission
eigenvalues with +∞ the only accumulation point.
In the following, we assume that n is a constant such
that 0 < n < 1.
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solution in H 1 (Ω) of


∆v1 + λ0 v1 = −λ1 v0


∂v0
v1 =
on Γ,
Z
∂ν



 v0 v1 dx = 0.

in Ω,

Ω

Asymptotic development of the first eigenvalue
Let λδ1 be the first interior transmission eigenvalue.
First of all, by using the Max-Min principle we obtain

This Theorem provides a formula to compute the
thickness δ of the layer from the knowledge of the
first interior transmission eigenvalue λ1δ and the geometry Γ.

λ1D (Ω) ≤ λ1δ ≤ λ1D (Ωδ )

Remark 2.2 One may observe that λ1 and λ2 are
in fact the first and second order shape derivative of
λ1D (Ω) in the direction −ν. Hence

2

where for any Lipschitz bounded domain D, λ1D (D)
stands for the first Dirichlet eigenvalue of −∆ in D.
Hence we obtain a first asymptotic development for
λ1δ :
λ1δ = λ1D (Ω) + O(δ).
where O : R → R is a regular function such that
|O(x)| ≤ C|x|
for all x ∈ R and some constant C > 0.
To go further in the asymptotic development, we
first compute a formal asymptotic development of λ1δ
and its associated eigenvectors (vδ1 , wδ1 ). In a second
step, we justify these developments recursively by
using a regularity result for elliptic equations which
does not depend on the parameter δ, and the MaxMin principle for the first eigenvalues. The regularity
estimates allows us to apply some convergence results
for the −∆ operator with Dirichlet boundary conditions to justify the expansion of the eigenvectors,
whereas the Max-Min principle provides the convergence of the eigenvalues’ expansion. Finally, we are
able to prove the following result.
Theorem 2.1 The following expansion for the first
transmission eigenvalue holds:
λ1δ = λ1D (Ω) + δλ1 + δ 2 λ2 + O(δ 3 )
where
λ1 :=
λ2 := −

Z 
Γ

Z

Γ

∂v0
∂ν

2

ds,

κ ∂v0 ∂v1
−
2 ∂ν
∂ν



∂v0
ds.
∂ν

Here κ is the curvature of Γ, v0 is the Dirichlet eigenvector associated with λ1D (Ω) and v1 is the unique

λ1δ = λ1D (Ωδ ) + O(δ 3 ).

3

An equivalent eigenvalue problem
From the asymptotic obtained in Theorem 2.1 one
can build an equivalent eigenvalue problem: find
λimp
> 0 such that there exists a non trivial soluδ
tion vδimp ∈ H 1 (Ω) to
 imp
imp
∆vδ + λimp
= 0 in Ω,
δ vδ
imp
(2)
 ∂vδ − 1 v imp = 0 on Γ.
∂ν
δ δ
(which exists)
And then, for the first positive λimp
δ
we have
+ O(δ 2 ).
λ1δ = λimp
δ
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Abstract
We present Equivalent Conditions (ECs) for the
diffraction problem of elasto-acoustic waves in a solid
medium surrounded by a thin region of fluid medium.
This problem is well suited for the notion of ECs :
since the thickness of the layer is small with respect
to the wavelength, the effect of the fluid on the solid
is as a first approximation local. These conditions
approximate the acoustic waves which propagate in
the fluid region. We present numerical results to illustrate the accuracy of ECs.

1

Introduction

Equivalent Conditions (ECs) are usually used in
the modeling of wave propagation phenomena to reduce the domain of interest. The main idea consists to replace an “exact” model inside a part of the
domain by an approximate condition. This idea is
pertinent when the EC can be readily handled for
numerical computations.
The coupling of elastic and acoustic waves equations is essential to reproduce geophysical phenomena such as an earthquake on the Earth’s surface. We
can thus take into account the effects of the ocean on
the propagation of seismic waves. In the context of
this application, we consider that the medium consists of land areas surrounded by fluid zones whose
thickness ε is very small. This raises the difficulty of
applying a FEM on a mesh that combines fine cells in
the fluid and much larger cells in the solid. To overcome this difficulty we use an asymptotic method to
replace the fluid part by an EC. This condition is
then coupled with the elastic equation and a FEM
can be applied to solve the resulting boundary value
problem.
We first introduce the mathematical model. Then,
we present ECs up to the second order, stability and
convergence results for the elastic displacement. Numerical results illustrate the accuracy of ECs.

The Mathematical Model
We consider an elasto-acoustic waves transmission
problem in time-harmonic regime

∆pε + κ2 pε = 0
in Ωεf



2


in Ωs
 ∇ · σ(uε ) + ω ρuε = 0
2
(1)
∂n pε = ρf ω uε · n − ∂n pi
on Γ



T(uε ) = −pε n − pi n
on Γ



pε = 0
on Γε ,
set in a smooth bounded simply connected domain
Ωε ⊂ R2 made of a smooth connected subdomain Ωs
embedded in a subdomain Ωεf . The domain Ωεf is a
thin layer of uniform thickness ε. We denote by n the
unit normal to Γ oriented from Ωs to Ωεf ; Γε := ∂Ωε
and Γ := ∂Ωεf ∩∂Ωs . In the system (1), the unknowns
are the elastic displacement uε and the acoustic pressure pε . The time-harmonic wave field with angular
frequency ω is characterized by using the Helmholtz
equation for pε , and by using an anisotropic discontinuous linear elasticity system for uε . The physical
constants are the acoustic wave number κ = ω/c, the
speed of the sound c, the density of the solid ρ, and
the density of the fluid ρf .
In the elastic equation, ∇· is the divergence operator for tensors and σ(u) is the stress tensor given
by Hooke’s law σ(u) = C ε(u). Here ε(u) = (∇u +
∇uT )/2 is the strain tensor, ∇ denotes the gradient
operator for tensors, and C = C(x) is the elasticity tensor, where x ∈ R3 are the cartesian coordinates. The components of C are the elasticity moduli Cijkl ∈ R : C = (Cijkl (x)). The traction operator
T is a surfacic differential operator defined on Γ as
T(u) = σ(u)n. The right-hand side pi represents an
incident wave with support on Γ.
In the framework above we address the issue of ECs
for uε as ε → 0. This issue is linked with the issue of
ε-uniform estimates for the displacement uε and the
pressure pε solutions of (1) since it is a main ingredient in the justification of ECs. To answer these questions, we work under usual assumptions (symmetry
and positiveness) on the tensor C. Some resonant frequencies may appear in the solid domain. However,
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we prove uniform estimates for the elasto-acoustic
field (uε , pε ) as well as ECs for uε when ε → 0 under
a spectral assumption :
Assumption 1.1 The angular frequency ω is not an
eigenfrequency of the problem
(
∇ · σ(u) + ω 2 ρu = 0
in Ωs
T(u) = 0
on Γ .
2

Statement of Equivalent Conditions
We derive a hierarchy of ECs for uε set on Γ and
satisfied by ukε for all k ∈ {0, 1, 2}, i.e. ukε solves
(
∇ · σ(ukε ) + ω 2 ρukε = 0
in Ωs
(2)
k
k
T(uε ) + Bk,ε (uε · n) n = hk,ε n
on Γ .
Here Bk,ε is a surfacic differential operator acting on
functions defined on Γ, and hk,ε is a data which depends on the source term pi and ε. ECs write
k=0 :

T(u0 ) = −pi n

on

Γ,

(u0 = u0ε )

3

Numerical Results.
In the numerical experiments, the computational
domain for the solid Ωs is an aluminum disk with
a radius R = 0.01m embedded in water [1]. The
source term is an incident wave defined as pi (x) =
exp(iωx · d) with d = (1, 0). The angular frequency
is ω = 1.5×106 Hz. In the domain Ωs , we consider the
Lamé system : µ∆u+(λ+µ)∇ div u+ω 2 ρu = 0, with
the coefficients µ ' 26.32 × 109 and λ ' 51.08 × 109 .
The physical constants are c = 1500 m.s−1 , ρf = 1000
kg.m−3 , and ρs = 2700 kg.m−3 .
We use a Discontinuous Galerkin Method
(IPDGM) and curved P3 -finite elements available in
the Finite Element Library Hou10ni. We compute
the L2 -errors between the analytical solution of the
problem (1) and each analytical solution associated
with an EC of order k ∈ {0, 1, 2}. We also compute
the L2 -errors for each numerical solution associated
with an EC, see Fig. 1. We observe that the numer-

T(u1ε ) − εω 2 ρf u1ε · n n = −pi n − ε∂n pi n ,


ε
k=2 :
T(u2ε )−εω 2 ρf 1 − c(t) u2ε ·n n = h2,ε n .
2
Here, t is an arc-length coordinate on the curve Γ, and
c(t) denotes the scalar curvature of Γ in x(t). These
conditions show the successive corrections brought
when increasing the order. For k = 0 the effect of the
thin layer is completely neglected. The effect of the
fluid part appears at the order 1 with the fluid density
ρf . The influence of the geometry of Γ appears at the
order 2 with its scalar curvature.

Figure 1:

Stability and Convergence results
The validation of ECs consist to prove estimates
for uε − ukε , where ukε is the solution of the approximate model (2), and uε solves the problem (1).

ical convergence rate coincides with the theory since
the L2 error is of order εk .

k=1 :

Theorem 2.1 Under Assumption 1.1, for all k ∈
{0, 1, 2} there exists constants εk , Ck > 0 such that
for all ε ∈ (0, εk ), the problem (2) with data hk,ε ∈
L2 (Γ) has a unique solution ukε ∈ H1 (Ωs ) and
kuε − ukε k1,Ωs 6 Ck εk+1 .

(3)

The well-posedness result for the problem (2) is
proved in [2]. To estimate the difference uε − ukε , we
use a multiscale expansion for uε in power series of ε
and introduce truncates series uk,ε up to the order εk
as intermediate quantities. The error analysis is split
into two steps. We first prove uniform estimates for
the difference uε − uk,ε [2, Thm 5.2]. Then we prove
uniform estimates for the difference uk,ε −ukε [2, §6.2].
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Abstract
The Ultra Weak Variational Formulation (UWVF)
is a new generation finite element method for approximating time harmonic acoustic and electromagnetic
wave propagation. We use the UWVF to solve the
Helmholtz equation in two dimensions. Often a plane
wave basis is used; here we implement a Hankel basis, allowing greater flexibility in terms of direction
and curvature of the basis set. We augment this basis type using ray tracing techniques for the case of
a smooth, convex scatterer. Some initial results are
presented, demonstrating the reduction in the computational size of the problem for a given level of
accuracy when ray tracing techniques are used.
Introduction
Acoustic wave propagation is currently an area of
intensive study. With seismic, defence, and medical
applications, accurate numerical methods for simulating how waves interact with structures are required by many. The Ultra Weak Variational Formulation is a form of discontinuous Galerkin method
which assumes wave like behaviour on each element,
but otherwise allows flexibility in the approximation
space. Here we exploit this flexibility by combining
the numerical method with ray tracing solutions, in
order to find accurate solutions at a lower computational cost than the standard UWVF.
Time harmonic acoustic wave scattering is modelled in 2D by the Helmholtz problem
∇·





1
κ2
∇u + u = 0,
ρ
ρ

in Ω,




1 ∂u
1 ∂u
− iσu = Q −
− iσu + g,
ρ ∂ν
ρ ∂ν

(1)

on Γ,

(2)
where Ω is a polygonal domain with boundary Γ.
The wavenumber κ is complex with =(κ) ≥ 0 and
<(κ) > 0, the density ρ and impedance parameter σ
are real and positive, the source term is g, and Q is
complex with |Q| ≤ 1.

1

The UWVF with a Hankel Basis
In the implementation of the UWVF, the domain
Ω is discretised into triangular finite elements Ωk , k =
1, . . . , K, upon which local solutions are found, with
κ and ρ assumed constant over each element. The approximation takes the form of a linear combination of
basis functions φk,l , l = 1, . . . , pk , each of which is required to solve the homogeneous Helmholtz equation,
so incorporating the oscillatory behaviour of the solution. Much current literature uses an equally spaced
plane wave basis on each element, see [1], [2], with a
Bessel function basis used in [3].
As an alternative, we instead use a Hankel basis.
The basis functions are defined as
 1
H0 (κk |x − yk,l |), in Ωk ,
(3)
φk,l (x) =
0,
elsewhere,
where κ is taken to be piecewise constant with κk ≡
κ|Ωk . These are cylindrical waves originating from
source points yk,l ∈
/ Ωk . The choice of yk,l allows
flexibility in both the direction and the level of curvature of the basis function over the element.
2

Ray Tracing
At high frequencies a ray model gives a good understanding of the direction of propagation of a wave.
We use the ideas of ray tracing to find a good a-priori
choice of basis function.
Consider a domain Ω enclosing a smooth, convex
scatterer with no straight edges, the boundary of
which we denote by Γ1 , and call the exterior boundary Γ2 . Let the incident field ui be a plane wave and
the wavenumber be constant in Ω: ray directions perpendicular to the wavefronts are parallel, until they
reach the scatterer, reflect, and continue in a straight
line. For any given point in the illuminated region
x ∈ Ω, by tracing the ray through this point back,
we can find the point of interaction z ∈ Γ1 where
the incident ray hits the scatterer, and the angle of
reflection θ = θi = θr .
For points inside an element Ωk , we consider the
local scattered field to be originating from a single
centre of curvature, which we can find by considering
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the intersection of rays from points which are close to
one another. Let a second point x0 ∈ Ω be reached by
a ray that reflects at an angle of reflection θ0 , at point
of interaction z0 ∈ Γ1 . If we extend the rays that
travel through x and x0 back through the scatterer,
they will cross at some point P either within or on
the opposite side of the scatterer. Taking the limit as
x → x0 , we take this intersection point as the centre
of curvature xC . This is illustrated for a circular
scatterer in Figure 1.

Figure 1:

high accuracy, perhaps as an initial guess of state,
then this approach suggests potential computational
savings compared to more standard methods.
To achieve higher accuracy we require more basis functions per element. In addition to including
the ray traced basis representing the incident field
direction, we also include a further pk − 2 directions,
equally spaced around a circle of radius R >> 1
(thus simulating plane waves), together with a final
point source centred at the centre of curvature xC
given by our ray tracing algorithm. Figure 2 compares these results to those achieved using an equally
spaced plane wave basis, for κ = 10. Including just
these two Hankel functions in the basis, with locations determined by ray tracing, leads to a reduction
in the overall number of degrees of freedom required
to achieve a given level of accuracy.

Centre of curvature of rays at x is
xC := limx→x0 P .

3

The Ray Enhanced UWVF Method
For Dirichlet boundary conditions on the surface
of the scatterer Γ1 we take Q = −1 and we take the
source term g = 0. On the outer boundary of the
domain Γ2 we take Q = 0, for impedance boundary
∂u
conditions, and we take source term g = ∂n
− iκu,
where u is the exact solution (allowing us to focus
attention on the value of the ray tracing augmentation).
The UWVF can be extended to incorporate the
ray traced directions and centres of curvature into
the Hankel basis, using just two basis functions per
element: one a single plane wave representing the incident field and the other a point source centred at
xC , found by the ray tracing algorithm of §2, representing the scattered field. The remainder of the basis functions on the element are taken as plane waves
in equally spaced directions.
We begin our numerical examples by using just
the two ray traced basis functions per element for a
circular scatterer. For κ = 80, we get an L2 relative
error of under 9% using K = 482 and 0.4 degrees
of freedom per wavelength. If only a more general
idea of the wave interaction is needed rather than

Figure 2: L2 Relative Error over the domain for
scattering by a circle, κ = 10. Approximation by an
equally spaced plane wave basis and an equally
spaced plane wave basis enhanced with ray tracing.
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Abstract
Hybrid resonance is a physical mechanism for the
heating of a magnetic plasma. In our context it is
a solution of the time harmonic Maxwell’s equations
with smooth coefficients, where the permittivity tensor is a non diagonal hermitian matrix. This presentation is dedicated to the description and numerical
approximation of a mathematical solution of the hybrid resonance with the limit absorption principle.
The corresponding analysis is to be found in [1], as
well as in [2], and shows that the mathematical solution is singular. As a consequence, it is difficult to
approximate it by any numerical method.
Both a simple one dimensional model and the full
two dimensional system will be approximated.
Introduction
Starting from Maxwell’s equations, we want to focus on the so-called eXtraordinary propagation mode
(X-mode) with a limit absorption principle to handle the anisotropic permittivity tensor’s singularity.
The regularization parameter will be denoted µ.
−−→
curl(curl E) − (ε⊥ + iµI)E = 0.

(1)

Considering coefficients that do not depend on the
y variable, we can perform a one dimension reduction
by taking the Fourier transform with respect to y. As
a result, the system modelling the propagation of Xmode waves in plasmas described in [1] is

+iθU
−V 0
= 0,
 W
iθW −(α(x) + iµ)U
−iγ(x)V
= 0,

−W 0
+iγ(x)U
−(α(x) + iµ)V = 0,
where (U, V ) represents (Ex , Ey ) and W represents
curl E. Here the notation 0 denotes the derivative
with respect to the x variable. The domain is

Ω = (x, y) ∈ R2 , −L ≤ x, y ∈ R, L > 0 ,

the coefficient γ can be a positive constant and
α(x) = x around zero and constant for x higher than
a threshold H. The singularity stems from the fact

that around zero the non-diagonal part of ε⊥ takes
the lead over its diagonal part.
A convenient choice is then to consider the ordinary differential system
d
dx



V θ,µ
W θ,µ



=A

θ,µ

(x)



V θ,µ
W θ,µ



(2)

with
A

θ,µ

Then

(x) =
U θ,µ

θγ(x)
α(x)+iµ

γ(x)2
α(x)+iµ

− α(x) − iµ

θ2
α(x)+iµ
θγ(x)
− α(x)+iµ

1−

!

.

(3)

can be deduced from the equation

iθW θ,µ − (α + iµ)U θ,µ − iγ(x)V θ,µ = 0.

(4)

We would like to present the numerical validation
of some features of the theoretical analysis of the system (2). For a given µ, the matrix (3) is well defined
and smooth, so that the system can be solved with an
ODE solver, as long as it is adapted to stiff problems.
A high order numerical method for the X-mode
system, based on adapted basis functions, and generalizing the Ultra-Weak Variational Formulation will
also be introduced. The design of these basis functions will be developed.
1 The first basis function
1.1 Definition and behavior at infinity
The first basis function


θ,µ
θ,µ
θ,µ
Uθ,µ
=
U
,
V
,
W
∈ Xθ,µ
1
1
1
1

(5)

is the natural one which is smooth at the origin:
U1θ,µ (0) = 0.
Remark that this solution blows up at large scales,
and that it is uniformly bounded on (−L, H), H > 0.
1.2 Numerical approximation
Starting from the initial boundary condition at x =
0, the first basis function can be computed for x ≤ 0
and x ≥ 0. See figure 1.
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Figure 1:

First basis function and zoom on x = 0,
with θ = 1 and µ = 10−2 .

2 The second basis function
2.1 Definition
We would like to get a second basis function that
would be exponentially decreasing at large scales,
and linearly dependent of the first basis function regardless the value of µ. Consequently, instead of considering an initial condition at x = 0, the idea is to
study the behavior of the solution on (H, ∞). Since
the coefficients are constant there, the general solution is known explicitly as a linear combination of
two exponentials
U(x) = c+ R+ eλ

θ,µ x

+ c− R− e−λ

θ,µ x

,

•

It is exponentially decreasing at infinity, that is
−λθ,µ x , H ≤ x.
∃ c− ∈ C, s.t.Uθ,µ
2 (x) = c− R− e

•

Its value at the origin is normalized with the requirement iµU2θ,µ (0) = 1.

Note that the limit solution is singular, constituted
of a Dirac mass at the origin plus a principle value
and a smooth square integrable function.
2.2 Numerical approximation
Starting from the exact boundary condition at D
satisfied by U3 , the third basis function is computed.
It is then normalized to get U2 . The singularity expected, namely 1/(−x + iµ), appears on figure 2.
The convergence µ → 0 can be observed as long as
the competition with the limit x → 0 is captured by
a small enough discretization step.
The choice of a positive or negative regularization
parameter µ give different solutions. The relation
−2iπ θ
U (x)
α0 (0) 1

x < 0.

Figure 2: Second basis function and zoom on
x = 0, with θ = 1 and µ = 10−2 .

Figure 3:

Left and Right hand side of equation (6).

is also satisfied by the numerical solutions (fig. 3).
3

H ≤ x,

where (R+ , R− ) ∈ (C3 )2 , Re(λθ,µ ) > 0 and ±λθ,µ
are the eigenvalues of Aθ,µ . Then the second basis
function is built with two requirements.

U2θ,+ (x) − U2θ,− (x) =

352

(6)

Numerical method for X-mode equations
The UWVF is based on basis functions that are exact solution of the equation. No exact solutions for
(1) are known for generic coefficients α and γ, even
if the local qualitative features are provided by the
previous analysis. In order to adapt the UWVF in
this case, the idea is to design basis functions that are
approximated solutions, in the following sense: since
−−→
div(ε⊥ E) = 0, there is ϕ such that E = curlϕ. Looking for ϕ as eP , with P ∈ C[X, Y ], and inspired by
the classical plane wave basis functions, the idea is to
design
function
P in order to ensure
 the polynomial

−→ 
−1 −
that curl ε⊥ curlϕ − ϕ /ϕ ≈ 0, using Taylor expansions.
We will explain precisely the design process and illustrate some simulation results, which may be compared to the 1D solutions described previously.
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Abstract
The discontinuous enrichment method (DEM) offers superior performance to the classical FEM for a
number of constant wavenumber Helmholtz problems
and compares very favorably to competing methods that also use plane waves. Here the method
is developed for the first time for a smoothly variable wavenumber Helmholtz equation. Plane waves
based on a piecewise constant approximation of the
wavenumber are considered alone, as well as in
a combination with discontinuous polynomial basis
functions. A new basis based on solutions of the
Helmholtz equation with a linearly changing square
of the wavenumber, the so-called Airy waves, is also
developed. The new elements are shown to outperform their continuous polynomial FEM counterparts
by a substantial degree on a benchmark problem.
Introduction
Methods employing plane waves in the discretization of the Helmholtz equation have been shown to
alleviate the pollution effect and improve the unsatisfactory pre-asymptotic convergence of the classical
FEM in the medium frequency regime. Such methods include the ultra-weak variational formulation
(UWVF), the partition of unity method, the discontinuous Galerkin method, the least squares method,
and the method considered here - DEM [1]. In this
method, the standard FE polynomial field is enriched
within each element by free-space solutions of the homogeneous PDE to be solved. Such enrichment functions can be seen as the fine scales of the solution and
are typically discontinuous across element interfaces.
Lagrange multipliers are introduced there to enforce
a weak continuity of the solution. The method has
been shown to outperform the classical FEM in applications that include wave propagation, structural
vibration, and advection-diffusion.
While solutions of a homogeneous, free-space
Helmholtz equation with a constant wavenumber are
easy to find, such solutions are not readily available
for this equation with a spatially variable wavenum-

ber, which is encountered, e.g., in underwater acoustics in large domains. This opens the question of
how the above methods can be generalized to the
variable coefficient scenario. Some progress for the
case of a smoothly variable wavenumber has been reported [2] in 1D for the UWVF by using exponentials
of polynomials. Here, three types of DEM elements
are proposed and tested.
1

Discontinuous enrichment method for the
variable wavenumber Helmholtz equation
The following boundary value problem for the
Helmholtz equation is considered:
−∆u − κ2 u = 0
∂u
∂ν = gN
∂u
∂ν − iκu = gR

in
on
on

Ω
∂ΩN
∂ΩR ,

(1)

where ν denotes the normal derivative on the domain boundary ∂Ω = ∂ΩN ∪ ∂ΩR , ∂ΩN ∩ ∂ΩR = ∅,
and gN and gR are prescribed Neumann and Robin
data. DEM relies on a partitioning of the domain
el
Ω into nel elements such that Ω = ∪nj=1
Ωj and
Ωj ∩ Ωk = ∅, k 6= j. Let Γj = ∂Ωj and the edges
between elements be denoted by Γjk = Γj ∩ Γk .
el
Let U = {v ∈ L2 (∪nj=1
Ωj ) : v|Ωj ∈ H 1 (Ωj )}, be
the space
representing the solution and
Q elofQfunctions
nel
−1/2 (Γ ). the space of funcH
W = nj=1
jk
k=1,j<k
tions for the dual unknowns, the Lagrange multipliers
(LMs). The hybrid variational formulation of DEM
can be written as [1]: Find (u, λ) ∈ U × W such that
a(u, v) + b(λ, v) = r(v)
b(µ, u) =
0

∀v ∈ U ,
∀µ ∈ W,

(2)

where a and b are bilinear forms and r is a linear
form. For BVP (1), these are defined by
R
R
a(u, v) = Ω (∇u · ∇v − κ2 uv)dΩ − ∂ΩR iκuvdΓ,
R
Pnel Pnel
b(µ, v) =
k=1
j=1,j<k Γjk µ(vj − vk ) dΓ, (3)
R
R
r(v) =
∂ΩN vgN dΓ + ∂ΩR vgR dΓ.
In discretization, the spaces U and W are replaced
by suitably chosen finite dimensional subspaces. For
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•

•

A family of elements Q-enw -enλ , where nw is
the number of uniformly distributed plane waves
with the wavenumber locally frozen within the
element. The Lagrange multipliers numbering
nλ per edge are similar to the complex exponential LMs in the constant wavenumber case
[3], but they are based on the wavenumber that
now varies along the edge.
A family of elements Q-enw ,px-enλ derived from
Q-enw -enλ by adding an element to element discontinuous polynomial field. The discontinuous
field can be condensed out on the element level
and does not add to the global number of variables that is given by the number of LMs.

achieve the same accuracy as the bi-quartic element
with 4 times fewer dofs. Figure 2 illustrates a similar
improvement by DEM elements with Airy waves over
elements bi-polynomial elements Qp .
0
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−1

Relative error

10

−2

10

−3

10

−4

2

A family of elements Q-anw -anλ based on solutions of the Helmholtz equation with a linearly
changing square of the wavenumber are considered. These involve the Airy functions and they
are constructed in the form resembling plane
waves. Corresponding LMs are also derived.

Numerical experiment
A problem modeling sound-hard scattering by a
disk submerged in an acoustic fluid with a variable
speed of sound is considered. The total pressure
is computed by solving the BVP (1) with gN = 0,
on the scatterer boundary ΓN formed by a circle of
r = 0.5, and gR = iκ(ν · d − 1.0)eiκd·x that imposes
an incident plane wave on the absorbing boundary
ΓR , a circle of R = 1.5. The wavenumber varies linearly in the radial direction from 120 near the scatterer to 40. Relative l2 errors are computed for solutions on meshes of different resolutions discretized
by the bi-polynomial elements Qp , and the three
families of DEM elements outlined above. Figure 1
shows that high order convergence of the element Qe16-e4 is limited by the degree of approximation of
the wavenumber, but the other new DEM elements

Q−e16−e4
Q−e16,p3−e4
Q−a16−a4
4

10

ndof

5

10

Figure 1: Convergence comparison of Q4 ,
Q-e16-e4, Q-e16,p3-e4, and Q-a16-a4
0
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−1

10

−2

10

Q2
Q3
Q4

−3

•

Q4

10

Relative error

a spatially constant wavenumber, the enrichment
space in the original DEM was selected as a superposition of plane waves of the form eiκd·x , where d is
a unit vector of the direction of the wave. The plane
waves solve the constant wavenumber, homogeneous,
free-space Helmholtz equation. Since free-space solutions to the Helmholtz equation with a spatially
variable wavenumber are in general not available,
three approximate choices based on a local elementby-element approximation are considered (and only
briefly summarized here due to lack of space):
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Figure 2: Convergence comparison of Qp and
DEM elements with Airy waves Q-anw -anλ
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Abstract
The proposed approach supplements existing plane
wave-based methods to facilitate solution of wave
problems in the high-frequency regime. The approach is developed to maintain a low number of basis functions which are systematically rotated to best
match the direction of field propagation. In this manner, a better approximation of the field is anticipated
and numerical instabilities associated with high discretization and large basis sets are mitigated. Determination of the direction of propagation of the scattered field is formulated as a minimization problem,
solved by the Newton method with Jacobians and
Hessians evaluations yielding the requisite Fréchet
derivatives of the field. To assess performance, the
field scattered by a prototypical disk-shaped, soundhard object is approximated with comparisons made
to both the analytical solution and the solution obtained by the Least-Squares Method (LSM). Results
illustrate that a significant reduction in system size is
achievable by this proposed wave-tracking approach
as taken with respect to LSM.
Introduction
It has long been recognized that the discretization required to attain a given level of accuracy
for Helmholtz’s problems, is greater than linearly
proportional to the frequency of the field. While
the oscillatory nature of plane wave basis function
model allow good numerical field approximation
and a multitude of plane wave-based approaches
have been proposed [1], mid- and high-frequency
fields require a significantly higher level of discretization and/or an increased number of basis
functions to achieve a given level of accuracy. Both
approaches, unfortunately, can create numerical
instabilities. To circumvent the above issues, we
developed an iterative algorithm that can allow a
small basis set to locally rotate in each element to
best align one function with the direction of field
propagation. Termed Wave-Tracking (WT) for this

study, the principle was recently demonstrated [2]
to improve the approximation for a rectangular
wave guide problem by a factor of 108 when used
in conjunction with LSM [3]. Here, the WT approach is extended to systematically approximate
fields that possess multiple directions of propagation.

The Approach
The considered scattering problem can be expressed as the following boundary value problem,
∆u + k 2 u = 0
~
∂n u = −∂n eik~x·d

in Ω,
on Γ,

∂n u = iku

(1)

on Σ,

where Ω is a two-dimensional computational domain,
n is the unitary outward normal vector to the inner
and outer boundaries, Γ and Σ respectively, k is a
positive number representing the wavenumber, and
d~ is a unit vector representing the direction of the
incident plane wave. The computational domain, Ω,
is partitioned into a regular triangulation τh of Nh
quadrilateral-shaped elements, K, and solution of the
Helmholtz equation, by plane-wave-based finite element methods, can proceed by minimization of a cost
function J,
J(uh ) = inf J(v),
(2)
v∈Xh

with the global subspace Xh ⊂ L2 (Ω) defined as,


nK


X
2
K K
Xh = v ∈ L (Ω); ∀ K ∈ Th , v|K =
ξj φ j ,


j=1

(3)
with element K ∈ Th possessing nK basis functions.
The set of basis functions in each element can be
realigned through use of rotational matrices, and this
accommodation can be expressed in an expanded cost
function:
J(uh (θ)) =

inf

inf

α∈Dh v∈Xh (α)

J(v)

(4)
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with Dh as the space corresponding to all possible
directions of propagation of the field in the domain
Ω:

Dh = α ∈ L2 (Ω); ∀ K ∈ Th , α|K = αK ∈ [0, 2π) .
(5)
The field is thus represented at the element level by
basis functions and expansion coefficients that possess an angular dependence:
uh (αK )|K =

nb
X

~

ξjK (αK ) eikdj (α

K )·~
r

.

(6)

a) Basis set orientation b) Pointwise relative error
Figure 1: Scattered field as computed by LSM,
ka = 1, h−1 =6, with a four plane waves basis set.
H1 relative error = 22%.

j=1

For simplicity, the second minimization in (4) can be
expressed as a collapsed cost function, L,
J(uh (θ̂)) =

inf L(α̂)

(7)

α̂∈Dh

Extremum values of L can be determined by seeking
~ 0 (α̂). To solve this non-linear
roots of the Jacobian, L
system, the Newton method was employed in this
study, for a given iteration m:
00

L (α̂

(m)

)δ α̂

(m)

~0

= −L (α̂

(m)

)

(8)

with L00 (α̂) as the Hessian, and δ α̂ as the angular update. For each iteration, m, the update was applied
to the set of basis functions,
α̂(m+1) = α̂(m) + δ α̂(m) .

(9)

Illustrative Results
To apply the WT approach, we consider the system represented by Eq. 1, with the boundaries Γ
and Σ defined as circular to enable analytical calculation of the exact solution, used as a reference for
the numerical results. To enhance efficiency, radially
adjacent elements in the computational domain were
grouped, with basis functions in each element of the
group locked to a common value. Initially, the field
was numerically approximated by LSM with errors
obtained by comparison to analytical values [2]. Subsequently, the above (WT) iterative algorithm was
applied to allow each elemental basis set to rotate.
Evolution of the optimal basis set orientations within
a given radial group, shown in Figs. 1a and 2a, allows a precipitous decline in the relative error of the
resultant fields, Figs. 1b and 2b . Comparison of the
H 1 -norm relative error [2], demonstrates the applicability of the proposed method to achieve a sizable
reduction in computational costs. In order to achieve
an error of 10% for frequency ka=5, the WT strategy
reduced system size by a factor of 300 over LSM.

a) Basis set evolution

b) Pointwise relative error

Figure 2: Scattered field of the system defined in
Fig. 1 after 3 successive WT iterations.
H1 relative error = 10%
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Abstract
We present a reduced formulation for the elastoacoustic scattering problem. The modeling is based
on the On Surface Radiation Condition method. It
leads to a discrete system which solution is assessed
when using Discontinuous Finite Elements.
Introduction
The numerical reconstruction of the shape of a
solid immersed into a fluid is an interesting issue
both from a mathematical and a practical point of
view. Indeed, if engineers have solved this problem
from a while in relatively simple configurations, it
continues to deserve attention because its solution
requires to invert a sparse linear system composed of
two discretized Helmholtz equations which are known
to be very sensitive to the values of the frequency [1].
The computational costs are then very high and become quickly prohibitive in particular in 3D. Solution
methodologies that are able to decrease the computational burden are thus welcome. Obviously, they can
be minimized by choosing suitable finite elements [2],
[3]. In this work, we propose to investigate a different approach by using a reduced problem that can be
solved with lower computational costs. For the construction of the reduced problem, we propose to play
with the boundary condition that is used to limit the
fluid domain. This is an absorbing boundary condition that is set on a surface which can be more or
less far from the solid. Now in the simplest case of
a sound-soft or hard obstacle, Kriegsmann et al. [4],
have shown that it is possible to compute an approximate solution by setting the ABC directly on the
surface of the scatterer. The corresponding reduced
problem is then given by an equation called On Surface Radiation Condition (OSRC) that is set on the
boundary of the scatterer and that requires less computations than the initial problem. The interest of
OSRC methodology has been demonstrated later for
solving the scattering problem of a penetrable object
immersed into a fluid [5] and to the best of our knowledge, it has not been investigated in the case of an
elasto-acoustic problem. The accuracy of the OSRC

method depends on the geometry of the scatterer and
on the frequency regime and it can not provide an accurate solution in all the situations. Nevertheless, it
can certainly quickly deliver a solution that could be
used as an initial guess for the solution of the inverse
problem.
1

Problem setting
Let Ωs be a bounded domain representing the solid
and let Γ be the boundary of Ωs . We denote by n the
normal vector defined on Γ and outwardly directed
to Ωs . The solid is immersed into a fluid Ωf which
is limited by a surface Σ that has been introduced
for numerical reasons. We then consider the mixed
boundary value problem:
∇ · σ(u) + ω 2 ρs u = 0

in Ωs

(1)

=0

in Ωf

(2)

ω 2 ρf u · n = ∂n p + ∂n pinc

on Γ

(3)

n

on Γ

(4)

∂n p + αp − β∆Σ p = 0

on Σ

(5)

∆p + (ω

2

/c2f ) p

σ(u)n = −pn − p

inc

to model the behavior of the pair (u, p) representing
the displacement u into the solid and the pressure p
in the fluid. ρf and ρs are the density moduli of the
fluid and the solid, cf is the propagation velocity in
the fluid and the positive constant ω is the pulsation.
In the following, we set kf = ω/cf . The stress tensor

σ(u) is defined by σ(u) = Cε(u) = 21 C ∇u + ∇t u ,
where C is the elasticity tensor. The solid S is
illuminated by the incident wave pinc propagating
into the fluid and impinging the surface Γ according to the transmission conditions. Now let x be a
generic point in IR2 and γδ be the level set defined
by γδ = {x := τ + δn} where τ := τ (s) denotes the
orthogonal projection of x onto γδ and s is the curvilinear abscissa. We then have γ0 = Γ and we choose
Σ = γR for a given R > 0. By this way, Γ and Σ are
parallel and the parameter δ measures the distance
between the two surfaces. The boundary condition
on Σ is an ABC which involves the Laplace-Beltrami
operator ∆Σ and the coefficient α incorporates the
geometry of Γ and depends on δ. For instance, fol-
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lowing the same ideas than in [6], we get :
α = (ξ − κδ /2 + ikf )−1 (ξ(κδ + ikf ) − kf2 )

(6)

where κδ denotes the curvature of Σ defined by:
κδ =

κ
1 + δκ

with κ the curvature of Γ. Regarding β, we have:
β = (ξ − κδ + ikf )−1 .

(7)

In the above definitions, ξ is a positive parameter
which is determined empirically.
2

Reduced problem
The construction of a reduced formulation begins
with assuming that γ and Σ are close enough to be
merged. It is well-known that if p and ∂n p can be
computed on Γ, it is possible to reconstruct the pressure field p in the fluid by using an integral representation. Based on this remark, we propose to replace
∂n p on Γ in the transmission condition (3) by using
the ABC (5). By this way, we get the reduced problem composed of Eq.(1) combined with a modified
version of (3) given by
ω 2 ρf u · n = −αp + β∆Γ p + ∂n pinc ,

(8)

and Eq.(4). The solution to the reduced problem is
then given by the pair (u, p|Γ ) and the computation
are performed in Ωs only.
To compute the solution to the elasto-acoustic
scattering problem, we thus propose to solve a discrete system related to Eq. (1) set in the bounded domain Ωs combined with the boundary conditions (8)
and (4) at first. The pressure field can next be reconstructed by computing ∂n p|Γ thanks to (5) set on Γ,
which enables to get the expression of p in Ωf thanks
to the Kirchhoff integral formulation. While (4) is
included in the variational formulation of (1), Condition (8) is weakly taken into account by a surfacic
variational formulation on Γ.
To get an approximate solution of this problem,
we propose to use an Interior Penalty Discontinuous
Galerkin (IPDG) method. We denote by Ωh (resp.
Γh ) a triangulation of Ω (resp. Γ) and we consider
the spaces

Vh = u ∈ L2 (Ω) | u|T ∈ P r (T ), ∀T ∈ Ωh and

Wh = u ∈ L2 (Γ) | p|Σ ∈ P r (Σ), ∀Σ ∈ Γh ,
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where P r (T ) denotes the space of polynomials of degree r on T . We denote by Φ = (φi )i=1..Ns (resp.
Ψ = (ψi )i=1..Nf ) a basis of Vh (resp. Wh ). It is worth
noting that Nf is very small compared to Ns since we
only compute an approximation of p on the boundary
Γ. The linear system to be solved reads as
(Ms + Ks )U
Bf s U

+
Bsf P
+ (Mf + Kf )P

= F1 ,
= F2 ,

(9)

where U and P are two vectors of size Ns and Nf
containing the components of the approximation of
u and p in the basis Φ and Ψ. Ms and Mf are blockdiagonal mass matrices of size Ns × Ns and Nf × Nf
defined by
Z
Z
(Ms )i,j =
φi · φj dΩ and (Mf )i,j =
αψi ψj dΓ.
Ω

Γ

Ks and Kf are stiffness matrices of size Ns × Ns and
Nf × Nf defined by
(Ks )i,j = a(φi , φj ) and (Kf )i,j = b(ψi , ψj ),

where a(., .) and b(., .) are the bilinear forms obtained
by the IPDG discretization of the operators ∇ · σ(u)
and −β∆Γ . Finally, Bsf and Bf s are two coupling
matrices of size Ns × Nf and Nf × Ns defined by
Z
(Bsf )i,j =− φi · ψj ndΓ and (Bf s )i,j = ω 2 ρf (Bsf )j,i .
Γ

We present numerical results that illustrate the performance of the reduced model. We also assess the
impact of parameter δ on the accuracy of the solution.
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Abstract
Trefftz schemes are FEMs whose trial functions are
piecewise solution of the considered PDE. They are
becoming increasingly popular for medium-frequency
acoustic, electromagnetic and elastic problems. We
consider the hp-version of a Trefftz-discontinuous
Galerkin method based on plane/circular waves and
the approximation estimates necessary for its exponential convergence in term of the number of DOFs.

or PUFEM) of Babuška and Melenk; the discontinuous enrichment method (DEM/DGM) of Farhat and
co-workers; the variational theory of complex rays
(VTCR) of Ladevéze; and the wave based method
(WBM) of Desmet. The UWVF, the DEM, the
VTCR and the WBM are Trefftz methods, i.e., test
and trial functions are piecewise solutions of the underlying PDE. For a more extensive discussion of Trefftz schemes and for more references, see [10, §1.2].

1

1.1 The TDG method
We focus on a family of Trefftz-discontinuous
Galerkin (TDG) schemes, firstly introduced in [3],
that include the UWVF as a special case. In the
case of the Helmholtz equation, a priori error estimates for the h- and the p-convergence were proved
in [3] and [4], respectively. The proof of these
bounds is made possible by the special DG framework used, which ensures unconditional stability and
quasi-optimality (i.e., control of the error for any
value of the wavenumber and the meshsize), and by
the use of new approximation estimates (from [11])
for plane, circular and spherical waves, which ensure
high order convergence. The method was then generalised to the Maxwell equations in [5]; for the Navier
equation we refer to the UWVF scheme of [8].
In [1], it was demonstrated that it is possible to
improve the TDG by estimating the dominant propagation directions of the BVP solution and using them
to define the (modulated) plane waves spanning the
trial space; the extension to problems with varying
speed of sound was also considered.

Trefftz methods in time-harmonic regime
The propagation and the interaction of acoustic,
electromagnetic and elastic linear waves in time-harmonic regime, with wavenumber k > 0, are modelled
by Helmholtz (1), Maxwell (2) and Navier (3) equations, respectively:
−∆u − k 2 u = 0, (1)

∇ × (∇ × E) − k 2 E = 0, (2)

(λ + 2µ)∇(∇ · u) − µ∇ × (∇ × u) + k 2 ρ u = 0. (3)

The finite element method (FEM), in its numerous
variations, is a widely used tool for the discretisation
of these PDEs. However, as soon as the wavelength
λ = 2π/k becomes small compared to the diameter
L of the domain, simulations become very expensive,
indeed infeasible for larger values of L/λ. This is due
to the highly oscillatory structure of the solutions in
the high frequency regime and to the accumulation of
phase error, called numerical dispersion, that affects
any local discretisation via the FEM.
To cope with these fundamental difficulties, several
recent methods incorporate information about the
equations in the design of the trial space. This can
be achieved by choosing basis functions defined from
plane waves (functions x 7→ exp(ikxd), with propagation direction d), or from circular, spherical and
angular waves, fundamental solutions or more exotic
solutions of the underlying PDEs. Prominent examples of such methods are the ultra weak variational
formulation (UWVF) of Cessenat and Després [2];
the partition of unity finite element method (PUM

2

The hp-version of the TDG
Considerations about numerical dispersion suggest
that the h-versions of FEMs are not effective for
medium and high frequency problems. In the case
of complicated geometries or scatterers with sharp
corners, p-methods are also not viable. Thus an hpversion that combines the strengths of both strategies is advisable. Indeed, a priori hp-FEM for the
Helmholtz equation saw an increased interest in the
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last years; but the analyses to date are limited to
polynomial-based schemes
In the case of the TDG, a special choice of the numerical flux parameters allows to prove a priori error
estimates in L2 -norm for meshes that are locally refined, for example near the corners of a scatterer,
[6]. These can be combined with the local approximation estimates of [11] to achieve convergence estimates that, in every element K, are explicit the local
meshwidth hK , the number pK of degrees of freedom
(DOFs) and the solution regularity sK , which can all
vary across the domain (see [6, §5] for the 2D case).
However, in order to obtain better results in terms
of the number of DOFs in quite general meshes, the
approximation bounds can still be improved.
2.1 Harmonic polynomial approximation estimates
The approximation estimates [11] for Helmholtz
Trefftz spaces rely on bounds for the approximation
of harmonic functions by harmonic polynomials; in
2D they where obtained by Melenk in [9]. They are
based on analogous complex variable results, proved
with the use of Hermite’s representation formula for
the interpolation error applied with special interpolation points and integration contours which are, in
turn, defined through conformal mappings.
The position of these level lines can be estimated
in greater detail for a wide class of domains, namely
those that are star-shaped with respect to an open
set. In [7] we have proved the following result.
Theorem 1. Let D ⊂ R2 be an open domain with
diameter 1, containing the ball Bρ and star-shaped
with respect to Bρ0 , 0 < ρ0 < ρ ≤ 1/2. Let u be a
harmonic function in the neighbourhood Dδ = D +
Bδ , with δ > 0. Then, there exists a sequence of
harmonic polynomials {Qp }p≥1 of degree p, such that
ku − Qp kL∞ (D) ≤ C e−bp kukW 1,∞ (Dδ ) .
The positive constants C and b are made explicit and
depend only on ρ, ρ0 and δ.
2.2 Exponential convergence of Trefftz hp-dGFEM
These result can be immediately used to prove exponential convergence of a Trefftz hp-DG method
based on harmonic polynomials, for Laplace BVPs.
In particular, on a graded mesh, we have proved in
[7] that√the error (in DG energy norm) decays as
exp(−b N ), N being the number of degrees of freedom and b > 0; this is an improvement
√ over standard
schemes which achieve only exp(−b 3 N ).
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The extension of this result to the Helmholtz case
and plane/circular wave spaces, relying on Vekua’s
theory [10, Ch. 2], is currently under way.
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Abstract
We study the discrete dispersion (cf.[1]) of the lowest order DPG method for acoustics proposed in [2],
in terms of a modified ε-scaling in one of the components of the test norm. Theoretically, we are able
to show that the scaled norm acts as a stabilizer of
the method when ε → 0+ . Our numerical approach
only considers the traces and fluxes variables, which
in the lowest order case (p = 1 for traces and p = 0
for fluxes) leads to a 21-point stencil analysis.
Introduction
In acoustics and other wave propagation problems, numerical methods of the FEM-type have long
sufered from dispersion errors: Computed and exact waves are increasingly out of phase as frequency
grows. An overview of the subject can be found in
the book of Ihlenburg [1].
~

Plane waves, ψ(~x) ≡ eik·~x , are exact solutions of
the Helmholtz equation with zero sources (and are
often used to represent other solutions). Here the
wave vector ~k is of the form ~k = ω(cos(θ), sin(θ)) for
some 0 ≤ θ < 2π representing the direction of propagation. The objective of a dispersion analysis is to
find similar solutions of a discrete (Helmholtz) homogeneous system. Accordingly, the regular assumption
is that the discrete solution is interpolating a plane
wave of the type
~

ψh (~x) = a(~x)eikh ·~x ,

(1)

where ~kh = ωh (cos(θ), sin(θ)) and a(~x) is an amplitude function. Within the context and framework
of the DPG method proposed in [2], we would like
to find such discrete wavenumbers ωh as a function
of the exact wavenumber ω, the direction of propagation θ and some of the discretization and stabilization parameters. The idea is to compare how far
is ωh with the exact wavenumber ω. For our DPG
approach, ωh is a complex number. Its real part indicates the discrete phase, while its imaginary part
indicates a diffusive behavior.

1

Theoretical Background
Here we describe the basic setting we use for the
DPG method. Let V (Ω) = H(div, Ω) × H 1 (Ω) and
(the wave operator) A : V (Ω) 7−→ L2 (Ω)N × L2 (Ω)
be defined for v = (~v , η) by
~ · ~v ).
Av := (iω~v + ∇η, iωη + ∇
Let Ωh be a disjoint partitioning of Ω into open elements K. such that Ω = ∪K∈Ωh K. Let

V (Ωh ) := (~v , η) : (~v , η)|K ∈ H(div, K) × H 1 (K) .

The operator Ah : V (Ωh ) 7−→ L2 (Ω)N × L2 (Ω) will
be defined in the same way as A, except that derivatives are taken element-wise. For global v = (~v , η) ∈
V (Ωh ) and global w = (w,
~ ψ) ∈ V (Ω), an important
(element-wise) integration by parts formula is:
(Aw, v) = −(w, Ah v)+ < w, v >h ,

(2)

where (·, ·) denotes the usual inner product on
L2 (Ω)N × L2 (Ω) and < ·, · >h denotes the boundary contribution:
X Z
(w
~ · ~n)η + ψ(~v · ~n) dσ. (3)
< w, v >h :=
∂K

K∈Ωh

We introduce some notation for such traces. Define
Y
trh : V (Ω) 7→
H −1/2 (∂K) × H 1/2 (∂K)
K

as follows: for any w = (w,
~ ψ) ∈ V (Ω), the restriction of trh (w) on the boundary of any mesh element
∂K takes the form (w
~ · ~n|∂K , ψ|∂K ) ∈ H −1/2 (∂K) ×
1/2
H (∂K).
1.1 An ultraweak formulation
To derive the DPG method for the Helmholtz problem to find u = (~u, φ) such that
Au = = f,
φ = 0,

on Ω,

(4a)

over ∂Ω,

(4b)
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we use the integration by parts formula (2) to get
−(u, Ah v)+ < trh (u), v >h = (f, v)
for all v = (~v , η) ∈ V (Ωh ). Now we let the
trace trh (u) be an independent unknown û ∈ Q =
trh (H(div, Ω) × H01 (Ω)). Defining the bilinear form
b((u, û), v) = −(u, Ah v)+ < û, v >h , we obtain the
ultraweak formulation of [2]: Find u ∈ L2 (Ω)N ×
L2 (Ω) and û ∈ Q satisfying
∀v ∈ V (Ωh ).

b((u, û), v) = (f, v),

(5)

1.2 The ideal DPG method
Let Uh ⊂ U := L2 (Ω)N × L2 (Ω) × Q be a finite
dimensional trial space. The standard DPG method
finds uh ∈ Uh satisfying
(6)

for all vh in the test space Vh , defined by
Vh = T Uh ,

Numerical Result
We fix the angular frequency to be ω = 1 and the
element size to be h = 2π/4 (four elements per wavelength). Figure 1 shows the dependence of ℜ(~kh ) in
terms of the propagation angle θ, for several values
of the ε parameter. The exact wavevector is given
by the solid circle while the discrete wavevectors are
in dashed lines. We observe that as ε decreases, the
dashed curves approach the solid line, which indicates control of dispersion when ε → 0+ , as predicted
in Theorem 1.

0.9
0.8
0.7
0.6
0.5
0.4
0.3

(7)

0.2
0.1

where T : U 7→ V is defined by
(T w, v)V = b(w, v),

2

DPG wavevectors for propagation angles 0 to 90 degrees

The wellposedness of this formulation follows from
[2] (except for a countable set of wavenumers ω).

b(uh , vh ) = (f, vh ),

0

∀v ∈ V,

(8)

and the V -inner product (·, ·)V is the inner product
generated by the ε-scaled norm
kvk2V = kAh vk2 + ε2 kvk2 .
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(9)

Here ε ∈ (0, 1] is an arbitrary scaling parameter. The
case of ε = 1 was treated in [2].
Theorem 1 The DPG solution uh admits the following quasioptimal error estimate:
ku − uh kU ≤ (1 + ε C(ω)) inf ku − wh kU .
wh ∈Uh


The lowest order case assumes piecewise constants
for field variables and numerical fluxes, while using globally continuous piecewise linear functions for
traces. Field variables can be condensed out, letting
to a 8×8 element stiffness matrix for numerical traces
and fluxes. We follow the approach proposed in [3]
to compute the discrete wavenumber.

Exact wave speed
ε=0.1
ε=0.01
ε=0.0001
0.2

Figure 1:

0.4

0.6

0.8

1

Dependence of ℜ(~kh ) on ε and θ.
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Introduction
In this work, we consider an elastic waveguide with
one infinite direction and we focus on the study of
wave scattering phenomena by an arbitrary localized
defect. It is typically a situation for which standard
PML techniques cannot work because of the presence
of backward propagating modes. However, other approaches can be used to bound the computational
domain surrounding the defect :
•

•

absorbing layers (constituted of viscoelastic materials) which lead to solve a sparse but large
linear system;
transparent boundary conditions (involving
modal expansion) developped in [1] giving rise
to a small but partially dense linear system.

The idea is to gather advantages of these two approaches (inversion of a sparse and small matrix). To
achieve this purpose, a decomposition domain (DD)
method is proposed. The principle is to split the
domain in two parts, a bounded one containing the
defect, where finite elements are used to handle wave
scattering, and an infinite regular one, where a modal
decomposition is used to propagate the diffracted
elastodynamic field. Moreover an overlapping is introduced between these two domains in order to get
advantages for the iterative resolution as in usual DD
methods.
Even if this approach may not converge for all frequencies, it has the features to design an efficient
preconditioned GMRES solver.
1 DD method for elastic waveguides
We consider an isotropic elastic waveguide of geometry Ω decomposed in two subdomains Ω1 and Ω2
(figure 1). Let u = (ux , uy ) be the displacement field
which verifies :
(
−divσ(u) − ω 2 ρu = f in Ω,
(1)
σ(u).ν = 0 on ∂Ω,
where σ(u) is the stress tensor, ω > 0 the pulsation, ρ the density, f a compactly supported source

⌦

⌦2

2

⌦1

Figure 1:

1

Decomposition of the waveguide Ω in
two subdomains Ω1 and Ω2

and x the propagation axis. To formulate the iterative algorithm, we need to set conditions on artificial boundaries Γ1 and Γ2 . Since we want to use a
modal expansion of the solution in Ω2 , we impose a
condition on Γ2 , expressed in terms of mixed vectors
originally introduced in [2]
 
 
ux
uy
X=
or Y =
ty
tx

(2)

where ti (i = x or y) equals (σ.ν)i = σix and ν is the
outgoing normal on Γ2 . Imposing X or Y on Γ2 is
suitable for decoupling guided elastic modes.
In practice, we use a Robin condition (a linear
combination of u and t with a complex coefficient)
on Γ1 to ensure well-posedness of the problem in Ω1 .
However, for the convergence analysis, let us
consider a separable geometry (Ω1 is rectangular)
and an appropriate condition on Γ1 which enables
us to make analytical calculations (ie use a modal
decomposition also in Ω1 ) :

n+1
n+1
2

 divσ(u1 ) + ω ρu1 = −f in Ω1 ,
σ(un+1
)ν = 0 on ∂Ω ∩ ∂Ω1 ,
1


X1n+1 = X2n+1 on Γ1 ,

n+1
n+1
2

 divσ(u2 ) + ω ρu2 = 0 in Ω2 ,
σ(un+1
)ν = 0 on ∂Ω ∩ ∂Ω2 ,
2


Y2n+1 = Y1n on Γ2 .

(3)

(4)
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The eigenvalues of the operator A which links un+1
1
and un1 are given by
(eiβk a + e−iβk a )eiβk l
(5)
eiβk (l+a) − e−iβk (l+a)
where l is the distance between Γ1 and Γ2 , and
(βk , uk ) is the family of right going modes. Let
us remind that there are only a finite number of
propagative modes (whose βk are real) and an
infinite set of (possibly oscillating) evanescent modes
such that βk ∈ C and Im(βk ) tends to +∞.
λk =

The convergence is obtained if |λk | < 1 ∀k.
In the case of no overlapping (l = 0), the above
expression becomes λk = −i/tan(βk a). Therefore
λk ∼ −1 when k goes to +∞ and the method does
not converge. In the case of overlapping (l > 0),
λk ∼ e−2Im(βk )l , so |λk | tends to 0 when k tends to
+∞ for all l > 0.
Figure 2 represents the location of λk in the vicinity
of the unit disk at a given frequency F = ω/2π, for
different values of l/h ( h denotes the thikness of
the regular waveguide). The overlap l can be chosen

Figure 3:

max(|λk |) vs l/h (F.h = 420 kHz.mm.)
k>0

product (corresponding to the modal decomposition
in Ω2 ).
In order to validate this approach, we have computed
a mode of the guide. We represent the numerical solution on figure 4 and the relative error is lower than
0.1%.
Finally, we show in the following table the gain ob-

Figure 4: Real part of ux and uy
F.h = 1020 kHz.mm.
tained by the overlapping on the convergence rate.

Figure 2:

λk for l/h = 1, 2, 3 - F.h = 350 kHz.mm.

to have all λk in the unit disk for this particular
frequency.
But, it seems that this ”naive” iterative algorithm
will not converge at any frequency, even if we add
an overlap: see figure 3 where the frequency is
fixed and we represent maxk |λk | with respect to l.
However, we observe that only a finite number of
eigenvalues are far from 0, which is a good property
for a preconditioned GMRES algorithm. Let us
remark that we can show the same property for
general geometries using the fact that thanks to the
overlap, the operator A is compact (and then λk
tends to 0 when k tends to +∞).
2

Numerical experiments using a preconditioned GMRES algorithm
We use now a GMRES algorithm to solve our scattering problem for which we only need to invert a sparse
matrix (corresponding to the Finite Element discretisation of problem in Ω1 ) and to make a matrix-vector

Overlap l/h
Number of iterations

0
113

0.3
16

0.5
17

1
16

3
9

5
8
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Abstract
The scattering of time-harmonic acoustic waves in
a flat ocean can be modelled by the Helmholtz equation, however, reasonable models for sound propagation over large distances imperatively require a
depth-dependent background sound speed. Lechleiter and Nguyen present in [1] a spectral volumetric integral equation method to compute sound fields
in a homogeneous ocean with constant background
sound speed. Inspired by [1], we introduce fundamentals ingredients for the numerical analysis of a
spectral volumetric integral equation method applied
to ocean acoustics with depth-dependent background
sound speed.
Sound Waves in a Flat Ocean
First, we introduce some model assumptions. The
domain of interest is a waveguide Ω = R2 × (0, h),
where h > 0 is the constant depth of the ocean. The
propagation of time-harmonic waves in an inhomogeneous ocean is modelled by the Helmholtz equation

Third, we formally expand u in (1) by separation
of variables into horizontal and vertical coordinates.
To this end, we establish for a point x in the wave
guide Ω the notation x = (x1 , x2 , x3 )T = (x̃, x3 )T .
Then
X
wm (x̃)um (x3 ),
(2)
u(x̃, x3 ) =
m∈N+

for |x| large enough. Consequently, we deduce from
the Helmholtz equation (1) that
∂ 2 um
+ k2 (x3 )um = λm um , in (0, h), m ∈ N+ , (3)
∂x23
and

1

∆u + k2 n2 u = 0

in Ω,

(1)

where

ω
, x3 ∈ (0, h),
c0 (x3 )
is the real-valued depth-dependent wave number, ω
is the frequency and c0 is the speed of sound depending on the depth of the ocean. Furthermore, n is the
refractive index and we assume that n = 1 outside
some bounded and open set D. Hence, n models a local perturbation inside an inhomogeneous waveguide
Ω. Next, we define the contrast by
k(x3 ) =

q(x) := n2 (x) − 1 for x ∈ Ω.
Second, we model the free surface of the ocean by a
sound soft boundary
3

u = 0 on Γ0 := {x ∈ R : x3 = 0},
and the seabed of the ocean by a sound hard boundary
∂u
= 0 on Γh := {x ∈ R3 : x3 = h}.
∂x3

∆x̃ wm + λm wm = 0 in R2 .

(4)

We investigate equation (3) with corresponding
boundary conditions on Γ0 and Γh , um (0) = 0 and
∂um
2
∞
∂x3 (h) = 0. It is well known that for k ∈ L (0, h)
the eigenvalues λm ∈ R and corresponding eigenvectors um ∈ H 2 (0, h) exist, since the eigenvalue problem is selfadjoint.
To obtain a radiating solution u in (2), the functions wm need to√satisfy apradiation condition for
the wave number λm (= i |λm |, if λm < 0). Since
λm →√−∞ for m → ∞, only finitely many square
roots λm are real, and for those m we prescribe
Sommerfeld’s radiation condition

√  ∂wm
x̃
x̃
− iλm wm = 0, uniformly in
.
∂|x̃|
|x̃|
|x̃|→∞
(5)
If λm < 0, we prescribe that um must be a bounded
solution to (4), yielding an evanescent mode.
Finally, we introduce the Green’s function
lim

G(x, y) =

p
i X
(1)
φm (x3 )φm (y3 )H0 ( λm |x̃ − ỹ|),
4
m∈N+
(1)

where x̃ 6= ỹ, H0 denotes the Hankelfunction of the
first kind of order zero, φm is the eigenfunction and
λm is the corresponding eigenvalue solving (3).
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2

Integral Equation
The aim is to derive a volumetric integral equation
of the second kind, the so called Lippmann-Schwinger
equation, that is equivalent to the scattering problem
(1), the given boundary conditions and the radiation
condition. Xu states in [2, Lem.3.4] that the volumetric integral equation Vf , formally defined for a
function f : D → C by
Z
G(·, y)f (y)dy
for f ∈ L2 (Ω),
Vf =
D

L2 (D)

2 (Ω).
Hloc

is a bounded operator from
into
Roughly speaking, for constant wave number k it is
possible to separate the volumetric integral operator
V into one bounded part defined via the free-space
Green’s function and a second, compact part that
corrects the boundary conditions on Γ0 and Γh . For
a wave number depending on the x3 -coordinate, however, this is more challenging. We present an alternative proof.
For analytic aspects we restrict ourselves to the
domain Λρ := {x ∈ Ω : |x̃|∞ < ρ}, where ρ > 0 and
introduce Λ̃ρ := {x ∈ R2 : |x̃|∞ < ρ}.
Lemma 2.1 Consider the operator Vm defined by
Vm : L2 (Λ̃ρ ) → L2 (Λ̃ρ ),
Z
p
(1)
H0 ( |λm ||x̃ − ỹ|)f (ỹ)dỹ,
f 7→
Λ̃ρ

m ∈ N+ .

Then Vm is a bounded operator from L2 (Λ̃ρ ) into
H 1 (Λ̃ρ ), and
kVm f k2H 1 (Λ̃

ρ)

≤

C
kf k2L2 (Λ̃ ) .
ρ
m

(6)

For a fixed m, boundedness of Vm follows directly
from the weak singularity of the kernel. The estimate
(6) requires slightly more careful arguments to get
an explicit dependence on m. By Fourier theory we
obtain the representation
n
X
fˆm (x̃)φm (x3 ),
L2 (Λρ ) = f : Λρ → C, f (x) =
X Z

m∈N+

m∈N+

Λ̃ρ

o
|fˆm (x̃)|2 dx̃ = kf k2L2 (Λρ ) < ∞ ,

and a corresponding representation as a direct sum,
2

L (Λρ ) =

∞
M

m=1

L2 (Λ̃ρ ).

Consequently, we find
X
kVf k2L2 (Λρ ) =
kVm fˆm (ỹ)k2L2 (Λ̃
m∈N+

ρ)

≤ Ckf k2L2 (Λρ ) .

(7)
Similarly to this idea we use a representation by
Fourier theory to deduce
n
X
fˆm (x̃)φm (x3 ),
H 1 (Λρ ) = f (x) =
X

m∈N+

(1 + m2 )kfˆm (ỹ)k2L2 (Λ̃

m∈N+

+

X X

i=1,2 m∈N+

k

ρ)

o
∂ ˆ
fm (ỹ)k2L2 (Λ̃ ) < ∞ .
ρ
∂xi

This permits like in (7) to show boundedness of
V from L2 (Λρ ) into H 1 (Λρ ). Furthermore, for every f ∈ L2 (Ω), with compact support, the function
2 (Ω) solves ∆Vf + k 2 Vf = −f . When an
Vf ∈ Hloc
incident wave solving (1) for n2 ≡ 1, scatters from
the inhomogeneity D, it creates a scattered field us
such that the total field
u(x) = ui (x) + us (x),

x ∈ Ω,

solves the Helmholtz equation (3) and the boundary
conditions.
This scattering problem can equivalently be described by the Lippmann-Schwinger integral equation
us − V(k2 qus )|D = V(k2 qui )|D .
in L2 (D), where we note again that the function k2
is x3 -dependent.
This integral equation can now be employed to
introduce a periodic Lippmann-Schwinger equation
and to do numerical calculations using a combined
spectral/multipole method.
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Abstract
Elastic guided waves are of interest for inspecting
structures due to their ability to propagate over long
distances. When the guiding structure is embedded
into a solid matrix, waveguides are open and waves
can be trapped or leaky. With numerical methods,
one of the difficulty is that leaky modes attenuate
along the axis (complex wavenumber) and exponentially grow along the transverse direction. The goal of
this work is to propose a numerical approach for computing modes in open elastic waveguides combining
the so-called semi-analytical finite element method
(SAFE) and a perfectly matched layer (PML) technique.
Introduction
The simulation of open waveguides can be done
through a simple numerical method which consists
in using absorbing layers of artificially growing viscoelasticity [1]. To circumvent the transverse exponential growth of leaky modes, an alternative approach is to use a PML method instead of absorbing
layers. Such a technique has already been applied
to the scalar wave equation [2], [3]. In the present
work, a SAFE-PML approach is applied to the equation of elastodynamics (non-scalar) in order to compute leaky modes in three-dimensional waveguides of
arbitrary cross-section.
1 SAFE-PML formulations
1.1 Cartesian PML
One assumes a linearly elastic material in a domain
Ω = {S, z}. The time harmonic dependence is chosen
as e−iωt . z is the waveguide axis, S is the transverse
section of the waveguide. S = (x, y) in Cartesian coordinates or (r, θ) in cylindrical coordinates. Acoustic sources and external forces are suppressed for the
purpose of studying propagation modes.
The 3D variational formulation governing elastodynamics is given by:
Z
Z
T
2
δ²̃ σ̃dΩ̃ − ω
ρ̃δ ũT ũdΩ̃ = 0
(1)
Ω

Ω

where dΩ̃ = dx̃dỹdz = r̃dr̃dθdz (the tilde notation
will be explained later). The variational formulation
holds for any kinematically admissible trial displacement field δu. δ²̃ denotes the virtual strain vector
and σ̃ is the stress vector. The superscript T denotes
the matrix transpose. ρ̃ is the material density.
The stress-strain relationship is σ̃ = C̃²̃, where C̃
is the matrix of material properties.
With a Cartesian PML in the x, y direction, the
formulation (1) can be interpreted as the analytical
continuation of the equilibrium equations into the
complex spatial coordinate x̃, ỹ, with:
Z x
Z y
x̃ =
γx (ξ)dξ, ỹ =
γy (ξ)dξ
(2)
0

0

γx is a complex-valued function of x, satisfying
γx (x)=1 for |x| ≤ dx ; Im{γx (x)} > 0 for |x| > dx .
The definition of γy is analogous. dx , dy are the interfaces between the PML and physical domains.
From Eq. (2), the change of variables x̃ 7→ x yields
for any function f˜:

1 ∂f ∂ f˜
1 ∂f
∂ f˜
=
,
=
, dx̃ = γx dx, dỹ = γy dy
∂ x̃
γx ∂x ∂ ỹ
γy ∂y
(3)
˜
where f (x̃(x), ỹ(y)) = f (x, y).
In addition to the PML technique, the SAFE method
is applied, which consists in assuming an eikz dependence, where k is the axial wavenumber. Combining
SAFE and PML approach, the strain-displacement
relation can be written as follows by separating transverse from axial derivatives:
² = (Lx̃ỹ + ikLz ) u

(4)

where Lx̃ỹ is the operator containing derivatives with
respect to transverse direction (x̃, ỹ).
 1 ∂



0
0
γx ∂x
0 0 0


1 ∂
0 
 0
 0 0 0 
γy ∂y




 0
 0 0 1 
0
0 




Lx̃ỹ =  1 ∂
1 ∂
 , Lz =  0 0 0  .
0
γ
∂y
γ
∂x

 y


x
 0
 1 0 0 
1 ∂ 
0

γx ∂x 
1 ∂
0 1 0
0
0
γy ∂y

(5)
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Finally, the FE discretization of the variation formulation (1) along the transverse directions x, y yields:
{K1 − ω 2 M + ik(K2 − KT2 ) + k 2 K3 }U = 0

(6)

with the following elementary matrices:
R
K e1 = S e N eT LTx̃ỹ CLx̃ỹ N e γx γy dxdy
R
K e2 = S e N eT LTx̃ỹ CLz N e γx γy dxdy
R
K e3 = S e N eT LTz CLz N e γx γy dxdy
R
M e = S e ρN eT N e γx γy dxdy

where the column vector U contains nodal displacements and Ne is a matrix of nodal interpolating functions of displacement on the element.
Given ω and finding k, the eigenproblem (6) is
quadratic. The linearization of this eigensystem is
detailed in [4] for instance.
1.2 Cylindrical PML
The cylindrical PML defines the complex radial
coordinate r̃ :
Z r
r̃ =

γ(ξ)dξ

(7)

0

where γ(r)=1 for r ≤ dr ; Im{γ(r)} > 0 for r > dr .
By using the change of variable r̃ → r and a SAFE
method, the strain-displacement relation becomes:
² = (Lr̃θ + ikLz ) u

(8)

Before FE discretization, the formulation (1) and
Eq. (8) are rewritten in Cartesian coordinates. For
paper conciseness, the operator matrix Lr̃θ in Cartesian coordinates is not presented here.
Finally, it can be shown that the FE discretization
of the variation formulation (1) along the transverse
section yields the same equation as Eq.(6) with the
elementary matrices obtained by replacing Lx̃ỹ with
Lr̃θ and γx γy with r̃γ/r.
2

Results
A numerical test is taken from the literature [1],
consisting of a steel bar buried in a concrete infinite domain. The continuity of displacements and
stresses is enforced at each interface, i.e. between
the core and semi-infinite layers. Following the suggestion of [2], [3], the PML layer is close to the core in
order to reduce the effects of the exponential growth
of leaky modes on the numerical results. A Dirichlet
condition is chosen at the exterior boundary of truncated domain. Finite elements are triangles with six

370

nodes. γx , γy , γ in Eqs. (2) and (7) should be chosen
as smooth as possible to minimize numerical reflection [5]. They are parabolic functions in this work.
A difficulty is that the method will not only provide trapped and leaky modes but also non-intrinsic
modes corresponding to continua of radiation modes
which are mainly resonating in the artificial layers
and depend on the characteristics of these layers. A
modal filtering step consists in identifying and separating physical modes from unwanted modes. The
filtering criterion used for our tests is the ratio of
kinetic energy in the PML region over the kinetic
energy in the whole domain. Physical modes are
then identified if this criterion is smaller than a userdefined value.
Numerical results will be shown during the conference to validate the SAFE-PML methods.
Further work will consist in extending the proposed approach to twisted waveguides in order to
simulate helical structures buried in infinite solid media.
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[4] F. Treyssède. Elastic waves in helical waveguides. Wave Motion, 45:457-470.
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Abstract
The problem of determining the trapped modes
present in various waveguides of slowly-varying cross
section is discussed. By ‘trapped mode’, we refer
to eigenmodes of the waveguide featuring a finite
region of oscillatory energy, with exponential decay
elsewhere.
The waveguide cross section changes over a lengthscale Lx which is much larger than the characteristic
cross section width, Lyz . Thus  = Lyz /Lx  1 is
a small parameter which can be exploited to develop
an asymptotic scheme for determining the eigenfrequencies. The method is introduced by considering
first the case of an acoustic waveguide with slowlyvarying cross section, and is shown to be accurate to
leading order, whilst computationally advantageous
compared to a numerical scheme. It is then adapted
to the problem of approximating solutions to the elastodynamic wave equation in similarly perturbed elastic plates, and we highlight the similarities and differences between the two cases.
Introduction
Motivated by prior research in, e.g., [2], we employ an asymptotic approach to first approximate the
trapped mode solutions in the case of acoustic propagation in a smooth three-dimensional waveguide with
a simply connected, but otherwise arbitrary cross section, with a slowly varying localised bulge, symmetric
around the centre of its longitudinal axis, as in [1].
Comparing the eigenvalues obtained via this
asymptotic analysis with those obtained numerically from a three-dimensional spectral collocation
method, we find them to be in excellent agreement.
Interestingly, we find that the relative error remains
favourably small when the ‘small’ parameter is increased to unity.
Finally, we apply an analogue of this method to
the problem of elastic propagation in a semi-infinite
elastic plate, with a similarly slowly varying perturbation, symmetric around one longitudinal coordinate and constant in the other.

1

Acoustic waveguide
Orienting a three-dimensional waveguide along
the x-axis, we take its cross section to be some
simply connected domain D(x) ⊂ R2 , which depends smoothly on x. The waveguide is slowlyvarying in the sense that  = Lyz /Lx  1, where
the waveguide cross section changes over a length
scale Lx and Lyz is the characteristic waveguide
width. In non-dimensional coordinates (ξ, η, ζ) =
(x/Lx , y/Lyz , z/Lyz ), the governing Helmholtz equation is
2 φξξ + φηη + φζζ + k 2 φ = 0,
in which k is the non-dimensional wavenumber, to be
solved subject to either Dirichlet (φ = 0) or Neumann
(φν = 0) conditions on the waveguide boundary.
We apply a WKBJ-type ansatz of the form

φ = (A0 + A1 + . . .) exp −1 P−1 + P1 . . .
(1)

and equate coefficients of  to find, to leading order,
that the solutions are given by

φn (ξ, η, ζ) = An |fn0 |−1/2 En exp −1 fn + O(),
where

 Z ξq


¯ dξ¯
k 2 − λ2n (ξ)
±i
Z ξq
fn (ξ) =


¯ − k 2 dξ¯
±
λ2n (ξ)

for k ≥ λn (ξ),
for k ≤ λn (ξ),

for constants An and where {λn (ξ), En (ξ; η, ζ)} is the
n-th eigensolution over the waveguide cross section
D = D(ξ).
We hence see that the either oscillatory or decaying
nature of the solution is determined by the relative
magnitudes of the wavenumber, k, and the eigenvalues of the duct cross section at ξ, from which we can
determine the region of trapping.
Since the symmetry of the waveguide tells us that
D(ξ) = D(−ξ), we may restrict our attention to the
region ξ ∈ [0, ∞). At the turning point, ξ = ξn∗ > 0,
defined as the solution of k = λn (ξn∗ ), the solution
breaks down, and a local analysis shows that there is
a nonuniform region surrounding this point of width
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O(2/3 ). The solution within this region is readily
determined, and its form motivates the derivation of
the uniform approximation.
We hence take a new ansatz, expanding in a basis of Airy functions, and generate a uniformly valid
leading order solution, valid for ξ ∈ [0, ∞),


0
φn = Bn |g0;n
|−1/2 En Ai −2/3 g0;n + O(2/3 ), (2)

as u = (u, 0, w), so that we may essentially treat the
problem as two-dimensional. Then, by decomposing
the displacement into dilational and rotational components,
u = ∇φ + ∇ × ψ

for ξ ≤ ξn∗ ,

individually, for the dilational and shear wavenumbers kd,s = ω/cd,s . Thus the shear and dilational
waves propagate independently inside the waveguide,
but assuming clamped boundary conditions

where Bn are constants and

!2/3
Z ξn∗ q



3
¯ dξ¯

k 2 − λ2n (ξ)

− 2
ξ
g0;n =
!2/3
Z ξq



3
2 ¯
2 ¯


 2 ∗ λn (ξ) − k dξ
ξn

for ξ ≥ ξn∗ .

(3)
Given (2)–(3), we may solve the trapping problem
for symmetric or antisymmetric modes, by imposing
the additional conditions φ → 0 as ξ → ±∞ and
φξ (0, η, ζ) = 0 or φ(0, η, ζ) = 0, respectively.
4.0

where ψ = (0, ψ, 0), we may write the displacement
vector as u = (φx − ψz , 0, φz + ψx ), where φ(x, z)
and ψ(x, z) satisfy


∇2 + kd2 φ = 0,
∇2 + ks2 ψ = 0

∓h0± u + w = 0,

on z = ±h± , we find that the wave types are coupled
on the boundary of the plate.
After non-dimensionalising the problem by mapping it onto a flat plate with the transformations
ξ = x,

3.8
3.6
3.4
3.2
3.0
2.8
2.6
2.4
0.0

0.2

0.4

0.6

0.8

1.0

u ± h0± w = 0

η = −1 +

2 (z + h− )
h+ + h−

the method described above for the acoustic case can
be followed. In particular, expanding each of φ and ψ
in the WKBJ-type ansatz as in (1), we find to leading
order the compressionally symmetric solution

φ ∼ α0 cosh (νd η) exp −1 f ,
ψ∼


iwf 0 cosh νd
α0 sinh (νs η) exp −1 f
2νs cosh νs

Figure 1: Asymptotic (lines) and numerical
p(circles) wavenumbers for the duct described by
η 2 + ζ 2 ≡ h(ξ) = 1 + 0.5 sech ξ, for varying small
parameter  ∈ [0.01, 1].

where w(ξ) denotes the plate width. The phase, f (ξ),
and transverse eigenvalues, νs (ξ) and νd (ξ), satisfy
the Rayleigh-Lamb frequency equation

Figure 1 shows a comparison between the first
eight wavenumbers obtained with this asymptotic
scheme against a spectral collocation method for
a sample waveguide with circular cross section, in
which we see an excellent level of accuracy, even as
the ‘small’ parameter, , approaches unity.

and α0 (ξ) is determined at next order. Further results will be discussed in the presentation.

2

Elastic waveguide
The method described above is then applied to
the different problem of the trapping of elastic waves
within an elastic plate with slow perturbation along
x, described by z ≡ ±h± (x) and constant in y. Because of plane strain on the plate, we assume no displacement in y and express the displacement vector

(wf 0 )2
tanh νd
=
,
4νd νs
tanh νs

References
[1] S. N. Gaulter and N. R. T. Biggs. Acoustic
trapped modes in a three-dimensional waveguide
of slowly varying cross section. Proc. R. Soc.
Lond. A, 469(2149), 2013.
[2] D. Gridin, R. V. Craster, and A. T. I. Adamou.
Trapped modes in curved elastic plates. Proc. R.
Soc. Lond. A, 461(2056):1181–1197, 2005.

373

3.17

WAVES 2013

Elastic waves

375

WAVES 2013

Surface Waves in Almost Incompressible Elastic Materials
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Abstract
A recent study shows that the classical theory
concerning accuracy and points per wavelenghth is
not valid for surface waves in almost incompressible elastic materials. The gridsize must instead be
proportional to ( µλ )(1/p) to achieve a certain accuracy. Here p is the order of the scheme and µ and
λ are the Lame parameters. This accuracy requirement becomes very restrictive close to the incompressible limit where µλ ≪ 1, especially for low order methods. We present results concerning how to
choose the number of gridpoints for 6th and 8th order
summation-by-parts finite difference schemes. The
result is applied to Lambs problem in an almost incompressible material.
Introduction
Consider the half - plane problem for the two dimensional elastic wave equation in a homogeneous
isotropic material. With time scaled to give unit density the displacement field (u, v)T is governed by
utt = µ∆u + (λ + µ)(ux + vy )x ,
vtt = µ∆v + (λ + µ)(ux + vy )y ,
(x, y) ∈ (−∞, ∞) × [0, ∞), t ≥ 0.

(1)

Initial data for (u, v)T and (ut , vt )T is given at t = 0.
On the boundary y = 0 we consider normal stress
boundary conditions,
λ
ux = g(x, t),
vy + λ+2µ
uy + vx = 0.

(2)

It is well known that (1) - (2) admits compressional
and shear waves as well as Rayleigh surface waves
([1]). For a fixed temporal frequency the wave length
of the compressional
and shear waves are propor√
√
tional to λ + 2µ respective µ. The wavelength of
√
the Rayleigh waves are proportional to cR µ where
cR depends on µ and λ and 0 < cR < 1 . The classical theory ([2]) states that when using a finite difference scheme an accurate solution is guaranteed if the
shortest wavelength is not smaller than a constant
number of grid sizes, where the constant depends
on the order of accuracy of the method. For the

Rayleigh waves this corresponds to using a grid size
√
proportional to cR µ. However, in [3] H-O.Kreiss
and N.A.Petersson show that to accurately simulate
Rayleigh surface waves, the grid size should be pro(1/p)
. Here p is the order of accuracy
portional to µλ
of the method. The implications of this accuracy requirement become evident in almost incompressible
media (λ ≫ µ). Then a larger than predicted number of grid points per Rayleigh wavelength is needed
for an accurate solution.
Higher order methods
In [3] a 4th order method is used to illustrate the
theory by comparing results obtained with a 2nd order method. We continue along this line and use
the 6th and 8th order schemes of [4] to illustrate the
benefits of using higher order methods to simulate
Rayleigh surface waves. We use an analytic expression for a periodic train of Rayleigh surface waves
to measure the relative max error obtained with a
pth order method, ep . The error is measured when
the waves have propagated 10 periods. The number of points per wavelength,P , is increased until an
relative max error of at most 5% is obtained. An example of results from this experiment with µλ = 10−3
is shown in Table 1. Here the superiority of methods
of order higher than 4 becomes apparent. In fact, the
4th order scheme uses about 4 times as many points
per wavelength predicted by the classical theory for
an accuracy of 5%. These results are then used in
the next section to predict the number of grid points
needed to accurately solve Lambs problem [5] in an
almost incompressible material.
P e4
13 5.7 × 100
25 9.4 × 10−1
49 8.8 × 10−2
97 6.3 × 10−3
Table 1: Relative max
with λ = 1, µ = 10−3

e6
6.6 × 10−1
2.7 × 10−2
error, ep at

e8
7.5 × 10−2
4.3 × 10−3
time T = 33.104,

K RISTOFFER V IRTA AND G UNILLA K REISS

Application: Lambs problem in almost incompressible media
We solve a version of Lambs problem ([5]) in which
the surface of a half - space is subjected to a periodic array of line sources with loading normal to the
surface. Under these conditions compressional, shear
and Rayleigh waves are generated. The normal stress
forcing of (2) is then
g(x, y) = f (t)δ(x − kM ), M > 0, k = 0, ±1, . . . ,
where M is the distance between the sources and δ
the Dirac delta function. We let f be the wavelet
given by

sin(2πωt) − 21 sin(4πωt), 0 ≤ t ≤ ω1
f (t) =
0, else.
f is shown as an inset in Fig 1(a) with ω = 1.
With λ = 1, µ = 10−3 the Rayleigh wave speed
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we consult Table 1 to conclude that 25 points per
wavelength should suffice. To ascertain this claim a
reference solution with 200 points per shortest wavelength is constructed. As a comparison a solution
using 10 points per shortest wavelength, a quantity
predicted by the classical theory to yield a relative
error lower than 5%, is also computed. The results
presented in Table 2 verifies the claim for this application. Figure (1(b)) shows the relative error in the
magnitude of the displacement field. It is interesting
to see that the main bulk of the error is seen to be
located in the vicinity of the surface. Which is in accordance with the theory in [3], which predicts that
the Rayleigh waves are much more sensitive to discretization errors than the shear and preassure waves.
P e6
10 7.5 × 10−1
25 2.7 × 10−2
Table 2: Points per shortest wavelength and corresponding relative max error.
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(a) Numerical solution
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Figure 1: The numerical solution (a) and the
relative error (b) at time t = 3.2
√
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Abstract
In this paper, we study a wave equation with index
of refraction depending on the variable Z, such that
n2 (Z) has a C 1 discontinuity at Z = 0. For the
simple case n2 (Z) = n2 (0)1z<0 + n2 (0)(1 + λZ)1Z>0 ,
we exhibit an exact solution which is incoming from
−∞, which reflects on Z = 0 and we calculate the
reflection operator on the interface Z = 0.
Introduction and statement of the physical
problem
The notion of reflection coefficient is standard for
waves propagating in a medium with a discontinuity along a planar interface. For a jump in the
wave speed, or in the index of refraction, the Fresnel equations predict the amplitudes of the reflected
and transmitted waves as a function of the angle of
incidence. The Zoeppritz equations achieve the same
result, and also predict mode conversion, in the case
of discontinuous density and elastic Lamé parameters.
It is much less well known how to deal with other
kinds of singularities in the medium properties, such
as square root or ramp singularities. It was argued
on physical grounds that reflection about a fractional
interface should be the result of a fractional integrator of the same order on the incident wave, see for
instance [3],[4]. Recognizing the fine structure of a
reflector from the particular shape of the oscillations
of the recorded waves in a seismic trace is an important method of interpretation in lithology, though
one that has not been properly justified yet.
One may hope that the “fractional integrator”
heuristic can be made precise by characterizing the
reflection coefficient as a pseudodifferential operator
of fractional order. We concentrate in this presentation to the case of a ramp, that is the model case
described in the Abstract, before treating the general
case (see [2]).
After partial Fourier transform in transverse variables and in time, and by choosing the adequate scaling of the variable z, one is left to:
d2
2
2
”find the unique solution of dz
2 u+ω (1−η +λz)u =

0 which coincides to the incoming wave from −∞
2

1

equal to u(z) = e−iω(1−η ) 2 z for z < 0. and find the
transmission and reflection coefficient on respectively
outgoing at +∞ and outgoing at −∞ waves”.
This will need precise definitions of incoming and
outgoing waves both at −∞ and +∞ and of the
unique representant of each of these waves, which
is the aim of the next section.
Note that the time dependency chosen in this set-up
2

1

is eiωt , with ω > 0, which accounts to e−iω(1−η ) 2 z
being an incoming wave from −∞ (with wave front
1
t = (1 − η 2 ) 2 z), and an outgoing wave to −∞ is,
2

1

similarly, eiω(1−η ) 2 z . This classification is obvious
in a constant coefficients medium, but needs to be
clarified in a general medium (see next section).
1

Outgoing and incoming waves: definitions
and properties
We deal with solutions of
d2
u(z, η, ω) + ω 2 (1 − η 2 + λz)u(z, η, ω) = 0
dz 2

(1)

Definition 1 A outgoing solution to +∞ of (1) is
u(z, η, ω0 ), ω0 > 0, such that, for ω = ω0 (1 + iσ),
σ < 0, the limit of u(z, η, ω) at z → +∞ is zero and
the limit of u(z, η, ω) when σ → 0− is u(z, η, ω0 ).
Definition 2 An incoming solution from +∞ of (1)
is u(z, η, ω0 ) such that, for ω = ω0 (1+iσ), σ > 0, the
limit of u(z, η, ω) at z → +∞ is zero and the limit of
u(z, η, ω) when σ → 0+ is u(z, η, ω0 ).
A problem is to define the base solution in the space
of incoming or outgoing solutions, because the above
definitions do define vectorial spaces of dimension 1.
In [2], we adopt a definition linked with the behavior
at +∞, because we do not know the values at z = 0.
However, in the model case of this paper, we consider
that the base outgoing solution (as well as the base
incoming solution) is equal to 1 at z = 0. It is possible and straightforward thanks to properties of the
Airy functions.

O LIVIER L AFITTE

378

2

Exact solution of the problem and its properties
2.1 Explicit solutions in z > 0
The problem that we consider here is
(2)

with n2 (z) = 1z<0 + (1 + λz)1z>0 . Note that n2 is
continuous, with a discontinuity in the derivative on
the surface z = 0.
The first part of the analysis of this problem is to
consider the partial Fourier transform in (x, y), the
associated wave number being ω(η1 , η2 ), with η12 +
η22 = η 2 , η ≥ 0. One then reverts to
2

2

2

w− (θ(z+ 1−η
))
λ
,
w− (Z0 )

solution from +∞ on [0, +∞[ is thus
and the unique outgoing solution to +∞ on [0, +∞[
2

∆ũ + ω 2 n2 (z)ũ = 0,

∂z22 u

As the roots of the Airy are on the negative real axis,
w+ and w− never vanish, hence the unique incoming

2

+ ω (n (z) − η )u = 0,

(3)

is

))
w+ (θ(z+ 1−η
λ
.
w+ (Z0 )

We have now, in z > 0 as well as in z < 0,
the description of outgoing solutions to +∞ and
incoming solutions from +∞ (Proposition 1) and
outgoing solutions to −∞ and incoming solutions
from −∞ (described in the Introduction) of (3).
We want to study the reflected and the transmitted
coefficients R and T when the incoming wave from
−∞. The situation is thus the following:
• in ] − ∞, 0[, u(z) = Reiω(1−η

u00 + ω 2 (1 − η 2 + λz)u = 0.

(4)

1 − η2
1 − η2
)) + Bw− (θ(z +
))).
λ
λ

2.2 Outgoing and incoming solutions at +∞ for (3)
We show in this paragraph that the decomposition
of solutions of (3) on w+ , w− is the suitable decomposition to study outgoing and incoming solutions at
+∞. Indeed, we have
Proposition 1 The function w− is in the space of
incoming solutions from +∞, and the function w+ is
in the space of outgoing solutions to +∞ for (3).
Proof: Let Ai and Bi be the classical solutions of
u00 = xu (see [1]). We have
π

Ai(Xe

e±i 3
)=
[Ai(−X) ± iBi(−X)].
2
3

(5)
1

Using 10.4.59 of [1] and noticing that X 2 = ωλ 2 (z +
1−η 2 23
λ ) , and replacing ω by ω(1 + iσ), σ > 0, and letting z → +∞, the solution w+ corresponds to a phase
iπ
3

2 3 3
3
) 2 ω(1+iσ) 23 (z+ 1−η
)2 λ4
λ

1
2) 2 z

,

• in ]0, +∞[, u(z) = T
Note that, from n2 ∈
hence u is
continuous, and u0 is continuous. This yields:
(

π

Introducing w± (X) = Ai(e±i 3 X) a pair of satisfactory solutions of U 00 = −XU , one checks that
a pair of independent solutions of (4) is (w+ (θ(z +
1−η 2
1−η 2
3
2
λ )), w− (θ(z + λ ))), where θ = ω λ, θ > 0 We
2
−1
introduce Z0 = (1 − η )θλ . In z > 0, one has

±i π3

2

+ e−iω(1−η

w+ (θ(z+ 1−η
))
λ
.
w+ (Z0 )
∞
L , u is in W 2,∞

We first consider (3) in z > 0:

u(z) = Aw+ (θ(z +

1
2) 2 z

behavior e−(e
, which goes to
0 when z → +∞, hence is in the class of outgoing
solutions to +∞.

2.3

R+1=T

w0 (Z0 )

1

iω(1 − η 2 ) 2 (R − 1) = T θ w+
+ (Z0 )

Reflection operator
1

1

Noting that Z02 = (1 − η 2 ) 2 ωθ , this rewrites
(

R+1=T
1

w0 (Z0 )

iZ02 (R − 1) = T w+
+ (Z0 )

The reflection coefficient is thus
1

R(ω, η) =

iZ02 +
1

iZ02 −

0 (Z )
w+
0
w+ (Z0 )
0 (Z )
w+
0
w+ (Z0 )

.

(6)

Note that it is a pseudo differential operator, hence
obtaining the result sought.
Proposition 2 The reflection operator R(ω, ξ) for
the ramp problem is defined by its pseudo differential
symbol R(ω, ωξ ). There exists two sequences αk , βk
such that
P
3n
ω −n
(1 − η 2 )− 2
λ
k≥0 αk ( λ )
2 − 32
R(ω, η) ' i (1 − η ) P
3n .
ω
βk ( ω )−n (1 − η 2 )− 2
k≥0

λ

(7)
Away from the glancing rays (1 − η 2 ≥ 0 > 0 or,
0
equivalently ω 2 −ξ 2 ≥ 2−
(ω 2 +ξ 2 )), it is an operator
0
of order −1.
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Proof: We use explicitly the expansion of the Airy
function (10.4.59 of [1] and 10.4.61 of [1]):
P
3k
(−1)k ck ( 23 )−k u− 2
1
Ai0 (u)
2
' −u P
3k
Ai(u)
(−1)k ( 23 )−k dk u− 2
i π3

2
3

with c0 = d0 = 1, and for u = e (1 − η 2 )( ωλ ) , for
1
2

1
2

i π3

− 32

=
which −e u is equal to −iZ0 and −u
we deduce the relation
P 2 −k − 3k
(i ) Z0 2 (ck − dk )
R(ω, η) = Pk 3
3k
2 −k − 2
(ck + dk )
k (i 3 ) Z0

−3
iZ0 2 ,

1

1

2

1
2) 2 z

,

1

• in ]δ, +∞[: u(z) = T1 e−iω(1−η +λδ) 2 (z−δ) .
From the condition at z = δ, one deduces the relation:
1
2

0
0
Aw+
(Zδ )+Bw−
(Zδ ) = −iZδ (Aw+ (Zδ )+Bw− (Zδ )),

The condition at z = 0 yields
(
R1 + 1 = Aw+ (Z0 ) + Bw− (Z0 )
1

0 (Z ) + Bw 0 (Z )
iZ02 (R1 − 1) = Aw+
0
0
−

from which one deduces R1 . By investigation, R1 is
a pseudodifferential of order −1 as well, thanks to
1 (ω,η)
the equality R1 = DD(ω,η)
, with
D=

−1

1
2

−iZ0
0

w+ (Z0 )
0
w+
(Z0 )
1
2

w± (Zδ )
w± (Z0 ) .

w− (Z0 )
0
w−
(Z0 )
1

0
0
w+
(Zδ ) + iZδ w+ (Zδ ) w−
(Zδ ) + iZδ2 w− (Zδ )

w− (Z0 )

0
w+
(Z0 )
0
w+
(Zδ )

Define Q± =

1

e−iω(1−η +λδ) 2 (z−δ) (and the conjugate function is the
unique incoming solution). We denote by R1 and T1
the reflected (resp transmitted) coefficient. One has:
2

w+ (Z0 )

1

0

1

2.4 Extension to a layer
Assume now that the index of refraction is continuous, and that the size of the layer in which n2 has
2
a ramp is δ. Denote by Zδ = ( 1−η
λ + δ)θ. We know
that the base outgoing solution at +∞ in [δ, +∞[ is

• in ] − ∞, 0[: u(z) = R1 eiω(1−η ) 2 z + e−iω(1−η
• in ]0, δ[: u(z) = Aw+ (z) + Bw− (z),

1
−iZ02

D1 =

1
2

+ iZδ w+ (Zδ )

0 (Z )
w±
0

1
w± (Z0 )iZ02

, Qδ± =

0
w−
(Z0 )

0
w−
(Zδ )
0 (Z )
w±
δ

1

+ iZδ2 w− (Zδ )

1

w± (Zδ )iZδ2

, T± =

One obtains

D

iZ02 w+ (Z0 )w− (Z0 )

hence with c0 = d0 the expansion (7), which leads to
the the estimate in (ω, ξ), valid thanks to ω 2 − ξ 2 ∈
0
(ω 2 + ξ 2 )[ 2−
, 1].
0
Extensions of this method, in which the most difficult
thing is to identify the incoming or outgoing solutions
in [0, +∞[, suggest that the reflection operator is of
order −α, where α > 1 is the fractional regularity of
n2 (Z) at Z = 0, and can be expressed through Jost
integrals (see [2]).

2

and

D1

iZ02 w+ (Z0 )w− (Z0 )

=

−1
−1
0

=

1
−1
0

1
Q+
(1 + Qδ+ )
1
Q+
(1 + Qδ+ )

1

Zδ2

1 T+

Z02

1

Zδ2

1 T+

Z02

1
Q−
(1 + Qδ− )
1
Q−
(1 + Qδ− )

1

Zδ2
1

Z02

T−

1

Zδ2
1

Z02

T−

hence the same regularity result on the reflection
coefficient.
3

Conclusions
For the simplest model of C 1 discontinuity (namely
where n2 (x, y, z) = 1+λz for z > 0, and n2 (x, y, z) =
1 for z < 0), we are able to define outgoing and incoming solutions at +∞. From these definitions we
derive the reflection operator, which is a pseudodifferential operator of order −1. This result holds also
for a layer in which n2 has a ramp. It agrees with the
arguments of [3], [4] mentioned in the Introduction.
Under investigations are the analysis of the relations
between micro local outgoing solutions and outgoing
solutions, as well as the generalization to a general
fractional singularity of the interface (see [2]).
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Abstract
In this work, the problem of surface waves in an
isotropic elastic half-plane with impedance boundary conditions (IBCs) is investigated. It is assumed
that the boundary is free of normal traction and the
shear traction varies linearly with the tangential displacement times the frequency, where the impedance
corresponds to the constant of proportionality. The
standard traction-free boundary conditions are then
retrieved for zero impedance. The secular equation
for surface waves with IBCs is given in explicit form.
The existence and uniqueness of the Rayleigh wave
is properly established, and it is found that its velocity varies with the impedance. Moreover, we prove
that an additional surface wave exists in a particular
case, whose velocity lies between those of the longitudinal and the transverse waves. Numerical results
are presented.
1

Introduction and basic equations
Elastic surface waves are of particular importance
in seismology, because they are the most destructive
in earthquakes. In a geological context, it is usually assumed that the bounding surfaces are tractionfree, which is mathematically expressed by Neumann
boundary conditions, whereas other types of boundary conditions as IBCs are far less frequent. Some
authors that have previously studied elastic surface
waves with IBCs are Tiersten [1], Malischewsky [2]
and Bövik [3]. The present work considers elastic
surface waves in an isotropic elastic half-plane with
particular IBCs prescribed on its surface (cf. [4]).
Given Cartesian coordinates (x1 , x2 ), we consider
the half-plane x2 > 0 occupied by an isotropic elastic
solid with constant density ρ. For 1 ≤ i ≤ 2, the displacement components are denoted by ui . The components of the stress tensor, denoted by σij , are given
in terms of ui through the Hooke’s law for isotropic
materials: σij = λuk,k + µ(ui,j + uj,i ), where λ, µ
stand for the Lamé’s constants. The time-harmonic
waves are governed by the equation σij,j +ρω 2 ui = 0,
where ω is the angular frequency.

2

Impedance boundary conditions and secular equation
Malischewsky [2] proposed a general form of IBCs
in seismology. In the 2D case, it is given by (summation convention does not hold for underlined indices):
σi2 + εi ui = 0,

for x2 = 0,

(1)

where the impedance parameters εi have the dimensions of stress/length. The associated secular equation (or dispersion relation) for surface waves is
√
√
( 2
)
2s − s2T 2 − 4s2 s2 − s2L s2 − s2T
√
)
1 2( √ 2
+
sT ε1 s − s2T + ε2 s2 − s2L
(2)
µω
√
√
)
(
1
− 2 2 ε1 ε2 s2 − s2 − s2L s2 − s2T = 0,
µ ω

where the unknown s is the surface
wave slowness
√
(reciprocal of velocity), sL =
ρ/(λ +
√2µ) is the
longitudinal wave slowness, and sT = ρ/µ is the
transverse wave slowness (sT > sL ).
We assume that the surface x2 = 0 is free of normal
traction, and the shear traction varies linearly on the
tangential component of the displacement times the
frequency, that is, ε1 = ωZ and ε2 = 0 in (1) and
(2), where Z ∈ R is an impedance parameter that
has the dimensions of stress/velocity. The IBCs are
then obtained from (1):
σ12 + ωZu1 = 0,

σ22 = 0,

for x2 = 0.

(3)

and the corresponding secular equation from (2):
√
√
( 2
)
2s − s2T 2 − 4s2 s2 − s2L s2 − s2T
(4)
Z √
+ s2T s2 − s2T = 0.
µ

If Z = 0 we retrieve in (3) the usual traction-free
boundary conditions and (4) becomes the classic secular equation for Rayleigh waves. Only real solutions
of (4) have physical meaning, since a complex slowness gives rise to displacements that do not tend to
zero at inﬁnity which is inadmissible. As (4) only
depends on s2 , it suﬃces to consider s > 0.
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3

Surface wave analysis
The following propositions provide some characteristics of the solutions to the secular equation (4).

Proposition 2.
√ If the impedance Z takes the positive

value Z ∗ ≡ 2µ s2T /2 − s2L , then the secular equation
(4) has one real solution in the range
sL < s < sT .
√
This solution is given by s∗ ≡ sT / 2 and corresponds
to the slowness of an additional surface wave.
Proposition 3. Let us assume a perturbed value
of the impedance Z = Z ∗ (1 + ε), where ε is a
real parameter satisfying |ε| << 1. Then the secular equation (4) has a complex solution s satisfying
sL ≤ Re{s} ≤ sT . Locally,
this solution can
(
) be approximated as s = s∗ 1 + a ε + (b + ic)ε2 + o(ε3 ),
where a, b and c are real numbers, with c > 0.
Proposition 1 generalises the standard Rayleigh wave
to the case of IBCs. Proposition 2 establishes the
existence of an additional surface wave in the range
sL < s < sT for a particular value of Z. Proposition 3
states that the associated slowness becomes complex
if this value of Z is perturbed, hence it corresponds
to a local uniqueness result of the additional wave.
4

Numerical results
We present next some numerical results for three
elastic materials. The secular equation (4) was numerically solved in function of Z. The Rayleigh solution is presented in Fig. 1 and the additional solution
is shown in Figs. 2 and 3. These results agree with
the analysis performed in the previous section.
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existence of surface waves in an elastic halfspace with impedance boundary conditions, Wave
Motion, 49 (2012), pp. 585–594.

383

WAVES 2013

Multi-wavelength sized finite elements for three-dimensional elastic wave problems

1

M.S. Mahmood1 , O. Laghrouche1,∗ , J. Trevelyan2
Institute for Infrastructure and Environment, Heriot-Watt University, Edinburgh EH14 4AS, UK
2 School of Engineering and Computing Sciences, Durham University, Durham DH1 3LE, UK.
∗ Email: o.laghrouche@hw.ac.uk

Abstract
The aim of this work is to develop finite elements
capable of containing many wavelengths per nodal
spacing for three dimensional elastic wave problems.
This will be achieved by applying the plane wave
basis decomposition to the three dimensional elastic wave equation. The proposed elements will allow us to relax the traditional requirement of around
ten nodal points per wavelength, used in polynomial
based finite elements, and therefore solve elastic wave
problems without refining the mesh of the computational domain at each frequency. The accuracy and
effectiveness of the proposed technique will be determined by comparing solutions for selected problems
with available analytical solutions.
Theory and preliminary results
Plane wave basis finite elements were developed
and implemented to solve acoustic [1]and elastic wave
problems [2]. The idea consist to relax the grid density by the incorporation of the physical features of
the problem in the finite element space. Many other
techniques have been developed for the same objective such as the discontinuous enrichment method,
the ultra weak variational formulation, the partition
of unity boundary element method, the least-squares
method and the oscillated polynomials based finite
elements. These approaches led to elements capable
of containing many wavelengths per nodal spacing
and have been very successful in reducing the computing effort associated to the high frequency.
Let Ω be a spacial domain in R3 , occupied by an
elastic medium and Γ its boundary. We will denote by (e1 , e2 , e3 ) the cartesian vector system and
by x = x1 e1 + x2 e2 + x3 e3 a generic point in R3 .
Under the assumption that Ω is linear, homogenous
and isotropic, and in the absence of a body force, the
following homogeneous Navier equation holds
−ρω 2 u − ∇ · σ(u) = 0,

given displacement field u = u1 e1 + u2 e2 + u3 e3 , I is
the identity matrix, λ and µ are the Lamé parameters
of the elastic material, ω is the circular frequency,
ρ is the density of the medium, assumed constant,
and ∇u = (∇u1 , ∇u2 , ∇u3 )> . Let us denote, respectively, by n and t the outward unit normal and tangent vectors to the boundary Γ. The time harmonic
elastic wave equation (1) is completed by a Robin
type boundary condition on Γ
σ(u)n = i[(λ + 2µ)kP (u · n)n
+ µkS (u · t)t] + g,

√
where i = −1 is the imaginary unit number, kP
and kS are, respectively, the P and S wave numbers,
and g is a source term.
We first derive the variational formulation. Let us introduce the usual Sobolev space V = H 1 (Ω)×H 1 (Ω).
Taking into account (2), multiplying (1) by the complex conjugate of a test function v in V and integrating by parts over Ω we get the following variational
problem:
Find u in V such that for all v in V,
Z
Z
− ω 2 ρ u · v̄ dΩ +
σ(u) · ∇v̄ dΩ
Ω
Z Ω
− i ((λ + 2µ)kP (u · n) (v̄ · n)
Γ
Z
g · v̄ dΓ.
+ µkS (u · t) (v̄ · t)) dΓ =

(3)

Γ

Let us consider a finite element mesh containing n
nodes, denoted z, z = 1, n. We denote by {Nz }
the partition of unity by polynomial finite element
shape functions, and respectively by mP and mS the
numbers of approximating P and S plane waves. The
displacement u is approximated as follows
X X
uh =
Nz APz,l exp(ikP x · dlP )dlP
z=1,n l=1,mP

+

(1)

where the stress tensor σ is defined, via the classical
Hooke’s law, by σ(u) = λ∇·u I+µ(∇u+∇u> ) for a

(2)

X

X

z=1,n l=1,mS

+

X

X

z=1,n l=1,mS

l,1
l
Nz AS,1
z,l exp(ikS x · dS )dS,⊥

l,2
l
Nz AS,2
z,l exp(ikS x · dS )dS,⊥ ,

(4)
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where h is the computational mesh size. The vectors
l,2
dl,1
S,⊥ and dS,⊥ are orthogonal to each other and lie in
the orthogonal plane to d. For convenience, the directions dlP and dlS are chosen uniformly distributed
in space. This latter remark raises a problem as it is
very restrictive and not straightforward to uniformly
distribute an arbitrary number of directions in space.
The problem (3) leads to an invertible linear algebraic system provided that the approximating plane
waves are linearly independent. The integration of
the element matrices is performed using high order
Gauss-Legendre scheme involving large numbers of
integration points. Hence, at this stage, the computational effort shifts from the solver to the assembling
process. The global matrix of the resulting system is
symmetrical and block banded. The solution of the
final system is obtained via a direct solver based on
LDLT decomposition where LT is the transpose of
the lower triangular matrix L and D is a diagonal
matrix.
Let us consider the case of displacements caused by
progressive plane waves, in a three dimensional elastic infinite medium, of the form u = exp(ikP x ·
dP )dP + exp(ikS x · dS )d1S,⊥ + exp(ikS x · dS )d2S,⊥ .
The source term g of expression (2) is evaluated and
prescribed on Γ. All parameters λ, µ and ρ are taken
equal to 1 with their respective corresponding units.
The finite elements used here are 8-noded cubes and
their geometry is interpolated via Lagrange polynomials. We consider three uniform mesh grids denoted
by h1 , h 1 and h 1 for the domain 1 ≤ x1 , x2 , x3 ≤ 3.
2
4
The coarser mesh h1 has 8 elements and the finer
mesh h 1 has 512 elements. Table 1 shows the L2 er4
ror given by ||uh − u||L2 (Ω) /||u||L2 (Ω) × 100%, where
the Euclidean norm of the real part of uh is given
by |Re(uh )|, for increasing number of approximating
plane waves and for different values of the circular
frequency ω = 1, 5, 10, respectively.
From the numerical results it is obvious that hrefinement improves the accuracy of the scheme for
all cases of frequencies and plane wave enrichments.
This is expected as a refinement of the mesh leads
to a higher number of degrees of freedom (DOF) per
wavelength. Increasing the number of approximating
plane waves, however, did improve the results only
at the highest considered frequency, ω = 10, while it
did not have any effect at ω = 1 and 5. This is most
likely due to the ill conditioning, which is an inherent
feature of the plane wave basis finite elements, espe-
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(mP , mS )

(10,10)

(26,26)

h1
h1
2
h1

0.137
0.100
0.075

0.137
0.100
0.075

h1
h1
2
h1

1.221
0.395
0.205

0.727
0.396
0.208

h1
h1
2
h1

27.454
1.673
0.531

6.126
0.780
0.255

4

4

4

Table 1: L2 error in % for ω = 1 (top), ω = 5 (middle) and ω = 10 (bottom).

cially at low frequencies and for high numbers of DOF
per wavelength. Such behaviour was also noticed in
previous work related to acoustic wave modelling for
which the benefit of using such elements was obvious
at high frequencies and for low DOF per wavelength.
Extensive numerical testing is currently underway to
properly assess the effectiveness of the developed elements for three dimensional elastic wave problems,
including the effect of conditioning. At this stage, the
evaluation of the element matrices is carried out using a high-order Gauss-Legendre quadrature, which
involves many integration points depending on the
nodal spacing in terms of the characteristic wavelength of the problem. This latter issue requires
significant computational time for increasing nodal
spacing, in terms of the wavelength, and hence a
semi-analytical integration scheme becomes necessary in order to run simulations in practical times.
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